CHAPTER 2: SMOOTH MAPS

DAVID GLICKENSTEIN

1. INTRODUCTION

In this chapter we introduce smooth maps between manifolds, and some impor-
tant concepts.

Definition 1. A function f : M — R* is a smooth function if for each p € M, there
exists a smooth coordinate neighborhood (U, ¢) of p such that fo ¢! is smooth.

More generally, we have the following.

Definition 2. A map F : M — N is a smooth map if for each point p € M
there exist smooth coordinate neighborhoods (U, ¢) of p and (V,¢) of F (p) such
that F(U) CV and
YoFog:¢(U) =R
is smooth. The map
F=y¢oFop !
1s called a coordinate representation of F.

Basically, we have that F' is smooth if and only if it is smooth in its coordinate
representations. Note that we have to be a bit careful of the condition F (U) C V.
Consider some examples.

Example 1. We can use polar coordinates on R%. The function f (z,y) = 2% +y?
is equal to f(v", 0) =72 in a polar coordinate chart (usually one takes a set such as
{(ac,y) cR?:y > 0} for the coordinate domain, otherwise one could find that the
coordinate chart is not smooth). It follows that f is smooth.

Lemma 3. Let F : M — N be a map. If for each p € M there exists an open
set U such that F|; is continuous, then F is continuous. If for each p € M there
exists an open set U such that F|, is smooth, then F is smooth.

Proof. Suppose that for each p € M there exists an open set U such that F|; is
continuous. So there is a cover {Up}p€ s With this property. Consider an open set
V C N. We note that

SO
-1
Fr v =U(Fls,) ),
P
which is open.
Suppose that for each p € M there exists an open set U such that F|;; is smooth.
Then if p € U such that F|;, is smooth, there is a coordinate neighborhood U’ C U
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of pand V C N of F (p) such that the coordinate representation is smooth. Since
U’ is open in M, it follows that F' is smooth (note that we used F (U’) C F'(U) C
V). O

Lemma 4. Let M, and N be smooth manifolds and let {U,} be an open cover of

M. Suppose that for each o we are given a smooth map F, : U, — N such that
FO‘|UQQU5 = Fﬁ|U(¥ﬂUﬁ

Then there is a unique smooth map F : M — N such that F\Ua =F,.

Proof. We can define F (p) = F, (p) if p € U,. By the assumption, this is well-

defined, i.e., if p € Ug, then F, (p) = F3 (p). Since F is smooth in a neighborhood
of each point, it is smooth. Continuous??? (]

Lemma 5. Every smooth map between manifolds is continuous.

Proof. We know that smooth maps between subsets of R” and R" are continuous.
Suppose F' : M — N is smooth. Thus for each point p € M there exist smooth
coordinate neighborhoods (U, ¢) of p and (V,4) of F (p) such that ¢ o F o ¢!
is smooth. If W C N is open, then W N F (M) is covered by coordinate charts
{(Va;%a)} e a such at there exist nonempty open coordinate charts (U, ¢o) such
that F (U,) C Vi, and 140 Fog, ! is smooth. Since WNV,, is open, 1, (W NV,,) is
open, and since F,, = 1,0 Fog¢_! is smooth, F; ! (¢, (W NV,)) is open. However,
E7N (o (WNVL)) =da (FH(WNVL)),
so F~1 (W NV,) is open. Since
Frw)y=J F'Wwnv.),
acA

we have that F~1 (W) is open, and since W is arbitrary it follows that F' is con-
tinuous. U

Definition 6. A diffeomorphism M — N between smooth n-dimensional manifolds
is a bijective, smooth map with smooth inverse. Two manifolds are diffeomorphic
if there exists a diffeomorphism between them.

2. EXAMPLES OF SMOOTH MAPS
In this section we present some examples of smooth maps.

Example 2. Consider the inclusion map S* — R, We need to check the coor-
dinate representations, which are of the form

(zl,...,x”) — (zl,...,x",:l:\/l |x|2>,

with domain the open unit disk. Since the coordinate representations are smooth,
the function is smooth.

Example 3. Consider the quotient map R"*1\ {0} — RP". The coordinate repre-

sentations look like )
n
T T
0 n
(0,....a") - (00)
T T

If we restrict to where z° > 0, we see that this is a smooth map.
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Example 4. Consider the restriction of the previous map S™ — RP™. The coordi-
nate representation is

1

(xl,...,x”)—><m,...7m>
(xo,...@n—lp(xl W“”').

or

2077 50 0T 40

Example 5. For a product M x N, consider the projection map w: M X N — M.
This map is smooth.

3. PARTITIONS OF UNITY

Partitions of unity are used to glue together two smooth maps in such a way that
the new map is smooth. Note that one can easily glue together continuous maps
to be continuous, but if applied to smooth maps, the new map is rarely smooth.
Consider, for example, the absolute value function.

We need a function that smoothly transitions between the constant function 1
and the constant function 0. To do this, we need a nonzero function with all zero
derivatives at a point. Consider the following function

e~ itz >0

f(x)_{ 0 ifz<0

Lemma 7. The function f: R — R described above is smooth.

Proof. We need to show that the derivatives all exist at = 0 and are continuous.
Suppose we could show that the right-sided derivatives were zero, i.e.,

im F) () —
Jim f1¥(2) =0

for all £ > 0. Since the derivatives from the left are clearly zero, this is sufficient to
show that all derivatives are zero.
We have

lim ()= lim e /" =0.
Mg [ ) = g, e
Now we will prove by induction that for z > 0,
k) _ Pk (.’E) —1/x
f® (z) = o2k € /

for some polynomial py. This is clearly true for £ = 0. Now supposing the formula
for k, we get

/
(k+1) _ Py (%) —1/z _ o1.Pk (2) —1/z _ Pk (z) —1/z
f () = o2k ¢ 2k ki1 p2k42 €
_ TP (2) = 2kapy (2) = pi (2) 1y
- 22(k+1) )
completing the induction. Now we recall that for any integer k,
—1/z

lim S =0
z—0t T

(this is proved using L’Hospital and induction). It follows that lim,_ o+ f*) ()
0.

ol
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Using f we can construct smooth cutoff functions.

Lemma 8. There exists a smooth function h : R — R such that h s identically
zero on (—o0, 1], h is identically one on [2,00), and 0 < h(x) <1 for h € (1,2).

Proof. One way to construct such a function is to consider

f2-x)
e ESICE)
Notice that h (z) < 1and h > 0 everywhere. if 2—x < 0, i.e., x > 2, then h (x) = 0,
and if t — 1 <0, i.e., x < 1, then h(xz) = 1. Note that the denominator is never
zero, since f (2 — z) is positive if z < 2 and f (x — 1) is positive if > 1. O

h(x) =

Definition 9. A smooth function as in the lemma is called a cutoff function.
The other thing we often need is a bump function.

Definition 10. Let f : X — R be a continuous function. The support of f, denoted
supp f is defined as the closure of the set of points where f is nonzero, i.e.,

supp f = {z € X : f(x) # 0}.

The function f is said to be compactly supported if the support is a compact set.

Lemma 11. There exists a smooth function H : R"— R such that supp H C

Proof. We can take H (x) = h (|z|). Clearly this is smooth away from 0 since it is
a composition of smooth functions. Notice that H|B(0 = 1, so it must be smooth
at 0 as well. (]

Definition 12. Let X be a topological space and let S = {Sa},c4 e a collection
of subsets of X. S is said to be locally finite if each point x € X has a neighborhood
that intersects at most finitely many sets in S.

Definition 13. Let M be a topological space and let X = {Xu},c4 be an open
cover of M. A partition of unity subordinate to X is a collection of continuous
functions {tbo : M — R} 4 such that

(1) 0 <o (x) <1 forallae A and all x € M.

(2) suppa C Xa.

(3) The set of supports {suppva},c 4 is locally finite.

(4) > peata (x) =1 for all z € M.

Note that it is important that the set is locally finite so that the sum makes
sense (without any notion of series).

Definition 14. If1), are all smooth, then we call the collection a smooth partition
of unity.

One key fact is that manifolds admit partitions of unity. We have already intro-
duced a number of the concepts, but the problem is ensuring that the supports are
locally finite. This will follow from the fact that manifolds are paracompact.

Definition 15. Let U be an open cover of a topological space X. A refinement is
another open cover V such that for every V- € V there exists a U € U such that
V C U. The Hausdorff space X is paracompact if every open cover has a locally
finite refinement.
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The key fact is that paracompact follows from second countable, so every mani-
fold is paracompact.

Lemma 16. FEvery topological manifold admits a countable, locally finite cover by
precompact open sets.

Proof. Let M be a manifold. Recall that M admits a countable basis of precompact
open sets {B;};-, . We will now construct a cover U ={U;};-, such that

(1) U; is compact.

(2) Ui—qa CU; ifi > 2.

(3) B; CU;.

Once we have such a cover, we see that the set V = {V; = U; 12 \ E}Zlu{Ul, Uz}
is the appropriate cover. Since V; is a closed subset of U, which is compact, it
follows that V; are precompact. Also, we have that V;NV; is empty unless |i — j| < 1,
so V is locally finite. It is clear that

Uv=UU

vey veu

so V is a cover.

To construct U, we proceed inductively. Let Uy = B;. Then U; satisfies all three
properties. Inductively, let’s suppose we have Uy,...,Ux_1 (k > 2) satisfying all
three properties. Note that since Uy_1 is precompact, there is a finite number my,
such that

U1 CBiUByU---UB,y,,.
Set Uy, to be
max(my,k)

Uu.= |J B
i=1

This will satisfy all the axioms. [l
Now a slightly stronger version of paracompactness.

Definition 17. An open cover U is regular if
(1) U is countable and locally finite.
(2) Each U; € U is the domain of a smooth coordinate map ¢; : U; — R™ whose
image is B (0,3) C R™.
(3) The (countable) collection {V;} still covers M, where V; = ¢; * (B (0,1)).

Lemma 18. Let M be a manifold. Then every open cover admits a reqular refine-
ment. In particular, M 1is paracompact.

Proof. Let X be an open cover of M and let {V;} be a countable, locally finite
cover of M by precompact sets guaranteed by Lemma 16. For each p € M, there
exists an open neighborhood WZQ of p that intersects only finitely many V. Denote
by V, the set of V; containing p. Now let

W,=w;n| (| V
Vev,

Note that this is an open set, since V), is a finite set. It follows that if p € V;, then
W, C V;. Since p € X, for some X, € X, for each p we can consider W, C W, N X,
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such that where (WI;’ , gi)p) is a coordinate ball centered at p, choosing ¢, such that
bp W) — B(0,3).
Now let
Up=¢," (B(0,1)).
The sets U, cover M, and the sets W;’ form a refinement of X with the correct

coordinate map property. We need to restrict to a countable subcover and show
that it is locally finite. Define Notice that the set

{Up:peVi}
forms a cover of V;, and since Vj is compact, there is a finite subcover {Um7 s Ui k(o }

This subcover corresponds to a collection of T, that we denote {Wi’)’l, W i)} .

We can now take the union of these over all i € N, and call it &/. This is count-
able (since it is the countable union of finite sets), a refinement of X', and has the
appropriate coordinate map conditions.

We still need to show that U is locally finite. Notice that if W}, N W/ ., then
since there are j,j" such that W/, C Vj and W}, C Vj, we must have V; NV,
ViNV;, and V;y NV} all nonempty. If we fix 4, there are only finitely many i’ that
satisfy this since {V;} is locally finite. It follows that ¢/ is locally finite. (Note: this
argument is from the errata on J. Lee’s website.) O

Theorem 19. If M is a smooth manifold and X = {Xa},c 4 15 any open cover of
M, there exists a smooth partition of unity subordinate to X .

Proof. Let {W;} be a regular refinement of X, and let ¢; : W; — B(0,3) be the
corresponding coordinate maps. By Lemma 11, there is a smooth function H that
is 1 on B(0,1) and zero outside B (0,2). For every i € N, let f; : M — R be the

function
_J H(¢i(p) ifpewW;
fi(p) = { 0 else

These are clearly smooth and equal to one on U; = ¢; ' (B (0,1)).
Now define
fi (p)

A SHAD)
The sum in the bottom makes sense because {W;} is locally finite, so the denom-
inator is a finite sum. Furthermore, since every p is in some U;, the denominator
is never zero. Note that > g; (p) =1 for all p € M. Finally, we need to re-index so
that we are indexed by the set A. Every W; is contained in some X, so there is a
function a : N — A such that a (7) is the appropriate . It may be that more than
one ¢ corresponds to the same «, so we need to sum:

@)= > 4
i€a— ()

(if a=! (o) = @, then the sum is zero). Again, there can be only finitely many
nonzero g; (¢) in a neighborhood of p, so the sum is finite and the function is
smooth. It also follows that the supports are locally finite for the same reason, thus
{Aa} is the partition of unity. O

It will follow that bump functions exist.
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Definition 20. If A C M is a closed subset and U C M is an open set containing
A, a continuous function v : M — R is called a bump function for A supported in
Uifo<y(z)<lonM,v=1on A and suppy C U.

Proposition 21. Let M be a smooth manifold. For any closed set A C M and
any open set U containing A, there exists a smooth bump function for A supported
in U.

Proof. Consider the cover {U, M \ A} of M. There is a smooth partition of unity

{%0, 1} subordinate to this cover. It is clear that ¢ = 0 on A, so ¢)9 =1 on A
since 1o + Y1 = 1. O

Recall the definition of a smooth function on a closed set A.

Definition 22. Let A C M be a closed set. A function F': A — N is smooth if
for every p € A there is a neighborhood W of p and a smooth function F : W — N

such that F =F .
wnA Iwna

Lemma 23. Let M be a smooth manifold, and let A C M be a closed subset, and
let f: A — RF be a smooth function. For any open set U containing A, there exists

a smooth function f : M — R* such that f W= f and supp f C U.

One might be temped to use the smooth bump function b and look at bf. The
problem is that we do not know there is a smooth extenion of f to U, so we cannot
get a smooth function this way. The proof is slightly more involved.

Proof. We know that for each p, there exists a neighborhood W, and function
fop Wy — R* with the appropriate properties. We can replace W, with W, N U to
ensure W, C U. The set

{Wptpea U{M\ A}
forms an open cover, and we can find a partition of unity {¢,} U {¢o} subordinate
to it. We then define
Fla)=2_ (@) fy ().
peEM

Since {supp fp} is locally finite, the sum is finite. Since supp fp C W, CU, we
P

have that supp f C U and f is smooth. Finally, for z € A, we have

@) =60(@) f @)+ Y 6p @) Fy (@) = [60 @) + D6 @)] f (@) = £ (2).

pEM

O

Definition 24. Let M be a topological space. An exhaustion function for M is a
continuous function f : M — R such that M, = {x € M : f (z) < ¢} is compact for
each c € R.

1

Some popular exhaustion functions are f (z) = |z|> for R" and f (z) = Fopr

for the open ball of radius 1.

Proposition 25. Every smooth manifold admits a smooth positive exhaustion func-
tion.
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Proof. Let {Vj},cy
sets and let {¢;}
f:M — R by

be a countable open cover of a manifold M by precompact

jen be a smooth partition of unity subordinate to {V;}. Define

ﬂ@=§]WAm.

This sum is finite (for each x) since the supports are locally finite, and the function
is smooth. It is positive

f@)>> j(x) =1
j=1



