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BIFURCATION OF PERIODIC SOLUTIONS OF NONLINEAR EQUATIONS 
IN AGE-STRUCTURED POPULATION DYNAMICS* 

J. M. Cushing 
University of Arizona 

I. INTRODUCTION 

One interesting and important problem in the dynamical theory of popula­
tion growth concerns the possibility of sustained oscillations of population 
density in a constant environment. This problem has been addressed by a 
rather large literature, both biological and mathematical, and many mechan­
isms have been suggested and studied as causes of such oscillations. Mathe­
matically, a variety of model equations of different types have been investi­
gated with regard to the existence of nontrivial periodic solutions, includ­
ing differential delay, integral, integro-differential and difference equa­
tions. Virtually all of the equations which have appeared in the literature 
on population dynamics (whether concerned with this problem or not) can be 
derived from a general model of age-structured populations based upon the 
McKendrick equation subjected to a nonlinear boundary condition. To make 
such derivations, however, always necessitates some kind of specialized, sim­
plifying assumptions ... the mathematical purpose of which is in fact to 
derive a simplified equation of one of the above mentioned types for which 
there are available analytical techniques and theorems. For example, bifur­
cation theorems and bifurcation techniques for the existence of nontrivial 
periodic solutions for such types of equations can be used. These simplify­
ing assumptions, however, often go contrary to biological situations in which 
one is interested or which the biological literature indicates are of primary 
importance as far as oscillations are concerned. For example, the most fre­
quently mentioned primary causes of population density oscillations are ges­
tation periods, maturation periods and age differential resource consumption 
(e.g. see Slobodkin (1961)) all of which are ignored in models which, as is 
very common, ignore age structure and also assume that vital parameters are 
functionals of total population size. The famous, overworked delay logistic 
equation and similar ordinary delay differential equations are examples of 
equations which are not appropriate model equations as far as these basic 
biological mechanisms are concerned. 

In order to permit a more general study of the question of sustained 
oscillations in a constant environment of a single species population, I have 
developed a multi-parameter bifurcation theorem applicable to general model 
equations based upon the general McKendrick partial differential equation 
which applies to the equations per se and does not necessitate a reduction, 
under simplifying assumptions, to some simpler equations. This is given in 
Section 3. The approach taken is the classical one of Lyapunov-Schmidt for 
which a Fredholm-type alternative on a suitable space of functions is estab­
lished. A Hopf-type bifurcation theorem is proved in Section 4 under the one 

*This material is based upon work supported by the National Science 
Foundation under Grant No. MCS-7901307. 

NONLINEAR PHENOMENA IN Copyright © 1982 by Academic Press, Inc. 
MATHEMATICAL SCIENCES 2 7 9 All rights of reproduction in any form reserved. 

ISBN 0-12-434170-5 



280 J.M.Cushing 

simplifying assumption that the age-specific death rate is a function of 
present age-specific population density. Specific illustrative examples are 
given in Section 5. 

Most details of proofs, being rather involved, are left out for want of 
space here, but will hopefully appear elsewhere. While attention is restric­
ted to single species dynamics here, the techniques and results are extend­
able in a straightforward way to systems. 

Let p = p(t3a) be the density of (female) individuals of age a at 
time t . The McKendrick equation describing the removal of individuals from 
the population (assumed caused by death only) is 

Pt + Qa + dp = 0 (1) 

where d >_ 0 is the per capita age-specific death rate. This equation is 
supplemented by the birth equation 

p(t,0) = g(s)\ mp(t-s3a)dads (2) 
Js=0 Ja=0 

where m >_ 0 is the age-specific fecundity function describing the per 
capita number of eggs fertilized to individuals of age a (resulting in 
female births) and g(s) >_ 0 is a gestation probability density function. 
We ignore initial conditions and ask for classical, differentiable solutions 
of (1) - (2) for -°° < t < -f00, a >_ 0. We assume that the vital parameters 
d, m are functionals of the density p: 

d=d(a,Sp), δρ ;= w (a)p(t,a)da 
J n 

m = m(a3\ip)3 μρ := | w (a)p(t3a)da 

(3) 

where the weighting functions W. (a) >_ 0 describe the manner in which the 
vital parameters d9 m depend on age-specific densities (as might be caused, 
for example, by age-specific differentials in resource consumption). Differ­
ent model equations modelling different biological situations are obtained by 
the prescription of d and m in (3). 

I am interested in solutions of (1) - (3) which are periodic in t and 
which bifurcate from an equilibrium p(t3a) = e(a) solution (which is as­
sumed to exist). 

The results given below remain valid when all hypotheses on g(s) 
appearing below are dropped and g(s) is formally replaced by the Dirac 
function δ fsj at s = 0, which corresponds to assuming that there is no 
gestation period (which is done in practically all models considered in the 
literature). 
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II. LINEAR EQUATIONS

Let p2 denote the Banach space of twice continuously differentiable,p 2 ••

p-periodic functions under the usual norm If\2 :=.L sup Id~f/dT~1 and let
o ~=o OS;TS;p

B2 , Y > 0, denote the Banach space of twice continuously differentiabley 2. .
functions under the norm IfI 2 := L sup eyald~f/da~l. Also B2 will

y i=o a~O y~p
denote the Banach space of functions f{T~a) which are twice continuously

differentiable in T and a and are p-periodic in T under the norm

Ifl 2 :=} sup eyalam+nf/aTmaanl. Finally, B2+ denotes the
y~p 0s;m~ns;2 Os;Ts;p~a~O y~p

Banach space of those functions fE B2 for which a3 f/aa 3 is continuous
2+ 2 y~p a

with the norm If I := If I + sup e Y
I a 3f/aa 3

1 < +00.
y~p y~p OS;TS;p~a~O

Consider the nonhomogeneous linear problem for y = Y(T~a):

Ya + c1(aJy + c
2

(aJ Jook1(aJY(T+a-a,aJda
o (NH)

and the related homogeneous problem

y + c1(a)y + C {a)Jook (a)Y{T+a-a~aJdaa 2 1o
o

(H)

o

under the assumption

(HI) c1{a) is bounded and continuously differentiable for a > 0 and

isk. (aJ
~

satisfies 0 < C ~ c1{aJ for some constant C > 0;

bounded and measurable; and c 2 {aJ, g{s) E B~.

Of interest are T-periodic solutions of (NH) and (H) for T-periodic
forcing functions f, g. Lacking sufficient space for a full development of
the theory of these linear equations, I will only informally sketch the

-too
details. Substitution of Y{T~aJ = L c {a)exp{imwTJ, w = 2n/p, into (NH)

m=-oo m
yields the equations

f (aJm (4)

JOO imwsJoo imwacm(OJ = g(sJe k 2{aJe c {aJdads + gm
o 0 m

(5)

to be solved for cm{aJ, a ~ 0, _00 < m < +00. Here f = If {a)exp(imwTJm
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and g = lg exp(imwr). rn 
given by = crn (0 )yrn (a )  + Q m ( f ) ( c t )  where yrnfa) i s  t h e  fundamental  

s o l u t i o n  of t h e  a s s o c i a t e d  homogeneous e q u a t i o n  and i s  g iven  by 

I t  can be  shown t h a t  t h e  gene ra l  s o l u t i o n  of ( 4 )  i s  

which s a t i s f i e s  yrn (0 )  = 1 and where n m f f ) f a )  is  t h e  p a r t i c u l a r  s o l u t i o n  

o f  ( 4 )  which van i shes  a t  a = 0 :  

To s o l v e  (5) t h e  i n i t i a l  c o n d i t i o n  c (0) must be  chosen so  t h a t  m 

i l - ~ : m i a l , . m f a ) d a ) c ~ ( 0 )  = @ m i a ) n m f f )  (a)& + gm 
0 

These manipula t ions  l e a d  t o  t h e  fo l lowing  l e m m a  (whose r i g o r o u s  proof is  
o m i t t e d ) ,  

Lemma. Assume y < c ,  H 1  and t h a t  Am # 0 f o r  a l l  -m < m < +m. 

(a) The s o l u t i o n  space  S C B2+ o f  t h e  homogeneous equa t ion  (H) is  
YJP 

f i n i t e  d imens iona l  and i s  spanned by t h e  r e a l  and imaginary p a r t s  of t h e  set  

o f  s o l u t i o n s  {cmia)expiimwT) 1 m E M} where M := { m  1 2 - I m O  ia)y,(alda= O } .  
2 f  

YJP 
YJ P Y3P 

o m  
(b)  I f  t h e  homogeneous equa t ion  (H) has  no n o n t r i v i a l  s o l u t i o n s  i n  B 

i . e .  i f  M = 0, t hen  (NH) has  a unique s o l u t i o n  i n  B2+ f o r  each f E B2 

and g E P 2 .  
P 

( c )  I f  M # 0 t hen  (NH) has  a s o l u t i o n  i n  B2+ i f  and o n l y  i f  f, g 
Y J  P 

s a t i s f y  

m 

Q[f,gl  := Omfa)Qmm(f)ia)da + gm = 0,  m E M 
0 

i n  which case  t h e r e  e x i s t s  a unique s o l u t i o n  y of (NH) l y i n g  i n  t h e  sub- 

space  

o p e r a t o r  de f ined  by Aff,g) = y mapping B2 x P2 i n t o  S1 i s  bounded. 

S1 = {y € €3'' 1 /:yfT,a)expi-imwT)dr : 0 ,  m € M} and t h e  l i n e a r  
Y=P 

YJP P 
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111. A BIFURCATION THEOREM 

Cons ider  t h e  n o n l i n e a r  e q u a t i o n s  f o r  x = z(r,cO 

2 
x(r,O) - jCg(s)~k2(a)z(r-s-a,a)~ds = i=1 1 A.K.x f g ( z , A )  

0 

where A := (A.) E R2 and 
2 

(H2) Li : B2+ + B2 and Ki : B2+ + P2 are bounded l i n e a r  opera-  
YJP Y>P Y a P  P 

t o r s  f o r  y c c ,  

The n o n l i n e a r  o p e r a t o r s  f and g s a t i s f y  t h e  f o l l o w i n g  h y p o t h e s e s .  

(H3) L e t  h(x,A) := ( f ( x , A ) , g ( x , A ) )  : B2+ x R2 + B2 x P2 y < c .  
YJP Y J P  P' 

Then h ( ~ z , A )  = EK(Z,X,E) f o r  a l l  E E R where t h e  o p e r a t o r  

h : B'+ x R' x R + B' x p 2  i s  q L 2 times c o n t i n u o u s l y  

F r g c h e t  d i f f e r e n t i a b l e  and h(x,0,0)  ? 0 ,  a~(x,O,O)/az : 0 ,  

- 
YJP YJP p 

a t i ( X , o , o ) / a x  z 0. 
It i s  now p o s s i b l e  t o  r e f o r m u l a t e  e q u a t i o n s  ( 7 )  as an  o p e r a t o r  e q u a t i o n  

on c e r t a i n  Banach s p a c e s  i n  s u c h  a way t h a t  e s t a b l i s h e d  b i f u r c a t i o n  theorems 
a p p l y .  Write (7) as Lz = T(z,A) where L i s  t h e  l i n e a r  o p e r a t o r  L 2 B2+ 
+ B2 
o p e r a t o r  T : B2+ x R2 + B2 x P2 i s  d e f i n e d  by  t h e  r i g h t  hand s i d e s  o f  

( 7 ) .  The l i n e a r  o p e r a t o r  L i s  bounded and  h a s  c l o s e d  r a n g e  and n u l l s p a c e ,  
b o t h  of  which admi t  bounded p r o j e c t i o n s .  Moreover,  t h e  r a n g e  of  L h a s  a 
f i n i t e  codimension which e q u a l s  t h e  d imens ion  of  t h e  n u l l s p a c e  of  L .  It 
w i l l  b e  assumed t h a t  t h i s  codimens ion  e q u a l s  two. The o p e r a t o r  T h a s  t h e  

p r o p e r t y  t h a t  T(Ex,A) = E?;(X,~,E)  where : B2+ x R2 x R +. B2 x P2 i s  

q L 1 
E 0. 

YJP 
x P2 

YJP P 
d e f i n e d  by t h e  l e f t  hand s i d e s  o f  (7)  and  where t h e  n o n l i n e a r  

YJP YJP P 

YJP YJE P 
times c o n t i n u o u s l y  F r i c h e t  d i f f e r e n t i a b l e  w i t h  F(x, 0,O) = T x ( x ,  0,O) 

E s t a b l i s h e d  b i f u r c a t i o n  r e s u l t s  ( s e e  e . g .  Cushing ( 1 9 7 9 a , b ) )  now y i e l d  a 
b i f u r c a t i o n  r e s u l t  f o r  (7) p r o v i d e d ,  as u s u a l ,  a c e r t a i n  nondegeneracy  condi -  
t i o n  h o l d s .  Suppose (H) h a s  e x a c t l y  two i n d e p e n d e n t ,  n o n t r i v i a l  s o l u t i o n s  i n  

B2+ g i v e n  by t h e  real  and  imaginary  p a r t s  o f  a complex s o l u t i o n  
Y>P 

as d e s c r i b e d  i n  S e c t i o n  2 above. The nondegeneracy  c o n d i t i o n  i s  t h a t  t h e  
J a c o b i a n  ( a t  o f  t h e  two real  

" b i f u r c a t i o n - e q u a t i o n s ' '  given-by the r ea l  and  i m a g i n a r y  p a r t s  of  t h e  e q u a t i o n  
& [ ~ l ( x , A , ~ ~ , ~ 2 ( x , A , ~ ~ ]  = 0 ,  T = ( T l , T 2 ) ,  b e  n o n s i n g u l a r .  T h i s  nondegener- 

acy  c o n d i t i o n  i s  t h u s  

x = y , ,  A = 0, E = 0)  w i t h  r e s p e c t  t o  A l ,  A 2  
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(H4) Δ := Im ρ^ζ,^ζ^ M ^ i ' V l ] ̂  ° 

where "Λ" denotes complex conjugation. 

While the nondegeneracy condition H4 is rather complicated, it is (to 
use popular jargon) "generic" in the sense that it is an inequality. It will 
be shown in the next section 4 that in at least one special, but important 
case H4 is equivalent to the transversal crossing of the imaginary axis of a 
pair of nonzero complex roots of a certain characteristic equation associated 
with (H). 

Theorem 1. Assume γ < e, Hl - H4 and Λ ^ 0 for all integers -°° < m 

< +œ. Suppose that (H) has exactly two independent, nontrivial solutions in 
2+ 2 + 

B . Let y(T3a) E B be a nontrivial solution of (H) . Then (7) has Ύ' sV ΎΛΡ 
nontrivial solutions of the form 

2+ 
ϋ γ,ρ 

for small |ε| and λ. = \.(ε) ER where ζ(·Λ·Λε) and λ.(ζ) are q >_ 1 1 , 1 , 2+
 ^ times continuously Freenet differentiable and \z\ = 0(\ε\). λ. = 0(\ε\) 

J I Ι γ ^ ρ I I » % II 
near ε = 0. 

This theorem can be applied to the original problem (1) - (3) after set­
ting x = p - g, changing independent variables to τ = t - a, a = a and 
identifying two parameters which can be used as the bifurcation parameters 
λ.. While these bifurcation parameters can be chosen to be parameters 
appearing in (3), they can also be implicitly appearing parameters introduced 
explicitly into the analysis by rescalings. This is the case with "Hopf-
type" bifurcation in which the unknown period is one of the bifurcation 
parameters. 

IV. A HOPF-TYPE BIFURCATION THEOREM 

Consider the problem 

x + e(oLj\i)x = fn(x3\i) 
° (8) 

χ(τ30) - k(a3\i)x(z-a3a)da = g (χ3\ι) 
J 0 

where / and g~ satisfy H3. Here μ E R is a bifurcation parameter. 
Changing variables form τ, α to τ/ρ, a/p and setting λ = μ - yQ, 
λ? = p - p0 one finds that (8) takes the form (7) with 

ol(a) := pQc(apQ:,\iQ)3 g(s) Ξ &Q(S), k2(a) := pQk(p0a3 \iQ ) 3 k^o.) = c2(a) Ξ 0 

L\X := ~P0°)i(aP0>ll0)x> L2X := "^aP0
J V^O^c/^O'V^ (9) 

fOO | ·0Ο 

Kx := p k (ap 3\ι )χ(τ-α,α)ααΛ K^x :=\ (k(ap Λν )+p ak (op Λ)ΐ ) )χ(τ-αΛα)άα. 
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Assume fQ, gQ become new operators fQ, gQ for which 

(H5) /0, g„ satisfy H3 with p = 1 and e, /c are continuously dif-
ferentiable functions for which the operators, kernels and coeffi­
cients defined by (9) satisfy HI and H2 with p = 1. 

Theorem 1 now yields a bifurcation result for (8). Before stating this 
result we first interpret the nondegeneracy condition H4. 

Define the characteristic equation 

Γ [a 

F(z,\i) := 1 - k(a3\i)exp(-\ c(a.3\±)da)exp(-za)da = 0. (10) 

Suppose that for μ = μ equation (10) has exactly one pair of purely imag­
inary roots z = ίω , ω > 0. Let pQ = 2π/ω0. If 

(H6) F (zQj\i0) = j^ak(a3\\Q)ex^(-\c(oL,\iQ)doL)exp(-iuQa)da ^ 0 

then there is a continuously dif ferentiable root z = z(\i) for μ near μ 
such that ^Γμ J = zQ = ioiQ. 

We see from Section 2 that this supposition implies that (H) has exactly 
2 + two independent nontrivial solutions in B given by the real and imagi­

nary parts of yl(TJa) = expf-p / c(p„s3 \iQ)ds) exp(2i\ÌT ) . A straightforward, 
but tedious calculation shows that 

Im A. 
dv 

ra 
ρ0^Γρ0α^μ^εχρΓ-ρ ο(ρ s 3\x)ds)ex^(2i\ia)da\ 
0 J 0 μ~ 

Γ d \a 

^{α^Γρ0α,μ0;εχΡΓ-ρ0 o(spQS vQ)ds) }exp (2i\ia)da (11) 

On the other hand, implicit differentiation of F(z(]i)3\i) = 0 with re­
spect to μ evaluated at μ=μη implies that z'(\in) = - F (iu ,\i )F (ΐω 3\i ) / 

u u μ υ υ < 3 υ υ 
\F (ΊωηΛ]ΐη) \ . A c a l c u l a t i o n of F and F from (10) fol lowed by some 

e lementary m a n i p u l a t i o n s shows, upon r e f e r r i n g t o ( 1 1 ) , t h a t 

Re z'(vQ) = ΚΔ, K := ρ*/2π Ι ^ Γ ί ω ^ μ ^ | 2 > 0 

and hence H4 is equivalent to Re zr(\i ) ^ 0. 

Theorem 2. Assume H5, H6 and that Λ ^ 0 for all integers -°° < m < ■/■«>. 
m If the characteristic equation (10) has a root z = z(\x) such that z(\i~) 

= £ω ω > 0, Re z'(\i ) ^ 0 (and F(z3\i ) = 0 has no other purely imagi­
nary roots) and if H6 holds, then (8) has a solution of the form 

χ(τ3α) = ει/(τ/ρ3α/ρ) + εζ(τ/ρΛα/ρΛε) 
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for small |ε| and for μ = μ + λ (ε), ρ = ρ + λ (ε) where y(x3a), 
^Γτ,,α,ε^ £ Β and λ., ζ/, s are as in Theorem 2. 

γ, 1 v Ji 

Note that X(T3QL) is p-periodic in τ in Theorem 2. 

V. AN APPLICATION 

An example of a kind of model equation (1) - (3) to which Theorem 2 
applies is (see Hoppensteadt (1975)) 

ç>t + Pa+ (d^d^Jp = 0 

(12) 
b$(a)[l - w\ w(s)p(t3s)ds] p(t,a)da o -Ό p(t,0) = 

in which d = d + dp, m = b$(a)[l - w j w(s)p(t3s)ds] for constants 
d. > 09 b > 0 and functions 3(a) 3 w(a) > 0 lying in B2, for some 
γ* > 0. Here d,9 b are inherent (i.e. low density) death and birth moduli 
respectively and b$(a) is the inherent age-specific fecundity. The con­
stant d measures the magnitude of the effect of increased density of indi­
viduals of age a on the death rate of individuals of age a while W (s) 
= W v(s) describes the age-specific effect that individuals of age s have 
on the birth rate of individuals of age a. Here [ξ] = πίαχ{ξ3θ} » Assume 

/
oo 

$(a)da = 1. Note that there is no gestation period in (12) (i.e. 
g(s) = 6Q(s)). 

We hold all of the parameters fixed except b. If p = e(a;b) is an 
equilibrium solution of (12) as a function of b9 define χ = p - e and 
change variables from t , a to τ = t - a, a = a* Then (12) takes the form 
of (8) with 

μ = by ΰ(αΛ\ι) = dx + d2e(a,\i), f (χΛ\ι) = -d^x1 

k(a,]i) = b<$(\i)(l-wQ\ w(s)e(s;\i)ds) -ww(a)\ $(s)e(s;\i)c 

/•OO -00 

gQ(Xy\i) = - b$(a)w \ wfsJxÌT-SySjdsxÌT-oiyOiJda. 

Several examples will be investigated. 

Example 1. Suppose d2 = 0, d-, > 0 so that the death rate is density and 
age independent. Then 

e(a;b) = e (bJexpi-d^), eQ(b) := (R-D/S 

R := b^(dY)3 S := bw^Ud^Z^d^ 
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where "*'I deno tes  t h e  Laplace  t r ans fo rm.  It i s  s e e n  t h a t  R > 1 i s  neces-  
s a r y  and s u f f i c i e n t  f o r  t h e  e x i s t e n c e  o f  a p o s i t i v e  e q u i l i b r i u m .  R i s  t h e  
i n h e r e n t  n e t  r ep roduc t ive  r a t e .  The c h a r a c t e r i s t i c  e q u a t i o n  becomes 

R * (z+d l b D * Id ) -1 
w*lz+d,i  = 0 .  ( 1 3 )  R*(d,l + w*(d,I  2 -  

( a )  Suppose t h a t  w(a)  : 1 ;  i . e .  f e c u n d i t y  i s  a f u n c t i o n  of t o t a l  

popu la t ion  s i z e  jmp( t ,a)da.  

(1974,1979)) .  Then (13) reduces  t o  

Th i s  is  a common assumpt ion  (Gur t in  and MacCamy 0 

R*(z+dll z+dlR 
R*(d,) z+dl 

- - = 0. 

But because  R > 1 i t  i s  easy  t o  see t h a t  t h i s  e q u a t i o n  cannot  be  s a t i s f i e d  
f o r  Re z 1. 0. See Cushing (1980).  

Thus, f o r  t h i s  model i n  which f e c u n d i t y  depends on t o t a l  popu la t ion  s i z e  
t h e r e  i s  no Hopf b i f u r c a t i o n  of s u s t a i n e d  o s c i l l a t i o n s  i n  t i m e  r e g a r d l e s s  of 
t h e  n a t u r e  of t h e  ma tu ra t ion  f u n c t i o n  B(a) 
might d e s c r i b e .  

and any ma tu ra t ion  de lay  i t  

(b) Suppose on t h e  o t h e r  hand i t  i s  assumed t h a t  f e c u n d i t y  i s  a 
weighted f u n c t i o n  o f  popu la t ion  d e n s i t y  i n  which t h e  d e n s i t y  o f  one age  class 
P > 0 a f f e c t s  f e c u n d i t y  more than  any o t h e r .  Fur thermore ,  suppose  t h a t  

t h e r e  i s  one age class T, > 0 o f  maximum f e c u n d i t y .  To be  s p e c i f i c ,  l e t  
1 

Here, f o r  mathemat ica l  s i m p l i c i t y ,  i t  i s  assumed t h a t  

d i s t r i b u t i o n  f u n c t i o n s  are f r e q u e n t l y  used when i t  i s  d e s i r e d  t o  have a non- 
n e g a t i v e  f u n c t i o n  which van i shes  a t  a = 0 and +m w i t h  a unique g l o b a l  

maximum a t  a = T and normal ized  so t h a t  lmw(a)da  = 1 (Cushing (1979c, 

1980) ,  MacDonald (1978),  Gur t in  and MacCamy (1979) ) .  The r e c i p r o c a l  of t h e  
i n t e g e r  n measures t h e  "width" o f  t h e  d i s t r i b u t i o n .  

The c h a r a c t e r i s t i c  e q u a t i o n  is  i n  t h i s  c a s e  

T, = T, = T. These 

0 

(Tz+dlT+n) n+l  - - (2-RI (Tdl+n)"+' 

n+ 1 where R = bn 
nonzero complex p a i r  t r a n s v e r s a l l y  c r o s s e s  t h e  imaginary a x i s  i f  and on ly  i f  
n # I i n  which c a s e  t h e  r o o t  z = z ( b )  
z ( b o )  = i w o  where 

/(Tdl+nln+'. A s imple  a n a l y s i s  of t h e  r o o t s  shows t h a t  a 

of l a r g e s t  r e a l  p a r t  s a t i s f i e s  
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Thus, a Hopf bifurcation occurs and we conclude that if the fecundity of 
all age classes is a weighted functional of population density sharply enough 
weighted most towards the age class of maximum fecundity, then sustained 
oscillations of density in time will occur for birth moduli greater than a 
critical value. 

Example 2. The case when the death rate d depends on density p in (1) is 
typically more difficult to analyse. Suppose now that d2 Φ 0, but w~ = 0 

in (12), so that the death rate, but not fecundity, is density dependent. 
Then the equilibrium is 

e(a;b) = 6eQ(b)/{-eQ(b)H6+eQ(b))exp(dla)}s δ := dl/d2 

where e (b) is the unique positive solution of the equation 

1 - A ΤΤτ^ψ—ΤΎ-Τ da = 0 (14) 

under the assumption that R := b$A(d ) > 1. The characteristic equation is 
F(zyb) = 0 where 

F(z,b) := 1 - b$(a)exv(-\ (d^d^ia.b))da)e Zada 
0̂ -Ό 

= 1 -
» δ expf-d a) 
b$(a) -r-—TT-] jT- —-—7-e da, 

o+e0(b)-e0(b)exp(-dλα) 

But then F(z3b) ^ 0 for Re z > 0 by (14) so that there is no Hopf bifur­
cation of sustained oscillations in time in model (12) when w = 0. 
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