Math 124, Section 023, Fall 2007
Instructor: Paul Dostert
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We wish to take the derivative of composite
functions, such as

f(x)= &

Since (e)°= e is f {x) = e°? Why or why
not?

Lety = f (g(x)) where f and g are two
differentiable functions. Write
z=¢g(x);y=f(z). Achange in x leads to a
change in z which leads to a change iny.
Thus

< |<

Yy Z,
Z X
If we think of this in terms of derivatives, we

have
dy _ dydz

dx dzdx’
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The Chain Rule : If f and g are differentiable
functions, then

d _ .
T (@) =1 {9(x))  g1x):

Here are some quick shortcut rules:
1. Ifaisaconstantand y = (f (x))? then

dy q
- = alf () ' 1%):

2. Ify = €™ then

dy _ f(x)¢ 0
— = f

Ix (X):

Ex: Considery = u> u+1 where
u=2x+1.

a. Find 3){ by substituting u into y.

b. Find 3){ by using the chain rule.
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Ex: Find the derivative of f (x) for each of the

following

a. f(x)=e*

b. f(X) = px2+1

c. f (x)=2%
X%+ 1

d. f(x) = vERTT

Ex: Suppose h(x) = f (g(x)) with

f (3)

f13)

f46)

a(3)

g43)

g{6)

1

2

3

6

1

Find hq3).
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EXx: Suppose the distance, s, of a moving
body from a xed point is given as a function
of time by

t
s(t) = 20e2
where t Is measured In seconds and s iIs
measured In meters.

a. Find the velocity, v, of the body as a
function of t.

b. Find the velocity aftert =5 seconds.

c. Find the acceleration, a, of the body as a
function of t.

d. FInd the acceleration aftert = 5 seconds.
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Ex: Find the derivative of f (x) for each of the
following
a. f(x)=(e+1)°
P p—
b.f(X)= 2X?+1+ e X
c. f(x) = (6x2+5)°(x2 5)

X 5 °
X+ 1

d. f(x)=

Ex: Find an equation of the tangent line to
y=x% *atx=1.
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Guess what (sin(x))°is from the following
graphs of sin(x) and cosk). What about

(cos(x))??

1.5p

0.5}
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Derivative of sine and cosine : We have

d . 3
I sin(x) = cos(X)
and ;
I cosik) =  sin(x)

Ex: Find the derivative of each function
a. f (X) = 2cos(5x)

b. g(t) = t?sin(2t)

c.f()= e

d. h( )= sin_
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Ex: A company's monthly sales, S(t) (in
dollars) are seasonal and given as a function
of time t, in months, by

S(t) = 2000 + 600sin .t

a. Sketch a graph of S(t) fort =0 tot = 12.

b. What is the maximum monthly sales?
minimum monthly sales?

c. Ift =0 Is January 1, when, during the
year, are sales highest?

d. Find S(2) and SY2), and interpret each in
terms of sales.
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Use the product rule, quotient rule, chain
rule, and the fact that (sin(x))° = cos(x) and
(cosx))’=  sin(x) to de ne each of the
following

a. (tan(x))° =
b. (cot(x))°=
c. (seck))’ =
d. (csc))’=

Ex: Find the derivative of each function
a.g( )=csc(2)
tan(x) 1

seck)

b. f (X) =
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If we know the chain rule, and the derivative
of &, how might we nd the derivative of

IN(x)?

Write @"(*) = x. Then, from the chain rule,

we have
d d

—In(x)=x —In(x)=1:

E In(x) — eIn(x)
dx

dxe dx

Derivative of natural log : Using the above
derivation, we have

d 1
—In(x) =

Ex: Find the derivative of each of the
following

a.f(xX)=In(@2 x?+6X)

b. g(t) = e 0
c. h(x) = In (In (In( x)))
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Derivative of arcsin : We have

d arcsin(x) = p =
dx B

Derivative of arccos : We have

d arccosk) = p =
dx - 1T x2

Ex: Find the derivative of each of the
following

a. f (x) = cos 1(sin(x))
S

.2
b. h(z) = arcsin -

c. g(t) = arccos (In(t))
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Derivative of arctan : We have

d arctan(x) = L .
dx Cox2+1

Ex: Find the derivative of each of the
following

a. f (x) =tan 1(4x)
b. h(z) =tan *(cos@))

Ex: Find the equation of the line tangent to
f(x)= xtan *(x)

atx=1.
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If we are given a function f (x), how do we
nd the derivative of f 1(x)?

We have f (f (x)) = X, thus
d

1 _ 1 1 0_ 4.
B Y =f0f Yx) f (x) "=1:

The derivative of an inverse function : For
a function f (x), we have

d ., . 1
a %) e 1)

provided that the denominator is nonzero.

Ex: Find g44), where g(x) = f 1(x) is the
iInverse function of f (x) =3+ x + €.

Ex: If f (x) = x +cos(x) and g(x) Is the
inverse of f (x), then what is g41)?
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Ex: Let P = f (t) be the US population in
millions in year t.

a. What does the statement f (2000) = 281
tell you about the US population?

b. Find and interpret f 1(281). Give units.

c. What does the statement f {2000) = 3:476
tell you about the population? Give units.

d. Evaluate and interpret (f 1)°(281). Give
units.
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