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Many types of stability have beer, studied in the theory of ordinary differential equations. 
Our prcsent pxpose is to study perturbed Volterra intcgra! equations (which are a genera:- 
ization c/f the initial value problem for ordinary differential equations), As a liatr.mi 
generalization of thess concepts for ordinary differentia! equations, we define stability, 
uniform s:abi!ity, and asymptotic stability for integial equations and prove various theorems 
b r  linear and perturbed integral equaiioiis. 

In the theory of ordinary differential equations, many types of stability are 
studied. Ii is known ihai in general ihe usual stability (often caiieci Liapunov 
stabiiityi and asymptotic stabiiity for linear equations are not preserved 
under perturbations of a simple and natural type, but that if one initroduces a 
so-called uniform stabiliy then the properties of stability are preserved 
12, p. 641. Our purpose here is to study perturbed V~lterra  integral equations 
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where A(x, t )  is a continuous n x i t  matrix on T = {(x ,  t ) : x ,  5 t 5 x < 
+ a), and f(x, t, z) is a continuous n-vector on T x  {z:  lzl < b)  for some 
A -. fi ~ r i h ; r i ,  ani;cGea K(v t 01 = fi. FXpnr~fnrth 711;11 ~ P T P I X I  ~ P F P I ,  to the v , v " " l L l " l l  uununvQ J \A, I, ", - " r " " . l u v A " i * r r ,  r r l . .  r l l v r r l J  r v r v r  

stability (or U.S. or A.S.) of (1.2) and (1.3) by which we \ d l  mean the 
stability (or U.S. or AS.) of ii - O as defined above. 

restrict our attention here to continuousj hu t  not necessarily (_:i&rm- 
tiable solutions u(x). As a result, although integrs-differential equations 
of the form D
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In Section 2, we give necessary and sufficient conditions for stability, U.S., 
and A S .  on N3 for the linear -J  ~ ~ ~ c t c r n  u (! 4, and we g i ~  condltims under which 
these st&i!iti~s 0" any rlor.ned space N are for (1.3) is Section 3. 
In Section 4 we oRer other stability criteria fnr both (1.2) azld (1.3) or, the 
spces  i"J,: N, : and N,. Finally, in Section 5 some applications are given. 
Also, it l<~ilj be spec r o a  the res~;?..lis sf &-tien 2 2nd Sectio3 4 that the - - - -  " - . . c=zce..t$ cr ~ 1 . 3 .  or, n i  .!:ti, nf U.S. 22 5 ,  p-e y+iv-)!ezlt. 

LEMMA 2.1 fl  U(s, X) is an u x n matrix which solves the matrix equation 
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65 J.  hi. BOWKDS A ~ D  J.  hf. CUSHING 

Remarks 1) "We point out that Theorem 2.1 is false if N,  is replaced by 
2J, ; this 1s evident from the scalar equation 

u(x) = (~(x) + j"; (c- x)u(t) di 

for which Ci(s, xj  = cos (s  - x) and for which ~ ( x j  = 5 (sinx + xcasx) wile3 . . 
yjxj = sinx. Notice that this cqnatii;fi is sfable oil ?i, by Thearem ;.?(a), 
however. (Ha, fact, by Theorem 4.1 beiow, this equation is U.S. o-r? N,.j 
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1 x 1 -  ,-,..,, -m.qo, -.. t nT,nt (1 21 T T  A,.- .,...,-.&L vi.  c- livjr ~vua;dLl &lib ayarei;l ( 1  . J , .  U ~ U C ~  gIYbI1 hYpLlleses, we s q  that the 
- 4  jj#Yiziii (1 +3, iirtij.ei.i.'es j:iabiiiiy . .. . a a"rriled space iiJ provided (1 .j) 

is siabie on M whenever (i.2) is siabie on if. The foiiowing hypotheses viiii 
be needed concerning the perturbation termj': 

N2:  f(x, t, z)  is continuously differentiable in x and I f,(x, t, z)I 5 
y,(x, t)lzl on Tx { lzl < b), where y,(x, t )  is defined on Tand 
STo* J& Y,(s, tj dt d~ i~ +- a. 

Under these assumptions? we ran state the following general stability theorem 
for the perturbed system (1.3). 
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Y* 

where z j s j  = maxca,,,i?*jt)i and y(s1 = yljsj + y2(3, 11 dl. B i~erefcre, ~ C ; C  

the integrand on the right hand side of the inequality above is non-negative, 
we obtain 

V(X) 5 j@(a, xjj + M j;; v ( s ) ~ ( s )  cis. 

Thus, using the standard inequality of Gronwali, we obtain for x 2 a 
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,AJjs, b3- ccntiiycaijan u p ~ l L y  .;-a --- ~f s&yLi:;Iis 1" (1.3; !sj. i i  [ a l l ~ v , ~  &at 
~ i ~ ~ [ ~ i ~ n ~ ~ ~ r  small ii@l!,, . rtle sk2 i ! - t r i~~~ exisp; 03 rz. -L m-:. I V  "'.. I 

8 ,  , - ,- . , 
?- ihi> lemma proves the preservatian of stabiiiry and U.S. on A T j  and hence 

proves part (a2) of Theorem 3.1. To prove part (b) we consider inequaiity 
(3,3). If (1.2) is a.s. on a', t$scz, 5 y  desSitiG2 it oa 3: and, ;.r;n- 
seyueatly, by part (a) ihz  periiirbed system (1.3) is aiso stable on if. Thus, 
fnr !l /n! l  Y ; I  suE;,cier,t!y sma!f5 u or eq::iva!er;t:; ;:, as &&.ed in :hc prnl;f of the 
!emma, is bol?n"xd; i . ~ . ,  I]L)(x)~~ V , U  5 yn. F r c x  (3.2) I::C 5ild 

where c is any given positive constant. Then we have 

and Lebesgue's doniinated coxvergeace theorein implies 

i m  sup Izc.(x)l 5 E 
x i f m  

i n a s ~ u c h  as the A S .  on N of (1.2) implies /@(a, x)/ -> O as x + + a. 
Rut F > 0 was arbitrary so we conclsided that 

. iIrn . j = 0 
"-A ." .. , -2 

and hence rhai (1.3j is A.S. on N. This cornpietes ihe p r o d  of Tneoren 3.1. 
lrii the above proof of part (b) the assumpticn AT, s N was used only in 

!hzt it implies 11 U(a, X > ~ I  + 0 2s x +. +- cs fcr a 2 :to. This coi~ditian can 
also be assured by the outright assrrmption that the unperturbed licezr system 
(1.2) is A.S. on iti,. 'Thus, with this siight cllange in the proof above, the 
i'oilowjng ixodificatioi~ of part (bj of Tiieoi-ern 3.1 can be proved. 
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THEOREM 4.2 Let U(s, .Y) be as in Lemma 2. I. 

THEOREM 4.3 Let Ujs, x) be as in Lemma 2 1  ond >uppose Ujs. x) pos~esses a 
rnntinunurgartial derivative in s for a 5 s x. 
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frofii nIii.h have 
1' H a/,' lk ri '  ii , rxi !/.\i(!?j 

q X j i  ; i v J ( Q )  L ~ ~ V I I O . ~ T ~ " ! V  ., ,. { J ~ I - L A  

2 - &f(d) 11 (p 11 
.. .. 

There-rgre, j]u// ,,, 5 M(Fz)jjpj/, and stability hi!ows. 
\ T n  

'q :I M is i n d q e ~ d ~ n t  of u in t!le afiir~e proof, then iinifacm staili!ity 
foiiows from the same argument. 

, - ,, - -  . 2 .  . -- 
<-' : .at q" be t:7F iimt~n*.t*, n:>iinfl .c.fl , ;  i :i:, 

. . 
T i  --- .. -, .- -..,A. L- ., . ,: ,, -.-: x) 1 :  2s ::I 2 x~~~~~~ 2, ! (5':* The::? 

31~~:. , > thcr; e::.i;:s 2 real xi :> a such that f ~ r  L? r j'hi L2- ' --- 7 -  

Again using the representation for the soiilzion z!(xj, we obtain for x 2 xx: 

Now, using the hypothesis rhar / /  U(s,  x)il + 0 together with an application 
of the kehesgue dominated conpergence theorem, we conclude from this 
Jnequa'ity that 

hm cup lu(x)i 5 E ;  
T " 1  

PtoofofTheoiem 4.3 An integration by parts in the representation formula 
for the solution to (1.2) yields 

.(XI = p~)i~j - J: (aqas)(s, x,~(s) d ~ .  

from whjch we conclude (a), 

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
U
n
i
v
e
r
s
i
t
y
 
o
f
 
A
r
i
z
o
n
a
]
 
A
t
:
 
2
0
:
4
2
 
1
2
 
F
e
b
r
u
a
r
y
 
2
0
0
9



. . < a  a::d hei;ce I iii,y) i -+ 'i) 2s :( -> + ~ 2 .  
I .  t 

Using these criteria for stability T.ve can obtain com!?aries of 7'he;;rem 3.1 
~Sjlh i!? the s[abi!it~i ~f & perturbed system (1.3) on >J0, Av, , O,~L:U ~-..;."i - T 2 .  

, - . p . - - - - . - - . . + "  
LUKULLAK Y +.q. ASSU:IW iiiui j" suiisjies Hi and E2. 

a) tf U(s, u) mL$es the hjpo?!?esi: eejf El?eo:m? 4,3(a), t!?e;~ the ~e~.l:iri)etl  
system (1.3) is  U.S. on No.  

b) ff U(s, x) srrtisjes the Izypotlzesis of Theowm 4.3(c), then (1.3) i.r A.S. 
oniv', n iq: - 3 O a s x  -+ +- m ) .  

Part (a) is immediate frcm Theorem 3.1 and Theorem 4.3(a). TG prove 
part (b) we need only note that the l~jpotheses of Theorem 4.3(a) and (b) 
both individually imply that 11 C(s, x)jl is uniformly bounded for x, 5 s 5 x 
and coiisequcn:ly, by Thegpem 2.1, that (1 3 is TJ.S. on $f3 ; indeed, 

1 1  U(~j, ;c)il = 111-Ji (dU/Gj)(i3 x) dtli 5 1 + K j  

for xo 5 s 5 x. Part (b) is now seen to follow from Theorems 3.1 2nd 4.3(b). 
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. . - 
fi, t!s,eorem of yaiey and ~ ~ ~ e . i P r  bee 181) states if ilk(.)ii is integrable 

otl [0, f a) (i.e,, j l ~ l ]  E L1[O, + a)), then !lrll E 11[0, + oo) if and only if 

for all complex A jn the right half piane Re s 2 6. This theorem is used in 171 
to relate the assumption llrll eL1[Q, + GO) back to the kernel of (1.2). In 
our case the assumption 1lt.lj EL'[O, + a) ir,, In fact, the assumpriol~ that 
i i a ~ / d s ] i  ~ L ' i 0 ,  + a) which, by Theorem 4.3(aj. implies stability on A T 3  and 
hence or, F;. We have then the following resc!t. 
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Note that ii, E W ,  if and only if $! E L1[O; + a). Also, (D E M, if and o d y  if 
.I @ - = n v. 79," D L a ~ i l i t ~  -+*L.I. of (1.4) oil N,, 2s defined &ow for the equivalentr 
system (1.3), becomes equivalent to the usual definitions for ordinary 
differential equations. Uniform stability on M 2  for (1.4) means that to any 
E > O there exists a 6 > 3, independent of G, such tlrat ! z i , l ~ $ ~ " ~ $ ~ r l s  5 6 
izxplies j / 2 ! / j o l a  S E ;  if, in addition, I u ( x ) ~  -f O 2 s  x + -!- a, then (1.4) is 
asymptotically stable on N,. Corollaries 3.7 and 3.2 now yield the foliowing 
result. 

Then i f  the linear system 
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