FUNDAMENTAL GROUP

DAVID GLICKENSTEIN

1. INTRODUCTION

Algebraic topology is mostly about finding invariants for topological spaces. We
will primarily be interested in topological invariants that are invariant under certain
kinds of smooth deformations called homotopy. In general, we will be able to
associate an algebraic object (group, ring, module, etc.) to a topological space.
The fundamental group is the simplest, in some ways, and the most difficult in
others.

2. PATHS AND HOMOTOPY
Let I =10,1].
Definition 1. A path in a space X is a continuous map
f:I—-X.

We say that f is a path between xog and x1 if f (0) = 2o and f (1) = z1. A homotopy
of paths in X is a continuous map

F:IxI—X

such that fi (s) = F (s,t) is a path between x¢ and x1 for each t € I. Two paths vo
and vy are said to be homotopic if there exists a homotopy F' such that

fo=2, fi=m.
This is often denoted vy ~ 1.
Remark 1. Sometimes this is called “fized-endpoint homotopy”.
Example 1. Linear homotopies in R™ are given between vy and vy by
fe(s)=F(s,t) =(1—1)v0(s) + 171 (s).
In particular, any convex subset of R™ is homotopic to the constant map.

Proposition 2. The relation of being homotopic is an equivalence relation on paths
with fized endpoints.

Proof. Certainly a path is equivalent to itself, since one can take the constant
homotopy. It is symmetric as well, since if F' is a homotopy from fy to f1, then

G (s,t)=F(s,1—1)
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is a homotopy from f; to fo (another way to denote this is fi_;). Suppose fo =~ f1
and f; ~ fs. Then we have homotopies F' and G, and then we can take as a
homotopy between fy and fo the scaled map

o F(s,2t) ift<1/2
H“”{G@ﬂp&ﬁﬁ>§

This is continuous because G (s,0) = F (s, 1). O
Paths can be composed:

Definition 3. Given paths f and g such that f (1) = ¢g(0), the composition or
product path f - g is given by

B f(2s) if s <1
f'g(s)—{ g(2s—1) ifx>2%

Because we need the endpoint of one path the be the beginning point for the
other for composition, the set of paths does not form a group. However, if we
assume that the paths start and end at the same point (loops), then they do. The
fundamental group is the set of loops modulo homotopy.

Definition 4. The fundamental group, w1 (X, x0), is the set of equivalence classes
of loops f: I — X such that f (0) = f (1) = xo.

Proposition 5. The fundamental group is a group under composition of loops, i.e.,

[f1lgl=1f-g].

Proof. Certainly composition is an operation taking loops to loops. We first look
to see that composition is well defined on homotopy classes. If f ~ f" and g ~ ¢/,
then by composing the homotopies we get a homotopy of f-g to f’-¢’. We can find
a homotopy showing that f-(g-h) ~ (f - g)-h. The identity is the equivalence class
of the constant loop, e = [z] . We see that e- f ~ f and f-e ~ f by reparametrizing
the homotopy. Each loop f has an inverse f~! (s) = f (1 —s), which can be seen
to be homotopic to e. O

Remark 2. The constant loop is also an identity in the pseudogroup of paths, i.e.,
if f is a path and and f (0) = xo, and f (1) =x1. Then f -z~ f and o - f =~ f.

How important is the choice of basepoint?

Proposition 6. Suppose h is a path from zo to z1 in X. Then h induces an iso-
morphism between 71 (X, o) and 71 (X, 1) by By ([f]) = [h- f - k], where h(s) =
h(l—s).

Proof. Certainly (3}, is well-defined on homotopy classes. Note that it is a homo-
morphism since

Bu (A1) =B ([f gD =[h-f-g-hl=[h-f-h-h-g-Rh] =By ([f])Bn(lg])-
Since By has inverse [z, the proposition is proven. O
Thus we often have a choice of basepoint that is essentially irrelevant, and we

will refer to the fundamental group as m (X).
We have the following definition.

Definition 7. A space X is simply connected if it is path connected and has trivial
fundamental group for any choice of basepoint.
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Proposition 8. A path connected space is simply connected if and only if there is
only one homotopy class of paths between any two points.

Proof. Suppose X is simply connected. Given two paths f, g between xy and z1,
we have that

1
)

QI
o Wi
12
)

and so

f~f-3-9~g
Conversely, suppose there is only one homotopy class of paths between any two
points. Consider loops based at xg. Then there is only one homotopy class, and so
the fundamental group is trivial. O

3. THE CIRCLE

In this section we will compute the fundamental group of the circle and some
consequences. It is not trivial that the circle has nontrivial fundamental group.

Definition 9. A space X is contractible if there is a homotopy between the identity
map X — X and a constant map.

Example 2. R" and the disk D™ are contractible. Just consider the homotopy
F(x,t) = tx.

It turns out that the circle S! is not contractible.
Proposition 10. m (S, (1,0)) = Z.

To prove this, we will need two lifting properties. Let E : R — S! be the map
E (t) = (cos 2rt, sin 27t) .
Lemma 11 (Path lifting). For any path~ : I — S* and any point & € E=1 [y (0)] C
R, there is a unique path 7 : I — R such that ¥(0) =% and vy = E 0 #4.

Lemma 12 (Homotopy lifting). For any homotopy F : I x I — S' and & €
lz]_l (F(0,0)) (= E7! (F'(0,2)) for each t € I), there exists a unique homotopy
F:1xI—R suchthat F(0,0)=% and F=FEoF.

Let’s prove the proposition:

Proof of Proposition 10. Let w, be that path s — (cos2mns,sin2mns). We will
consider the map ® (n) = [wy,]. We first need to see that

Wntm ™~ Wr Wi
To show this, we will use the path lifting property. In particular, there are lifts
Wy Wy a0d Qppgyy Of Wiy Wip, and wy 44y such that @, (0) = Opys (0) = 0 and

Wm (0) = @y, (1). Then we see that there is a homotopy F between @, ., and
Wn, + Wy, given by

F(s,t) = (1= ) @ngm () + (@ - D) (5) -
We then see that Fo F is a homotopy between wy,1,, and w, - w,,. Thus, the map
® is a homomorphism, since

[ (TL + m) = [wn—km} = [wn] [wm] .
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Now, to prove that ® is surjective, we see that given any loop v: I — M, it can
be lifted to a path 4 : I — R with 4 (0) = 0. Since ¥ is a loop, we must have that
¥ (1) € Z. If we let n =4 (1), it is not hard to see that 4 ~ @,, and hence v ~ w,.

To prove that ® is injective, let n,m € Z such that ® (n) = ®(m), i.e, [w,] =
[wm]. Thus there is a homotopy F between w,, and w,,, which can be lifted to a
homotopy F : I x I — R such that F(0,-) = 0 by the homotopy lifting property.
Since the endpoint of a homotopy is always the same, we have that F' (1,¢) is always
the same, so that means that n = m. [l

We can prove both of the lifting properties with a more general lemma.

Lemma 13. Given a map F:Y x I — S* and a map F :Y x {0} — R such that
EoF = Fly {0}, then there is a unique map F:Y xI—R suchthat EoF =F
and F extends F.

Remark 3. The property that E o F = F can be expressed by saying that Fisa
lifting or lift of F.

We need a certain property of the map E. Specifically:

Claim 1. There is an open cover {U,} of St such that E=' (U,) is homeomorphic
to a disjoint union of open sets each of which is homeomorphic to U,.

Proof. Just take two open arcs that cover S?. ]

Proof of Lemma 13. First, we consider path lifting, where Y is just a point, and
we consider F' as a map only on I. Note that we can partition I by 0 =tg < t; <
- < tp = 1 such that F ([t;,t;11]) is contained in a set U; such that E~!(U;)
is homeomorphic to a disjoint untion of open sets each of which is homeomorphic
to U;.(The proof is as follows: each point ¢ € I is contained in an open interval
contained in a U, due to the claim. If we take smaller closed intervals, their
interiors form an open cover, and since I is compact, there is a finite subcover, and
the closed intervals satisfy this property) We can now inductively define F since
if " is defined up to t;, then F(t ;) is in some component of E~! (U;), and that
component is homeomorphic to U; by some homeomorphism ¢ : U; — R. We then
define
F =¢o F
[tirtita]
Note that this is unique, since any other map would have to satisfy the same
property.

Now suppose Y is not a point. Then we can uniquely lift each point by the
previous argument, but that does not ensure continuity. Instead, fpr every point
y € Y there is a neighborhood N such that we can lift the map to F:NxI—R.
Since the lift is unique at each point, F is actually well-defined on all of Y, since
these lifts agree on overlaps. It also follows that F is continuous. O

[tistiga]

Lemma 11 follows immediately.

Proof of Lemma 12. First we lift the path v (s) = F'(s,0) . Then we use this as the
initial condition to lift F' to a map F. Since F' ({0} x [0,1]) is connected and E of

it is a single point, F (0,t) must always be the same point. The same is true for
F(1,t). 0
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4. IMPLICATIONS OF FUNDAMENTAL GROUP OF THE CIRCLE

Theorem 14 (Fundamental Theorem of Algebra). Every nonconstant polynomial
with coefficients in C has a root in C.

Proof. We may assume that the polynomial p is of the form
p(2)=2"+a2"" 4 +a,
=2"+q(2).

Suppose that p (z) has no roots. Note that this implies that a,, # 0.
The basic idea is this: we have a homotopy

p (te*™*) /p (t)

T () = {p ez fp (o)
fo(s)=1
oy 2E) /()

p(e*mie) /p(1)]

between fo, whose image is {1} € C, and f;, whose image covers all of S*. Since
[fo] is the identity in 7y (Sl, 1) , it follows that [f;] is also the identity in 7y (Sl, 1)
for any t € R. We also consider the homotopy

[(e2m)" +tq (e>)] /[ +tq (V)]
[(e2mi=)" + tq (e2mi%)] / [1 + tq (1)]|

ho (s) = e — (s)

(o) = ) o (1)

p(e*™*) /p (1)
It follows that w,, is homotopic to the constant map, which means that n = 0, and
so p is a constant map.

The problem with this argument is that h; (s) may not be continuous, since the
denominator could be zero. To avoid this, we will choose a very large loop. Instead,
consider:

ht (S) = |

P (t re%is) /p(tr)

T () = erem ) Jp (e )]
fo (5) =1

e ()
1) = e fp )

‘ (7‘62771'5)" + tq (7"627Tis)

> v ‘q (T627ris)’

>t Tl Z la;|
> (1—-t)r".
In particular,

[(re2”5)n + tq (7“62”5)] [ r™ +tq (r))
[+t (re)] [+ 29 ()]

ht (S) =
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is a homotopy between f; and w,. Thus f; is homotopic to w,, meaning that
n = 0. ([l

Definition 15. Let X be a topological space and A C X a subspace. Then a map
r: X — A is a retraction if r|, = 14, where vy is the identity on A. A homotopy
F': X xI — Ais a deformation retraction if I, ; is the identity, F|x, (o, is the
identity, and F (X x {1}) = A.

Let D™ denote the closed disk of radius 1.
Theorem 16. There is no retraction D?* — St.

Proof. Suppose r : D? — S! were a retraction. Let fy be a loop in S!. Since D? is
contractible, we can define a homotopy in D? given by

fe(s) = (1 =1t) fo(s) + txo,

where zy € S! is the basepoint of fy. Note that
[fe ()] < (A —=1)[fo(s)] +tlwol =1,
so the homotopy stays in D?. Now consider the homotopy in S! given by
gt (s) =7 (fe (s)).

Notice that

g0 (s) =7 (fo(s)) = fo (s)

g1 (s) =7 (x0) = xp.
Thus if there were a retraction, then any loop in S! would be contractible to a

point. Since this is not true, there is no retraction. [l

Corollary 17 (2D Brouwer Fixed Point Theorem). FEwvery continuous map h :
D? — D? has a fived point.

Proof. Suppose that h did not have a fixed point. Then we can construct a map
r: D? — S by taking z € D? to the point on the ray from h () to = that intersects
St (since h(x) # =z, there is alway such a ray and it always intersects S'). This
mapping is continuous since small perturbations of = create small perturbations
of h(xz) and hence small perturbations of 7 (x). Furthermore, r is a retraction,
contradicting the theorem. O

Theorem 18 (Borsuk-Ulam Theorem). For every continuous map h : S? — R2,
there is a point x € S? such that h(z) = h(—x).

Corollary 19. 52 is not homeomorphic to a subset of R2.

Proof. By the Borsuk-Ulam Theorem there is no injective map $? — R2. (Il

5. Propucts
Proposition 20. 7 (X X Y, (x0,y0)) is isomorphic to w1 (X, zo) x 71 (Y, yo) -

Proof. Let p1, p2 be the projections on the the first and second components. Recall
that a map f : Z — X x Y is continuous if and only if p; o f and py o f are
continuous. Hence a loop v in X x Y based at (g, yo) has two loops associated to
it, p; oy and pg oy, which are continuous and properly based. Similarly, a homotopy
of the loop ~ translates to homotopies of the loops in X and Y. Thus there is a
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map 71 (X XY, (z0,%0)) — m1 (X, 20) X 71 (Y, y0) . However, this map is clearly a
bijection and a group homomorphism. ([l

Corollary 21. The torus S* x S' has fundamental group m (51 X Sl) =7 X 7.

6. INDUCED HOMOMORPHISMS

The previous proof takes maps p; and ps between spaces and turns them into
maps between fundamental groups. This can be done in general.

Definition 22. A (pointed) map ¢ : (X,x0) — (Y,y0) is a map ¢ : X — Y such
that ¢ (z0) = yo.

Proposition 23. Any map ¢ : (X,29) — (Y,yo) induces a homomorphism ¢, :
m1 (X, 20) = ™1 (Y, 0) -

Proof. The map is simply ¢, [y] = [¢ o] . It is easy to see that this is well-defined
and that ¢ o (f-g)=(pof) (dog), soitis a homomorphism. O

Proposition 24. We have the following two properties of induced homomorphisms:

(1) (¢ov), = duthu
2) Id, = Id

Proof. The first follows from associativity of composition, since

(Poy)), [V =[porpoq] = gu[thoq] = duthu [1].

The second is obvious. O

It follows, by the way, that (¢_1)* = (¢*)_1 .
Proposition 25. 7 (S™) = {1} if n > 2.

Proof. Since S™\ {pt} is homeomorphic to R™, which is contractible, if any loop in
S™ is homotopic to a loop in S™ \ {pt}, then it is contractible.

Consider a loop 7 : I — S™ based at xy. We choose a point z1 # z¢ and let B be
a ball around 7 that does not contain x¢ in its closure. The inverse image v~ (B)
is an open set inside (0, 1), and so it is a (possibly infinite) union of intervals. Since
v~ 1 (x1) is compact (why?), it is covered by a finite number of the previously found
intervals. Since [0,1] is compact, for each interval I; = (a;,b;), there is another
interval I} = (a;-, b;) is defined by

aj =inf{t <a;:~v(t) € B}

by =sup{t >b;:v(t) € B}.

This has the property that - (IJ') C B and v (a;v) Y (b;) € 0B. Now we simply
replace the image of T j' with paths that stay on the boundary (which can be done
if n > 2, since then the boundary of B is homeomorphic to D™~ !, which is path

connected. Since the ball B is simply connected, the new path is homotopic to the
old, and thus we get a homotopy to a loop in S™\ {z;}. O

Proposition 26. R? is not homeomorphic to R™ for any n # 2.
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Proof. The case n = 1 is easy, since for any map f : R — R? R\ {0} is disconnected,
whereas R2\ { f (0)} is connected. For n > 2, we have that R™\ {0} is homeomorphic
to S~ ! x R, so the fundamental groups satisfy

T (Rn \ {0}) = my (Sn_l) X T (R) .
This group is isomorphic to Z if n = 2 and {1} if n > 2, so the spaces cannot be

homeomorphic. [l

Proposition 27. If a space X retracts onto a subspace A, then the homomorphism
ts 21 (A, o) — 71 (X, 20)
induced by the inclusion v : A — X 1is injective. If A is a deformation retract of X,

then the map is an isomorphism.

Proof. If r : X — A'is a retraction, then since r ot = Ida, we have ryt. = Idy (a),
and so ¢, is injective. If , : X — X is a deformation retraction of X to A, then
ro=1Idx,r (X)C A, and 4|, = Ida. If v: I — X is any loop in X based at o,
r¢ 0 is a homotopy to a loop based at xg in A. Thus ¢, is surjective. (]

Remark 4. This gives an alternate proof that there is no retraction r : D? — S'.
If there were, then it would induce an injective homomorphism from Z to the trivial
group, which is impossible.

Definition 28. A basepoint preserving homotopy ¢; : (X,z9) — (Y,yo) is a ho-
motopy such that ¢, (o) = yo for each t € I.

Proposition 29. If ¢; : (X, z) — (Y,90) is a basepoint preserving homotopy, then
(¢0), = (d1),-

Proof. Given [v] € 71 (X,z0), we need to show that ¢g oy ~ ¢ o ~y. Since ¢, is
basepoint preserving, ¢, (s) = ¢ (v (s)) is that homotopy. O

Definition 30. We say that (X, x¢) is homotopy equivalent to (Y,yo), denoted
(X,20) ~ (Y,y0), if there are maps ¢ : (X,x0) — (Y, y0) and ¢ : (Y, y0) — (X, x0)
such that

Yo¢p~Idx

¢ o w ~ Idy
where the homotopies are basepoint preserving.

In fact, we do not need the homotopy to be basepoint preserving.

Proposition 31. If ¢ : X — Y is a homotopy equivalence, then the induced
homomorphism ¢, : m (X, z9) — m (Y, ¢ (x0)) is an isomorphism.

The main part of the proof is the following lemma.

Lemma 32. If ¢, : X — Y is a homotopy and h is the path t — ¢ (x0), then
(¢0), = Br (¢1).. -

Proof. We need to show that, given a loop f in X based at zg, ¢go f ~ h-(¢1 0 f)-h.
Let

hi (s) = h(st)
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for s € [0,1], so that h; is the path gotten by restricting h to [0,¢] and then
reparametrizing to be a path on [0, 1]. Note that h: (0) = ¢g (o) for all ¢ € [0,1].
Then the for any loop f in X based at z(, the map
Fy(s) = (he- (dro f) - ) (s)
is a homotopy since
F (0) = (ht “(peof)- Bt) (0) = Rt (0) = ¢o (wo0)
F, (1) = (he - (¢ro f)-h

and
Fy(s) = (ho- (oo f)-ho)(s)
Fi(s)=(h-(¢r0f)h1)(s)

so Fy ~ ¢g o f. The lemma follows. [

Proof of Proposition 31. Since ¢ is a homotopy equivalence, we have that there is
amap v : Y — X and such that ¢ oy ~ Idy and 1 o ¢ ~ Idx. By the lemma, it
follows that v, ¢, = B, for some h, and we already know that this is an isomorphism
m1 (X, x0) — m1 (X, ¢ 0 ¢ (20)). It follows that ¢, : m1 (X, z9) — m1 (Y, ¢ (x0)) is in-
jective. Similarly, we get that ¢, is an isomorphism 71 (Y, ¢ (20)) — 71 (Y, ¢ 0 ¢ o ¢ (z)),
s0 Y, : m (Y, ¢ (x0)) — m (X, 00 (x0)) is injective. since ¢, and 1, are both
injective and their composition is an isomorphism, it follows that both are isomor-
phisms. O



