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Chapter 1: A Library of F unctions

Section 1.1: F unctions and Change

Section 1.2: Exp onen tial F unctions

Section 1.3: New F unctions from Old

Section 1.4: Logarithmic F unctions

Math 124, Section 023, Fall 2007
Instructor: Paul Dostert



- p. 2

1.1 - F unctions and Change

Function : A rule that takes certain numbers
as inputs and assigns to each a de�nite
output number. The set of all input numbers
is called the domain of the function and the
set of resulting output numbers is called the
range of the function.

Input into a function is called the
independent variable while output is called
the dependent variable. A function taking
only certain isolated values is called discrete.
A function that can take any number is called
continuous.

l The set of numbers t st a � t � b is written
[a; b].

l The set of numbers t st a < t < b is written
(a; b).
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1.1 - F unctions and Change

Ex: The value of a car, V = f (a), in
thousands of dollars, is a function of the age
of the car, a, in years since it was bought.

a. What does f (5) = 6 mean?

b. Sketch a possible graph of V against a.

c. Explain the signi�cance of the horizonal
and vertical intercepts.

Ex: Consider f (x) =
p

x � 2.

a. What is the domain of f ?

b. What is the range of f ?

Ex: Consider the data points:

x 1 2 3 4

y 3 5 -1 9

a. Sketch x vs y.

b. What is the domain/range?
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1.1 - Linear F unctions

A function is linear if its slope, or rate of
change, is the same at every point.

The slope of a linear function y = f (x) can
be calculated from the values of the function
at two points, given by x1 and x2 by

m =
Rise
Run

=
� y
� x

=
f (x2) � f (x1)

x2 � x1
:

A linear function has the form

y = f (x) = mx + b;

where
l m is the slope , or rate of change of y with

respect to x.
l b is the vertical intercept , or value of y

when x is zero.

A function f is increasing if the value of f (x)
increases as x increases. Similarly, f is
decreasing if f (x) decreases as x
increases.
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1.1 - Linear F unctions

Ex: Determine the slope and y-intercept for

a. 8x-7y+2 =0,

b. 2(y-2) + x=0.

Ex: Sketch each of the following graphs

a. y = x+1,

b. y = 2,

c. x = -1,

d. 4x+2y-1=0.

Ex: Find the equation of the line through
(1; 1) which is perpendicular to y = x

6 � 2.
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1.1 - Prop ortionalit y

y is directly proportional to x if there is a
nonzero constant k st

y = kx:

y is inversely proportional to x if there is a
nonzero constant k st

y =
k
x

:

Ex: Write a formula representing each
function

a. The area of a circle is proportional to the
square of the radius.

b. The time it takes to get somewhere is
inversely proportional to the speed.
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1.1 - Prop ortionalit y

Which of the following graphs represent y as
directly proportional to x?
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1.2 - Conca vit y

The graph of a function is concave up if it
bends upward from left to right; it is concave
down if it bends downward. A line is neither
concave up nor concave down.

Where are each of the graphs concave
up/down?
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1.2 - Exp onen tial F unctions

We say P is an exponential function of t
with base a if

P = P0at ;

where P0 is the initial quantity (when t = 0). If
a > 1, we have exponential growth; if
0 < a < 1, we have exponential decay.

Ex: The following functions give the
populations of four towns with time t in years.

(i) P = 600(1:12)t (ii) P = 1; 000(1:03)t

(iii) P = 200(1:08)t (iv) P = 900(0:90)t

a. Which town has the largest percent growth
rate?

b. Which town has the largest initial
population?

c. Are any of the towns decreasing in size?



- p. 10

1.2 - Exp onen tial F unctions

Ex: Find a possible formula for the function
represented by the data

x 0 1 2 3 4

f(x) 440 880 1760 3520 7040

Ex: Find a possible formula for the function
represented by the data

t 0 1 2 3

g(t) 5.50 4.40 3.52 2.816

Ex: Suppose a town with a current
population of 3500residents is growing at 3%
per year.

a. Write a formula for the population, P, as a
function of time, t in years.

b. Estimate what the population will be in 30
years.
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1.2 - Base e
Any exponential growth function can be
written for some a > 1 and k > 0, in the form

P = P0at or P = P0ekt

or any exponential decay function can be
written, for some 0 < a < 1 and k > 0, as

Q = Q0at or Q = Q0e� kt :

One says that P and Q are growing or
decaying at a continuous rate of k.

Ex: The population, P, in millions, of
Nicaragua was 3:6 million in 1990and
growing at an annual rate of 3:4%. Let t be
time in years since 1990.

a. Express P as a function in the form
P = P0at .

b. Express P as an exponential function
using base e.

c. Compare the annual and continuous
growth rates.
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1.2 - Half Life

The half-life of an exponentially decaying
quantity is the time required for the quantity
to be reduced by one half. The doubling
time is the time required for the quantity to
double.

Ex: A culture of bacteria doubles in size in 2
hours. Assuming exponential growth, how
long will it take to triple from the original size?

Ex: A radioactive substance has a half-life of
8 years. If 200grams are present initially,

a. How much will remain at the end of 12
years?

b. How long will it be until only 10%of the
original amount remains?
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1.2 - Example Problems

Ex: If you need $10; 000in your account 3
years from now, how much should you invest
now if your annual interest rate on your
account is 5%compounded

a. Annually?

b. Continuously?
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1.3 - Shifts and Stretc hes

Assume k > 0 and a > 1.
l y = f (x) + k shifts y = f (x) k units up.
l y = f (x) � k shifts y = f (x) k units down.
l y = f (x + k) shifts y = f (x) k units left.
l y = f (x � k) shifts y = f (x) k units right.
l y = af (x) vertically expansion y = f (x).
l y = 1

a f (x) vertically contracts y = f (x).
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1.3 - Comp osite F unctions

A function of a function. For

f � g = f (g(x))

we say f of g of x.

Ex: For f (x) = 2 x2 and g(x) = x + 3 �nd

(a) f (f (x)) (b) f (g(x)) (c) g(f (x))

Use the following graphs of f and g to �nd

(a) f (g(� 1)) (b) f (g(0)) (c) g(f (� 1))
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1.3 - Odd/Ev en F unctions

For any function f , f is an even function if
f (� x) = f (x) for all x. f is an odd function if
f (� x) = � f (x) for all x.
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1.3 - In v erse F unctions

A function has an inverse if (and only if) its
graph intersects any horizontal line at most
once. If f is invertible, its inverse is de�ned
as

f � 1(y) = x means y = f (x):

Note: f � 1(x) does NOT mean 1=f (x). To �nd
the inverse, we take y = f (x), switch x and y,
then solve for y.

Ex: Find the inverse (if it exists) for

a. y = f (x) = 2 x + 6.

b. y = f (x) = ( x � 1)2.

c. y = f (x) = x3.
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1.3 - Example Problems

Ex: Suppose f (1) = 0 , f (2) = 1 , f (3) = 5 ,
g(0) = 1 , g(1) = 2 , and g(2) = 5 . Find

a. f (f (2)).

b. f � 1(g(2)).

c. g(f (1)).

d. f (g((f (1))) .

Note: Be able to do a similar problem, but
given graphs instead.
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1.4 - Logarithmic F unctions

The logarithm to base 10 of x, written
log10 x, is the power of 10 we need to get x.
In other words

log10 x = c means 10c = x:

We write logx instead of log10 x.

The natural logarithm of x, written ln x, is
the power of e needed to get x. In other
words,

ln x = c means ec = x:

Properties of logarithms:
1. ln(AB ) = ln A + ln B

2. ln
�

A
B

�
= ln A � ln B

3. ln (Ap) = pln A
4. ln ex = x
5. eln x = x
6. ln 1 = 0
The same results hold for logx instead of ln x
and 10x instead of ex .
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1.4 - Example Problems

Ex: Solve the following using Logarithms

a. 130 = 10t

b. e3t = 100

c. 7 (3t ) = 5 (2 t )

Ex: Simplify each of the following

a. log
�

M 2 � N 2

M � N

�

b. ln (e2) + ln A
B
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