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Chapter 3: Shortcuts to Di�eren tiation

Section 3.1 P o w ers and P olynomials

Section 3.2 The Exp onen tial F unction

Section 3.3 The Pro duct and Quotien t Rules

Math 124, Section 023, Fall 2007
Instructor: Paul Dostert
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3.1 - P o w ers and P olynomials

Recall the de�nition of the derivative of a
function f :

f 0(x) = lim
h! 0

f (x + h) � f (x)
h

:

What if, instead, we want to calculate the
derivative of c � f where c is a constant? We
have

(c � f (x))0 = lim
h! 0

c � f (x + h) � c � f (x)
h

= c lim
h! 0

f (x + h) � f (x)
h

:

Derivative of a Constant Multiple : If f is
differentiable and c is a constant, then

d
dx

(c � f (x)) = c � f 0(x):

Ex: Recall the derivative of f (x) = xn is
f 0(x) = nxn� 1. Find the derivative of

a.f (x) = 3 x3 b.f (x) =
1
4

p
x c.f (x) =

2
7x2
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3.1 - P o w ers and P olynomials

If we want the derivative of f (x) + g(x) then

(f (x) + g(x))0 =

lim
h! 0

f (x + h) + g(x + h) � (f (x) + g(x))
h

=

lim
h! 0

f (x + h) � f (x)
h

+ lim
h! 0

g(x + h) � g(x)
h

Derivative of a Sum : If f and g are
differentiable, then

d
dx

(f (x) � g(x)) = f 0(x) � g0(x):

Ex: Find the derivative of

a. f (x) = x + x2

b. f (x) =
p

x3 + 1

c. f (x) =
1
x

+
1
x2
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3.1 - P o w ers and P olynomials

Using the derivative of a constant multiple, of

a sum, and the fact that
d

dx
xn = nxn� 1 we

can �nd the derivative of a polynomial.

Derivative of a Polynomial : If
f = anxn + an� 1xn� 1 � � � + a1x1 + a0, then

d
dx

(f (x)) =

n � anxn� 1 + ( n � 1) � an� 1xn� 2 + � � � + 1 � a1:

Note: This formula holds if n < 0 as well, so
not just for polynomials.

Ex: Find the derivative of

a. h(� ) = � � � 2 + 3� 2

b. g(t) = t1=3 (3 + t2)

c. y =
z3 +

p
z + 1

z
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3.1 - P o w ers and P olynomials

Ex: If f (x) = x100 then what is f 0(x)? What is
f 00(x)? What if f (42) (x)?

Ex: Find the equation of the line tangent to
y = 5x2 + 2x + 3 to x = 0.

Ex: The period, T, of a pendulum is given in
terms of its length, l , by

T = 2�

s
l
g

;

where g is gravitational acceleration (a
constant).

a. Find dT=dl.

b. What is the sign of dT=dl? What does this
tell you about the period of pendulums?

Ex: At what point(s) on the curve y = x
p

x is
the tangent line parallel to the line
3x � y + 6 = 0 ?
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3.2 - The Exp onen tial F unction

Looking at the graph of f (x) = ax , can we
predict what the graph of f 0(x) = ax may look
like?
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3.2 - The Exp onen tial F unction

The Derivative of ex : We have that ex is its
own derivative

d
dx

(ex ) = ex :

Ex: Find the derivative of each function

a. f (x) = 2 ex + 5x

b. g(z) = ez+2

c. h(� ) = e� + �

The Derivative of ax : We have that the
derivative of ax is a multiple of ax , given by

d
dx

(ax ) = ln ( a) ax :

Ex: Find the derivative of each function

a. g(z) = � z + ee

b. h(� ) = 2 � � 3

c. f (x) = ax + 5xa



- p. 8

3.2 - The Exp onen tial F unction

Ex: Find the slope of the graph of
f (x) = 1 � ex at the point where it crosses
the x-axis. Find the equation of the tangent
line to the curve at this point.

Ex: The value of an antique rocking chair is
given by V = 75(1:35)t , where V is in dollars
and t is the number of years since 1975.
Find the rate, in dollars per year, at which the
price is increasing in 1975. At what rate is
the price changing in 2002?

Ex: Evaluate the following limit

lim
h! 0

4e1+ h � 4e
h

:
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3.3 - The Pro duct Rule

The Product Rule : The derivative of a
product is the derivative of the �rst times the
second plus the �rst times the derivative of
the second. We have

d
dx

(f (x) � g(x)) = f 0(x) � g(x) + f (x) � g0(x):

Ex: Differentiate each of the following

a. f (x) = x � 2x

b. g(z) =
�

ez +
1
z

� �
1 +

1
z2

�

c. y = et � 3t
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3.3 - The Quotien t Rule

We can derive the quotient rule from the
product rule. Suppose Q(x) = f (x)=g(x).
Then f (x) = Q(x)g(x) and

f 0(x) = Q0(x)g(x) + Q(x)g0(x)

= Q0(x)g(x) +
f (x)
g(x)

g0(x)

Solving this for Q0(x), we get

Q0(x) =
f 0(x) � g0(x)f (x)=g(x)

g(x)
:

The Quotient Rule : If f (x); g(x) are
differentiable, then

�
f (x)
g(x)

� 0

=
f 0(x)g(x) � f (x)g0(x)

g(x)2
:

Ex: Differentiate each of the following

a. y =
1

1 + et
b. f (x) =

x2 + 1
x2 � 2

c. g(z) =
z2

(z + 1) ez
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3.3 - Pro duct and Quotien t Rules

Ex: Find the equation of the tangent line to

the graph of f (x) =
2x � 5
x + 1

at x = 0.

Ex: Suppose f; g and h are differentiable
functions with values given by the following
table

x f (x) g(x) h(x) f 0(x) g0(x) h0(x)

1 2 3 � 1 4 1 2

a. If Q(x) = f (x)g(x), �nd Q0(1).

b. If Q(x) = f (x)=g(x), �nd Q0(1).

c. If Q(x) = f (x)=(h(x)g(x)) , �nd Q0(1).

Ex: Find the derivative of

f (x) = ( x � 1)(x � 2)(x � 3):
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