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1.5 - T rig F unctions

An angle of 1 radian is de�ned to be the
angle at the center of a unit circle which cuts
off an arc of length 1, measured
counterclockwise. A circle has radius 1.

We can also think of trig functions in terms of
degrees. Here we have

360� = 2� radians, so 180� = � radians

The most basic trig functions are the sine
and cosine functions. We assume an angle
of t radians measured ccw from (1; 0). Then
we de�ne

cost = x and sint = y:

We will ALWAYS assume radians unless
otherwise stated. Since x2 + y2 = 1 de�nes a
unit circle, we have

cos2 t + sin2 t = 1:

Note: We use the notation cos2 t to represent
(cost)2. We simply write the squared on the
inside to avoid confusion with cost2.
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1.5 - Amplitude, P erio d, Phase

For any periodic function of time, we de�ne
l Amplitude as 1

2 the distance b/t the max
and min values.

l Period as the smallest time needed for one
complete cycle.

Consider sin(t) and cos(t):
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Note: cost = sin ( t + �= 2) and
sint = cos (t � �= 2). We say the phase shift
b/t sint and cost is �= 2.
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1.5 - Amplitude, P erio d, Phase

For arbitrary sin and cosfunctions de�ned by

f (t) = A sin(Bt )+ C and g(t) = A cos(Bt )+ C;

we have jAj is the amplitude, 2�= jB j is the
period, and C is the vertical shift.

Ex: How do each of the following differ from
y = sin t?

a. y = 3 sin t:

b. y = � 5 sint:

c. y = 3 + sin t:

d. y = 3 sin 2t:

e. y = sin
�
t + �

2

�
:

Ex: What is the period, amplitude and
vertical shift of

a. y = 5 � sin 2x:

b. f (� ) = 2 + 4 cos
�

2�
3 �

�
:
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1.5 - T angen t

For cost 6= 0 we de�ne the tangent as

tan t =
sint
cost

:

Note that tan t is unde�ned at
t = � �= 2; � 3�= 2; : : : .

What is the period and amplitude of y = tan t
? What does y = tan t + 2 look like? What
does y = 3 tan t look like?
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1.5 - In v erse T rig F unctions

Suppose we wish to �nd a t is st sint = 0.
What about sint = :2? We de�ne the inverse
sine or arcsin (usually denoted sin� 1) for
� 1 � y � 1 by

arcsiny = x means sinx = y with �
�
2

� x �
�
2

:

Note that the arcsin is the inverse function of
sine over only [� �= 2; �= 2], thus the domain
of arcsin is [� 1; 1].

We similarly de�ne arctan (denoted tan� 1).
The domain of y = tan x is � �= 2 < x < �= 2
while the range is �1 < y < 1 .
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1.5 - In v erse T rig F unctions

To solve an equation such as sint = :3 we
simply take the arcsine of each side and get

t = sin � 1 :2 � 0:2013:

There are some values of sin; cos; tan and
their inverses that you should know exactly.

t sint cost tan t

0 0 1 0

�= 4
p

2=2
p

2=2 1

�= 3
p

3=2 1=2
p

3

�= 2 1 0 unde�ned

What about t = � , t = � �= 2, t = � �= 4?



- p. 8

1.6 - P o w ers, P olys, and Rationals

A power function has the form f (x) = kxp

where k and p are constant. You can think of
this as proportionality.

Examples of power functions include:
y(x) = 5 x2 , f (t) = 1

2t3 = 1
2t � 3 , g(t) = 3

p
t ,

f (x) = x2=3 , V (r ) = �r 2.

Polynomials are the sums of power
functions with nonnegative integer
exponents:

y = p(x) = anxn + an� 1xn� 1 + � � � + a1x + a0:

If an 6= 0 we call this an nth degree
polynomial and an is the leading order
coef�cient.

Graphs of polynomials:
l A polynomial is continuous everywhere

(has no breaks).
l The graph is smooth (has no corners).
l The graph of an nth degree polynomial has

at most n � 1 turning points.
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1.6 - P olynomials

Ex: Consider the graphs of f (x) = x3 ,
g(x) = x(x � 1)(x � 2) , and
h(x) = � x(x + 1)( x � 1). What happens
when the leading coef�cient is positive?
negative?
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1.6 - P olynomials

Ex: Graph f (x) = � 9x5 + 72x3 + 12x2. What
is the degree? The end behavior? The most
number of possible turning pts? The actual
number of turning points?
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Ex: Cotton yield in y lbs/acre is given by

y = � 1589 + 3211x � 462x2

where x is the annual acre-feet of water
application. Determine the annual acre-feet
of water application that maximizes the yield
and determine the max yield.
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1.6 - Rational F unctions

A rational function is a quotient of polys

f (x) =
p(x)
q(x)

:

If f (x) approaches y = L as x ! �1 , then
y = L is a horizontal asymptote . If f (x)
approaches �1 as x ! K from either side,
then x = K is a vertical asymptote .

Ex: Graph and explain the behavior of

f (x) =
2x2 + 18x � 44
x2 + 4x � 21

:
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1.6 - Asymptotes

Ex: Find the vertical and horizonal
asymptotes for

a.
2

x � 6
.

b.
6x6

� 4x6 � 9
.

c.
x3 � x2 � x + 1
x3 � 3x2 + 2x

.

d.
x2 + 3x � 4

x � 3
.
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1.7 - In tro to Con tin uit y

A function is continuous on an interval if it
has no breaks, jumps, or holes.

Ex: Where are each of the following
functions continuous?

a. f (x) = x2

b. f (x) =
1

x � 1
c. f (x) = f 3x if x < 0; x + 1 if x � 0g

d. f (x) = cos x + sin x

Intermediate Value Thm : Suppose f is
continuous on a closed interval [a; b]. If k is
any number b/t f (a) and f (b), then 9 at least
one number c 2 [a; b] st f (c) = k.

Ex: Show 9 a c with 0 � c � 1 st f (c) = 0

a. f (x) = x3 � 1

b. f (x) = ex � 3x
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1.8 - Limits

We write lim
x! c

f (x) = L if the value of f (x)

approaches L as x approaches c. We say L
is the limit of f (x) as x approaches c.

Note: We need not have f (c) = L. We just
need f (x) = L for all x close to c.

Ex: Evaluate the following limits

a. lim
x! 2

x2 + 1

b. lim
x! �

sinx
cosx

c. lim
x! 1

f x + 1 for x < 1; 2 for x > 1g

d. lim
x! 1

1
x � 1

Ex: What is lim
x! 0

x
sinx

? Why?
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1.8 - F ormal Def of Limit

Formal Def of Limit : We de�ne lim
x! c

f (x) as

the number L (if one exists) st for every " > 0
(as small as we want), 9 � > 0 (suf�ciently
small) st if jx � cj < � and x 6= c then
jf (x) � L j < " .

This essentially says that for any sized
interval around L on the y-axis, we can �nd
an interval around c on the x-axis so that on
this x-interval, f is always in the y-interval.

Ex: Use the formal de�nition of a limit to
show

lim
x! 3

x2 = 9:

In other words, show for any given number
" > 0, there is a � > 0 st

jx2 � 9j < " if 0 < jx � 3j < �:

Thus, you should �nd a � which makes
jx2 � 9j < " .



- p. 16

1.8 - Prop erties of Limits

Assuming each limit on the RHS exists, we
have

1. If b is a constant, then
lim
x! c

bf (x) = blim
x! c

f (x).

2. lim
x! c

(f (x) + g(x)) = lim
x! c

f (x) + lim
x! c

g(x).

3. lim
x! c

(f (x)g(x)) =
�

lim
x! c

f (x)
� �

lim
x! c

g(x)
�

.

4. lim
x! c

f (x)
g(x)

=
limx! c f (x)
limx! c g(x)

if lim
x! c

g(x) 6= 0.

5. For any constant k, lim
x! c

k = k

6. lim
x! c

x = c

Ex: Use the above properties to evaluate

a. lim
x! 1

x(x + 1) .

b. lim
x! 2

x2 + 2x + 1
x � 1

.

c. lim
x! 1

x2 � 1
x � 1

.
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1.8 - One Sided Limits

lim
x! c

f (x) = L means that f (x) approaches L

at c from ANY direction. What if we are
concerned with the limit for only one
direction?

We de�ne lim
x! c+

f (x) to be the limit of f (x) as

x approaches c from the right. The +
indicates we want to know what happens for
values greater than c. Similarly, we de�ne
lim

x! c�
f (x) as the left limit.

The limit lim
x! c

f (x) exists if and only if

lim
x! c+

f (x) = lim
x! c�

f (x) = lim
x! c

f (x)

Note: It is perfectly acceptable to have a
one-sided limit approaching �1 .
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1.8 - One Sided Limits

Ex: Evaluate the following limits (if they exist)

a. lim
x! 0

jxj
x

.

b. lim
x! 1

(
x if x < 1
1 if x � 1

)

.

c. lim
x! 2

8
><

>:

x2 if x < 2
2 if x = 2
4 if x > 2

9
>=

>;
.

d. lim
x! 2

1
x � 2

.

e. lim
x!1

1
x2

.

f. lim
x!�1

x2 � 1
x

.

Note: Be able to evaluate limits given a
graph as well.
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1.8 - Con tin uit y

f is continuous at x = c if f is de�ned at
x = c and

lim
x! c

f (x) = f (c):

f is continuous on [a; b] if it is continuous at
each point between a and b.

If f and g are continuous on an interval.
Then on that interval,

1. bf (x) is continuous (ba constant).

2. f (x) + g(x) is continuous

3. f (x)g(x) is continuous

4. f (x)=g(x) is continuous provided g(x) 6= 0
on the interval.

If f and g are continuous and if f (g(x)) is
de�ned on an interval, then f (g(x)) is
continuous on that interval.
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1.8 - Con tin uit y

Ex: Consider f (x) =
p

x + 1, g(x) = x + 2,

and h(x) =

(
x if x < 0
1 if x > 0

)

. Where are

each of the following continuous?

a. f (x)

b. f (g(x))

c. g(f (x))

d. h(x)

e. h(x) + f (x)

f. h(f (x))
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