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1. (32pts) Let V andW be �nite-dimensional vector spaces of dimension n andm respectively.
Let T : V ! W be a linear transformation. Let � = fv1; : : : ; vng and  = fw1; : : : ; wmg be
bases for V and W respectively.
a. Show that if T is one-to-one, then T (�) = fT (v1) ; : : : ; T (vn)g is linearly independent.
b. Show that if T is onto, then T (�) spans W:
c. Suppose n � m: Show that there exists a linear map S : W ! V such that ST = IV if and
only if T is one-to-one.
d. If h�; �iV and h�; �iW are inner products on V and W respectively, show that there exists a
linear transformation T � : W ! V such that

hT (x) ; yiW = hx; T � (y)iV

for all x 2 V and y 2 W:

2. (32pts) Let F be a �eld (you can let it be R if this is confusing you). Let X 2 F n�n be
a matrix of unknowns and de�ne the map Tv : F n�n ! F n by Tv (X) = Xv where v is a �xed
(known) vector.
a. Show that Tv is a linear transformation.

For parts b, c, and d, let n = 2 and v =
�
1
1

�
:

b. Find a basis � for the vector space of 2� 2 real-valued matrices (you may use one we have
already shown is a basis without proof) and write [Tv]

E2
� where E2 is the standard basis for R2:

c. Find the nullspace of Tv.
d. For which vectors w 2 R2 is there a solution to Tv (X) = w? What is the dimension of the
space of solutions when there is a solution?

e. (Comprehensive option only, worth +10pts). If v =

0B@ 1
...
1

1CA 2 Rn; write [Tv]En� for some

basis � of Rn�n:

3. (40pts) Consider the space of continuous functions Fc ([��; �] ;R) : Let

� = f1; cosx; sin x; cos 2x; sin 2xg

and let S = span �. The vector space Fc ([��; �] ;R) has an inner product

hf; gi =
Z �

��
f (x) g (x) dx

and � is an orthogonal set with respect to that inner product (you can check this).
a. Show that dimS = 5:
b. Show that cos2 x 2 S:
c. Show that the derivative d2

dx2
is a linear operator on S.

d. Show that d2

dx2
is self-adjoint on S: You may use the orthogonality of � (and the integral

facts it implies, such as
R �
�� sin x cosx dx = 0) without proof.

e. Write
h
d2

dx2

i
�
and give the eigenvalues and eigenvectors of d2

dx2
:

f. Give the characteristic polynomial of d2

dx2
considered as a linear operator S ! S:
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