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BIFURCATION OF PERIODIC SOLUTIONS OF NONLINEAR EQUATIONS
IN AGE-STRUCTURED POPULATION DYNAMICS*

J. M. Cushing
University of Arizona

I. INTRODUCTION

One interesting and important problem in the dynamical theory of popula-
tion growth concerns the possibility of sustained oscillations of population
density in a constant environment. This problem has been addressed by a
rather large literature, both biological and mathematical, and many mechan-
1sms have been suggested and studied as causes of such oscillations. Mathe-
matically, a variety of model equations of different types have been investi-
gated with regard to the existence of nontrivial periodic solutions, includ-
ing differential delay, integral, integro-differential and difference equa-
tions. Virtually all of the equations which have appeared in the literature
on population dynamics (whether concerned with this problem or not) can be
derived from a general model of age-structured populations based upon the
McKendrick equation subjected to a nonlinear boundary condition. To make
such derivations, however, always necessitates some kind of specialized, sim-
plifying assumptions ... the mathematical purpose of which is in fact to
derive a simplified equation of one of the above mentioned types for which
there are available analytical techniques and theorems. For example, bifur-
cation theorems and bifurcation techniques for the existence of nontrivial
periodic solutions for such types of equations can be used. These simplify-
ing assumptions, however, often go contrary to blological situations in which
one is interested or which the biological literature indicates are of primary
importance as far as oscillations are concerned. For example, the most fre-
quently mentioned primary causes of population density oscillations are ges-
tation periods, maturation periods and age differential resource consumption
(e.g. see Slobodkin (1961)) all of which are ignored in models which, as is
very common, ignore age structure and also assume that vital parameters are
functionals of total population size. The famous, overworked delay logistic
equation and similar ordinary delay differential equations are examples of
equations which are not appropriate model equations as far as these basic
biological mechanisms are concerned.

In order to permit a more general study of the question of sustained
oscillations in a constant environment of a single species population, I have
developed a multi-parameter bifurcation theorem applicable to general model
equations based upon the general McKendrick partial differential equation
which applies to the equations per se and does not necessitate a reduction,
under simplifying assumptions, to some simpler equations. This is given in
Section 3. The approach taken is the classical one of Lyapunov-Schmidt for
which a Fredholm-type alternative on a suitable space of functions is estab-
lished. A Hopf-type bifurcation theorem is proved in Section 4 under the one

*This material is based upon work supported by the National Science
Foundation under Grant No. MCS-7301307.
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280 J. M. Cushing

simplifying assumption that the age-specific death rate is a function of
present age-specific population density. Specific illustrative examples are
given in Section 5.

Most details of proofs, being rather involved, are left out for want of
space here, but will hopefully appear elsewhere. While attention is restric-
ted to single species dynamics here, the techniques and results are extend-
able in a straightforward way to systems.

Let p = p(t,a) be the density of (female) individuals of age a at
time ¢. The McKendrick equation describing the removal of individuals from
the population (assumed caused by death only) is

pt+oa+dp=0 (L)

where d > 0 1is the per capita age-specific death rate. This equation is
supplemented by the birth equation

o(t,0) = J g(s)f mo (t-8,a)dads (2)
a=0

8=0

where m > 0 1is the age-specific fecundity function describing the per
capita number of eggs fertilized to individuals of age a (resulting in
female births) and g(s) > 0 1is a gestation probability density function.
We ignore initial conditions and ask for classical, differentiable solutions
of (1) - (2) for -« <t <+e, a > (0, We assume that the vital parameters

d, m are functionals of the density p:

d = dla,8p), 68p := f wl(a)p(t,a)db
0 (3
m = mla,up), wp = J wz(a)p(t,a)da

0

where the weighting functions wi(a) > 0 describe the manner in which the

vital parameters d, m depend on age-specific densities (as might be caused,
for example, by age-specific differentials in resource consumption). Differ-
ent model equations modelling different biological situations are obtained by
the prescription of d and m in (3).

I am interested in solutions of (1) - (3) which are periodic in ¢ and
which bifurcate from an equilibrium p(¢,a) = e(a) solution (which is as-
sumed to exist).

The results given below remain valid when all hypotheses on g(s)
appearing below are dropped and g(s) is formally replaced by the Dirac
function BO(S) at s = 0, which corresponds to assuming that there is no

gestation period (which is done in practically all models considered in the
literature).
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II. LINEAR EQUATIONS

Let P; denote the Banach space of twice cont%nuously differentiable,
p-periodic functions under the usual norm |f\2 '=_E sup |d f/dr | and let
Bi, Y > 0, denote the Banach space of twice cont&igously differentiable
functions under the norm |f|$ := 'Zo Sup eYa|d f/da |. Also Bz, will
denote the Banach space of functions f(T a) which are twice continuously

differentiable in T and o and are p-periodic in 1t under the norm

2 Y& MmN m. n . 2+
1= su| e J /31 da |. Finall B denotes the
|wa:P OSminsz 0<T<p,a>0 l 7 | v Y

3
Banach space of those functions f € Bi for which 933f/3a3 1is continuous
2+ 2 2
with the norm |f]| = 1fl +  sup eYa|33f/3a3[ < foo,
YsP 0<TSp, 020

Consider the nonhomogeneous linear problem for y = y{t,a):

©

Yy * cl(a)y + cz(a)J kl(a)y(r+a-a,a)da = flt,a)

0 (NH)
yl(t,0) = J g(s)f kz(a)y(r-s-a,a)dads = gl(1)
0 0
and the related homogeneous problem
Yo * e, (aly + cz(a)J kl(a)y(r+a—a,a)da =0
0 (H)
y(t,0) = f g(s)f kz(a)y(r-s-a,a)dads =0
0 0

under the assumption

(H1) cl(a) is bounded and continuously differentiable for o > 0 and
satisfies 0 < ¢ < ¢ ,(a) for some constant ¢ > 0; ki(a) is
bounded and measurable; and cz(a), g(s) € Bé.

Of interest are t-periodic solutions of (NH) and (H) for t-periodic

forcing functions f, g. Lacking sufficient space for a full development of
the theory of these linear equatlons, I will only informally sketch the

details. Substitution of y(T,a) = z c (a)exp(lmmt) = 2n/p, into (NH)
m=-—

yields the equations

cé(a) + cl(a)cm(a) + cz(a)eimwaJOkl(a)e—immacm(a)da = fh(a) (4)
_ ® imwe [ Tmwa
cm(O) = fog(s)e Jokz(a)e cm(a)dads * g, )

to be solved for cm(a), @ >0, -©<m<+o, Here f = th(a)exp(imwr)
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and g = ngexp(imwr). It can be shown that the general solution of (4) is
given by cm(a) = cm(O)ym(a) + Qm(fU(a) where ym(a) is the fundamental

solution of the associated homogeneous equation and is given by

o . o .
o) = &0 e'c(a)J ec(a)ez(a)ezm“adaj ky(a)e™ ™40 gt 6
0 0

¢ ® -mwa_-Cla) (* Cla) im

Clo) := J e (a)da, A =1+ J K (a)e™ T E J e Ve (a)e"™ dada
0 0 0

which satisfies ym(O) = 1 and where Qm(f)(a) is the particular solution

of (4) which vanishes at o = 0:

o .
9 (f)(a) i= e‘C(“)J s () (@)™ )da
m 0 m 2 m

® . a -1
P J kl(a)e-mmae—C(a)J QC(a)fm(a)dadaAm .
0

0

To solve (5) the initial condition cm(O) must be chosen so that

5 Y

(J—J ¢ (aly (a)dale (0) = J ¢ (a)Q (f)(a)da + g
o 7 m m o M m m

o (a) i= J g(s)e™ ™% dsk, (a)e ™™,
0

These manipulations lead to the following lemma (whose rigorous proof is
omitted).
Lemma. Assume vy < ¢, Hl and that Am # (0 for all -= < m < +o,

(a) The solution space S C Bij of the homogeneous equation (H) is
finite dimensional and is spanned by the real and imaginary parts of the set
of solutions {cm(a)exp(immr)| m€ M} where M := {m| l-f:¢m(a)ym(a)da==0}.

(b) If the homogeneous equation (H) has no nontrivial solutions in BZ+

i.e. if M = g, then (NH) has a unique solution in Bijp for each f € B%:i
and g € E?. v

(¢) If M# 7 then (NH) has a solution in BY:p if and only if f, g
satisfy

Qlf,gl := Jodam(a)ﬂm(f) (a)da + g =0, mEM
in which case there exists a unique solution y of (NH) lying in the sub-
2 .
space st = {yesB * | fﬁy(r,a)exp(-zmwr)dr = 0, m€ M} and the linear

operator defined by A(f,g) = y mapping Bi p X E? into S% is bounded.
3
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III. A BIFURCATION THEOREM

Consider the nonlinear equations for x = z(T,a)

© 2
z, * cl(a)x + cz(a)JOkl(a)x(T+a-a,a)da = .Z AiLix + flx, )

! %))

o0 00

7
2

x(t,0) - J g(s)J ky(a)x(t-s-a,a)dads = Z AiKix + gla, X)
0 0 =1

where X\ := (Ai) € R? and

2
(H2) L. : B t oL 32 and K. : BZ+ - P2 are bounded linear opera-
1 Y,P Y>P 3 YsP 14

tors for y < e,

The nonlinear operators f and g satisfy the following hypotheses.

2
(H3) Let h(x,A) := (f(z,\),g(z, 7)) + B-Y x B® » B2 x P, y <e.
YsP YsP 14
Then h(ex,)) = eh(x,),e) for all e € R where the operator
uo: Bz+ x B* x R » B? x P2 is q > 1 times continuously
YsP Y p -

3 —
Fréchet differentiable and h(x,0,0) = 0, ©dh(x,0,0)/3x = 0,
oh(x,0,0) /3% = 0.

It is now possible to reformulate equations (7) as an operator equation
on certain Banach spaces in such a way that established bifurcation theorems
apply. Write (7) as Lx = T(x,)) where [ 1is the linear operator L : B

YsP
bd Bi p x P? defined by the left hand sides of (7) and where the nonlinear
3
operator T : B$+P x R? > Bi p x P2 is defined by the right hand sides of
3 3

(7). The linear operator L 1is bounded and has closed range and nullspace,
both of which admit bounded projections. Moreover, the range of L has a
finite codimension which equals the dimension of the nullspace of L. It
will be assumed that this codimension equals two. The operator T has the
— — 2
property that T(ex,)) = eT(x,),e) where T : BY+P x B2 x R~ B> _x P> is
3 - s
q > 1 times continuously Fréchet differentiable with T(x,0,0) = Tx(x,o,o)

z 0.

Established bifurcation results (see e.g. Cushing (1979a,b)) now yield a
bifurcation result for (7) provided, as usual, a certain nondegeneracy condi-
tion holds. Suppose (H) has exactly two independent, nontrivial solutions in
BY+P given by the real and imaginary parts of a complex solution

>
yl(r,a) = c'l(oc)eWT

as described in Section 2 above. The nondegeneracy condition is that the

Jacobian (at x = Yp» A= 0, € = 0) with respect to Als X, of the two real

"bifurcation_equations' given by the real and imaginary parts of the equation
Q[Tl(x,k,e),Tz(x,A,e)] =0, T = (TI’TZ)’ be nonsingular. This nondegener-—

acy condition is thus
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(H4) 4 := Im Q[Llyl,Klyl]Q[Lzyl,szl] #0

""" denotes complex conjugation.

where

While the nondegeneracy condition H4 is rather complicated, it is (to
use popular jargon) ''generic' in the sense that it is an inequality. It will
be shown in the next section 4 that in at least one special, but important
case H4 is equivalent to the transversal crossing of the imaginary axis of a
pair of nonzero complex roots of a certain characteristic equation associated
with (H).

Theorem 1. Assume Yy < ¢, Hl-H4 and Am # 0 for all integers -« <m

< +o, Suppose that (H) has exactly two independent, nontrivial solutions in
+

B2,
Y>P

nontrivial solutions of the form

+
Let y(1,0) € Bi p be a nontrivial solution of (H). Then (7) has
£

x(t,a) = eylt,a) + ezlt,a,e) € B$+p

for small |e| and Ay = Ai(e) € R where 3(+,-,e) and Ai(e) are q > 1

2 . . 2+
times continuously Fréchet differentiable and lz[Y =0(lel), Ay = 0(|el)
L

p

near e = 0.

This theorem can be applied to the original problem (1) - (3) after set-
ting & = p - e, changing independent variables to 1 =¢ - a, o =a and
identifying two parameters which can be used as the bifurcation parameters
Ai. While these bifurcation parameters can be chosen to be parameters

appearing in (3), they can also be implicitly appearing parameters introduced
explicitly into the analysis by rescalings. This is the case with "Hopf-
type" bifurcation in which the unknown period is one of the bifurcation
parameters.

IV. A HOPF-TYPE BIFURCATION THEOREM

Consider the problem

x + eloa,w)x = f (x,u)
a 0 (8)

©

x(t,0) - J kla,wlx(t-a,alda = go(x,u)
0

where fb and g, satisfy H3. Here py € R 1is a bifurcation parameter.
Changing variables form 1, a to T/p, a/p and setting Al =M= U
Xz =p-p, one finds that (8) takes the form (7) with

e (a) = poelap,ug), gls) = 8,08), kyla) := Pokipyasig)s ki(w) = ¢, (a) =0

Loz := —pocu(apo,uo)x, Ly := —(c(apo,u0)+poaca(apo,uo))x €))

le := J poku(apo,uo)x(r-a,a)da, sz n=Jo(k(apo,u0)+p0aka(ap0,uo))x(r-a,a)da.
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Assume fo, 9o become new operators fo, éo for which

(H5) fo, éo satisfy H3 with p =1 and ¢, k are continuously dif-

ferentiable functions for which the operators, kernels and coeffi-
cients defined by (9) satisfy H1 and H2 with p = 1.

Theorem 1 now yields a bifurcation result for (8). Before stating this
result we first interpret the nondegeneracy condition Hé&.

Define the characteristic equation

o a
1 - J k(a,u)exp(—J e(a,u)da)exp(-zalda = 0. (10)
0 0

F(z,u)

Suppose that for u = Hg equation (10) has exactly one pair of purely imag-

inary roots 2z = iw wy, > 0. Let p, = 2n/w;. If

0’ 0
M6) F, (z,u0) = [fak(a,ug)exp(-[oc(a,ug)da)exp(~tuya)da # 0

then there is a continuously differentiable root 2z = z(u) for u near Mo

such that z(uo) =z, = twg.

We see from Section 2 that this supposition implies that (H) has exactly
two independent nontrivial solutions in Bijl given by the real and imagi-
nary parts of y,(t,a) = exp(—pofgC(pOS,uO)dS)exp(ZﬂiT). A straightforward,
but tedious calculation shows that

af” a ,
A=1Im Ejopok(poa, u)exP(-pOJoc(pOS’u)dS)exP(ZT”'a)dalu:uo

® a
. U %{ak(poa,uo)exp(-po[oc(spo,uo)ds)}exp(ZTria)da . (1)
0

On the other hand, implicit differentiation of F(z(u),n) = 0 with re-
spect to p evaluated at u= implies that z’(u0)=:- Fu(iwo,uo)FZ(iwo,uo)/

|Fz(iwo,u0)[2. A calculation of FU and F  from (10) followed by some

elementary manipulations shows, upon referring to (11), that
! = .2 . 2
Re z'(uy) = Kb, K := p0/2ﬂ|Fz(7,w0,u0)] >0

and hence H4 is equivalent to Re z'(uo) # 0.

Theorem 2. Assume H5, H6 and that Am # 0 for all integers -« < m < +%,

If the characteristic equation (10) has a root 2z = z(u) such that z(uo)

0°? 0
nary roots) and if H6 holds, then (8) has a solution of the form

= 7w w_ > 0, Re z'(uo) # 0 (and F(z,uo) = (0 has no other purely imagi-

x(t,a) = ey(1/p,a/p) + ez(t/p,a/p,e)
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for small |e| and for u = By Al(e), p=p,+ A,(e) where y(t,0),

24+
z(1,0,e) € BY y and Ai’ Y, 2 are as in Theorem 2.
3

Note that (t,0) 1s p-periodic in Tt in Theorem 2.

V. AN APPLICATION

An example of a kind of model equation (1) - (3) to which Theorem 2
applies is (see Hoppensteadt (1975))

Ppte,t (d1+d20)p =0
o ® (12)
o(t,0) = J bR(a)[1 - woj w(s)p(t,s)ds]+p(t,a)da
0 0

in which d = dl + dzp, m = bg(a)1 - wof:w(s)p(t,s)ds]+ for constants
di >0, b >0 and functions B(a), w(a) > 0 1lying in Bi* for some
Y* > 0. Here dl’ b are inherent (i.e. low density) death and birth moduli
respectively and bBR(a) is the inherent age-specific fecundity. The con-
stant d2 measures the magnitude of the effect of increased density of indi-

viduals of age a on the death rate of individuals of age a while wz(s)
= wou(s) describes the age-specific effect that individuals of age s have
on the birth rate of individuals of age g. Here [£]+ = max{g,O}. Assume
that f:B(a)da = 1, Note that there is no gestation period in (12) (i.e.
g(s) = Go(s)).

We hold all of the parameters fixed except b. If p = e(q;b) 1is an
equilibrium solution of (12) as a function of b, define x =p - e and

change variables from ¢, a to T =% -a, a =a. Then (12) takes the form
of (8) with

h=
I

b, clo,u) =d, + dyela,n), ﬂﬁ%u)=—%x2

o0 o0

Kla,u)

w(s)e(s;ulds) - wow(a)J B(s)e(s;u)ds}

b{B(u) (l-woj

0 0

9 (zyp) = —J bB(on)wOJ w(s)xz(1-8,8)dsx(1-a,a)da.
0 0

Several examples will be investigated.

Example 1. Suppose d2 =0, d1 > 0 so that the death rate is density and

age independent. Then

e(a;b) = eo(b)exp(—dla), eo(b) ;= (R-1)/5

h

R bB*(dl), S := bwow*(dl)ﬁ*(dl)
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where "*'" denotes the Laplace transform. It is seen that £ > ] 1is neces~-

sary and sufficient for the existence of a positive equilibrium. R 1is the
inherent net reproductive rate, The characteristic equation becomes

B*(z+d,)  bB*(d))-1
B¥(d) * 0 ()

1 - w*(z+d1) = 0. (13)
(a) Suppose that w(a) = I; i.e. fecundity is a function of total
population size f:p(t,a)da. This is a common assumption (Gurtin and MacCamy

(1974,1979)). Then (13) reduces to

B*(z+d1) z+d1R
B*(dl) T zd

= 0.
1

But because £ > I it is easy to see that this equation cannot be satisfied
for Re z > 0. See Cushing (1980).

Thus, for this model in which fecundity depends on total population size
there is no Hopf bifurcation of sustained oscillations in time regardless of
the nature of the maturation function #(a) and any maturation delay it
might describe.

(b) Suppose on the other hand it is assumed that fecundity is a
weighted function of population density in which the density of one age class
T1 > (0 affects fecundity more than any other. Furthermore, suppose that

there is one age class T2 > 0 of maximum fecundity. To be specific, let

n+1
wa) = gla) = (%) P T

L= TR

Here, for mathematical simplicity, it is assumed that T1 = T2 = T. These

distribution functions are frequently used when it is desired to have a non-
negative function which vanishes at a = 0 and +~ with a unique global

maximum at @ = T and normalized so that f:w(a)da = 1 (Cushing (1979c,
1980), MacDonald (1978), Gurtin and MacCamy (1979)). The reciprocal of the

integer 7 measures the "width" of the distribution.

The characteristic equation is in this case
1
(Tz+d T+n)™* " = (2-R) (1d #0)""

1
where R = bn'"" /(Td1+n)n+1. A simple analysis of the roots shows that a

nonzero complex pair transversally crosses the imaginary axis if and only if
n # 1 1in which case the root =z = z(b) of largest real part satisfies

z(bo) = imo where

n+l -n
n

by = (d,T+n) “Narsed n/n41))),  wy = (4, T+)T ean(n/(nt1))

1 n+l
s

and Re z'(b,) = (d1T+n)T_ co (n/(n+1)).
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Thus, a Hopf bifurcation occurs and we conclude that if the fecundity of
all age classes is a weighted functional of population density sharply enough
weighted most towards the age class of maximum fecundity, then sustained
oscillations of density in time will occur for birth moduli greater than a
critical value.

Example 2. The case when the death rate d depends on density p in (1) is

typically more difficult to analyse. Suppose now that d2 # 0, but wy =0

in (12), so that the death rate, but not fecundity, is density dependent.
Then the equilibrium is

ela;b) = 620(b)/{—eo(b)+(6+eo(b))exp(d1a)}, § = dl/d2

where eo(b) is the unique positive solution of the equation

- 88 (a) _

z- bJO e #(steyJexp(dya) 94 = ¢ )
under the assumption that R := bB*(dl) > 1. The characteristic equation is
F(z,b) = 0 where

© a -z
F(z,b) :=1 - J bB(a)exp(-J (d,+2d e (a,b))da)e™**da
0 4
o $ exp(-dla) -z
=1- Job”a’ S+, (B)-e(blexp(~d,a) © O

But then F(z,b) # 0 for Re z > 0 by (14) so that there is no Hopf bifur-
cation of sustained oscillations in time in model (12) when wo = 0.

REFERENCES
[1] Cushing, J. M. (1979a). 'Nontrivial periodic solutions of some Volterra

integral equations." Proc. Helsinki Symposium on Volterra Equations,
Lec. Notes in Math. 737, Springer-Verlag, Berlin.

[2] Cushing, J. M. (1979b). ''Nontrivial periodic solutions in integrodif-
ferential equations.'" J. Integral Egs. 1, 165-181.

[3] Cushing, J. M. (1979¢c). ''Lectures on Volterra integrodifferential equa-
tions in population dynamics." Proc. of the Centro Internazionale Mate-

matico Estivo Session on '"Mathematics in Biology." Florence, Italy.

[4] Cushing, J. M. (1980). 'Model stability and instability in age struc-
tured populations" (to appear in J. Theoretical Biology).

[5] Gurtin, M. E., and MacCamy, R. C. (1974). ™"Non-linear age-dependent
population dynamics." Arch. Rational Mech. Anal. 54, 281-300.

[6] Gurtin, M. E., and MacCamy, R. C. (1978). "Some simple models for non-
linear age-dependent population dynamics." Math. Biosciences 43, 199-
211.

[7] Hoppensteadt, F. (1975). '"Mathematical Theories of Populations: Demo-
graphics, Genetics and Epidemics." Soc. Ind. Appl. Math., Regional

Conf. Series in Applied Math., Philadelphia.

[8] MacDonald, N. (1978). '"Time Lags in Biological Models.'" Lec. Notes in
Biomath. 27, Springer-Verlag, Berlin.

[9] Slobodkin, L. B. (1961). '"Growth and Regulation of Animal Populations.'
Holt, Rinehart and Winston, New York.



