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Chapter 2: The Deriv ativ e

Section 2.1: Ho w do w e Measure Sp eed?

Section 2.2: The Deriv ativ e at a P oin t

Section 2.3: The Deriv ativ e F unction

Math 124, Section 023, Fall 2007
Instructor: Paul Dostert
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2.1 - A v erage V elo cit y

If s(t) is the position of an object at time t,
then the average velocity of the object over
the interval a � t � b is

Average velocity =
Change is position

Change in time

=
s(b) � s(a)

b� a
:

This is the net change in position over the
time interval.

Ex: Suppose the position of an object is
given by s(t) = 16t2. What is the average
velocity of the object between t = 0 and
t = 2? What about between t = 1 and t = 2?
What does this correspond to graphically?

What if we want the velocity AT t = 2?
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2.1 - Instan taneous V elo cit y

If s(t) is the position at time t, then the
instantaneous velocity at t = a is de�ned
as

lim
h! 0

s(a + h) � s(a)
h

:

The instantaneous velocity at t = a is the
limit of the average velocity over an interval
that shrinks around a.

Ex: Suppose the position of an object is
given by s(t) = 16t2. What is the average
velocity from t = 1:9 to t = 2? What about
t = 1:99 to t = 2? Estimate the instantaneous
velocity. What is this graphically?

The instantaneous velocity is the slope of the
tangent line at a point (the slope of the
curve). The average velocity over a � t � b is
the slope of the secant line (the line joining
s(a) and s(b)).
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2.1 - Instan taneous V elo cit y

Ex: Given the following table, estimate the
instanteous velocity of s(t) at t = 1.

t 0 1 2 3

s 1 3 4 6

Ex: Estimate the instantaneous velocity of
s(t) = 16t2 at t = 1 numerically using the
table:

h 1 0:1 0:01 0:001
s(1 + h) � s(1)

h



- p. 5

2.1 - Instan taneous V elo cit y

Ex: Find the instantaneous velocity of
s(t) = 16t2 at t = 1 exactly by evaluating

lim
h! 0

s(1 + h) � s(1)
h

:

Ex:What is the sign of the slope at each of
the marked points:
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2.2 - The Deriv ativ e at a P oin t

If we do not necessarily have velocity, we
can de�ne the average rate of change and
instantaneous rate of change similarly.

The average rate of change of f from a to
a + h is

f (a + h) � f (a)
h

The instantaneous rate of change of f at a is
called the derivative of f at a, de�ned as

f 0(a) = lim
h! 0

f (a + h) � f (a)
h

:

If this limit exists, then f is said to be
differentiable at a.

Alternatively, we may de�ne the derivative of
f at a by:

f 0(a) = lim
x! a

f (x) � f (a)
x � a

:
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2.2 - The Deriv ativ e at a P oin t

Graphically, the derivative of f at a point a is
l The slope of the curve f at a.
l The slope of the tangent line to f at a.
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2.2 - The Deriv ativ e at a P oin t

Ex: Find the derivative of f (x) = 2 =x at x = 1
using the de�nition of the derivative at a
point.

Ex: Find f 0(a) if f (x) =
p

x � 1 using the
de�nition of the derivative at a point.

Ex: The below limit represents the derivative
of what function at what value?

lim
x! 3�

cos(x) + 1
x � 3�

Ex: Find the equation of the tangent line of
f (x) = x2 + 1 at x = 1. Use this to estimate
f (2).

Ex: Suppose f (1) = 1 and f 0(1) = � 2.
Approximate f (2).



- p. 9

2.3 - The Deriv ativ e F unction

For any function f (x), we de�ne the
derivative function , f 0(x) by

f 0(x) =
Rate of change

of f at x
= lim

h! 0

f (x + h) � f (x)
h

:

Note that since f is a function of x then f 0 is
a function of x. f 0 is only de�ned where f is
differentiable .

We can also write the derivative function as:

f 0(x) =
d

dx
f (x):

This notation indicates that we are taking the
derivative with respect to x. When f is a
function of only 1 variable, f 0(x) implies the
derivative is with respect to the independent
variable (x in this case).



- p. 10

2.3 - The Deriv ativ e Graphically

Ex: Consider f (x) = x2 over � 2 � x � 2.
Draw f 0(x).
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2.3 - The Deriv ativ e Graphically

If f 0 > 0 on an interval, then f is increasing
on that interval.
If f 0 < 0 on an interval, then f is decreasing
on that interval.

Ex: Consider f (x) = x(x � 3=2)(x + 3=2) over
� 2 � x � 2. Draw f 0(x).
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2.3 - Deriv ativ e F orm ulas

Derivative of a Constant Function
Let k be a constant. If f (x) = k, then
f 0(x) = 0 .

Derivative of a Linear Function
Let m and bbe constants. If f (x) = mx + b,
then f 0(x) = m.

Derivative of a Power Function
Let n be a constant. If f (x) = xn , then
f 0(x) = nxn� 1.

Ex: For each of the following, �nd f 0(x)

a. f (x) = 3 x2

b. f (x) = e2x + 2

c. f (x) = �

d. f (x) = 1 =
p

x3

e. f (x) = x �


	2.1 - Average Velocity
	2.1 - Instantaneous Velocity
	2.1 - Instantaneous Velocity
	2.1 - Instantaneous Velocity
	2.2 - The Derivative at a Point
	2.2 - The Derivative at a Point
	2.2 - The Derivative at a Point
	2.3 - The Derivative Function
	2.3 - The Derivative Graphically
	2.3 - The Derivative Graphically

