HOMOLOGY

DAVID GLICKENSTEIN

1. INTRODUCTION

We will explore both simplicial and singular homology.

2. A-COMPLEXES

We can write the torus S* x S, RP?, and the Klein bottle K2 as two triangles
with their edges identified (draw picture). For simplicial homology, we will construct
spaces by identifying generalized triangles called simplices.

Definition 1. An n-dimensional simplex (or n-simplex) o™ = [vo, v1, . .., U] is the
smallest convex set in a FEuclidean space R™ containing the n+ 1 points vy, . . ., Up.-
We usually specify that for an n-simplex, we have that the points are not contained
in any hyperplane of dimension less than n. The standard n-simplex is

A”—{(to,...,tn)ER”“:Zti—l andtiZOforalli—O,...,n}.
i=0

Definition 2. We call 1-simplices vertices, and 2-simplices edges. Given a simplex
o™, any (n — 1)-dimensional subsimplex is called a face.

It will be important to keep track of the ordering of the vertices, so [vg, v1] #
[v1,vp]. Note that given any n-simplex, it induces an ordering on smaller simplices.
For instance, an edge can be written [v;,v;] where ¢ < j. For any sub-simplez, we
can use the same ordering as in the larger simplex.

Once we have specified the ordering to the vertices in ¢”, we have a natural
linear transformation of the standard n-simplex to another o™, i.e.,

o = {Ztivi:Ztizl and t; > 0 for alli:O,...,n}

i=1 i=0

so the map is (to,...,tn) — Y1y t;v;. This map gives the barycentric coordinates
for points in the simplex.
Definition 3. The union of all of the faces of A™ is called the boundary of A™,
and is denoted as OA™. (If n = 0, then the boundary is empty.) The open simplex
is interior of A", i.e., An = A \ 0A
Definition 4. A A-complex structure on a space X is a collection of maps o, :
A" — X, with n depending on «, such that

(1) The restriction of Ua‘gn 1s injective, and each point of X is in the image

of exactly one such restriction.
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(2) FEach restriction of o, to a face of A™ is one of the maps o5 : A"™F — X.
We identify the faces of A™ with A"~ by the canonical linear homeomor-
phism that preserves the ordering of the vertices.

(3) A set A C X is open if and only if o1 (A) is open in A™ for each oy

Note that (3) give shows how to give a topology to a quotient of disjoint simplices
identifies according to (2). These can be built inductively on n by attaching new
simplices (and possibly identifying sub-simplices.

Remark 1. Not all spaces admit a A-complex structure. In particular, the space

X must be Hausdorff.

By the construction, the set X is a disjoint union of open simplices e, of various
dimensions. The open simplex is the homeomorphic image o} (Ao”) of AO”, and we

call the map o, a characteristic map.

3. SIMPLICIAL HOMOLOGY

Definition 5. Suppose X has a A-complex structure. Let A, (X) denote the free
abelian group generated by the open n-simplices e} of X. Elements of A, (X) are
called n-chains, and can be written as a finite formal sum

S et
«
with c, € 7.

Remark 2. We could also replace e}, with the characteristic maps o], and consider
these as chains.

We can consider the boundary of a simplex as a chain:

9 [vo, v1] = [v1] — [vo]
0 [vo, v1,va] = [v1,va] — [v0, va] + [vo, V1]
0 [U071)17027713] = [1)1,1)2,113] - ['UO;UQ»US] + [710,1)1703} - [Uo,vlavz}

This allows us to define a boundary homomorphism:

Definition 6. For a A-complex X, the boundary homomorphism O, : A, (X) —
A,—1 (X) is generated by

8” (O.Z) = Z (_1)J U(Zhvo,ul,“.,ﬁj,...,vn] .
j=0

J

Lemma 7. The composition A, (X) M Apy (X) Ons1 Ao (X) is zero.

Proof. We compute

j—1

n
; i—1
anfl J|[v0,y1,...,ﬁj,...,vn] = Z (_]‘)Z J|[v0,v1,...7f}7¢,...,f)j,...,vn]+ Z (_l)Z 0'|[v0,v1,...,17j,...

i=0 i=j+1
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n

Bn,lan (U) = 8nfl (_1)] U|[v0,vl .

5 -7@,7'7“-7'Un]
Jj=0
n jfl n n
=22 ()" > >
- vo,vl,.“,@i,..‘,{;j,...,vn] + ( 1) O—‘[’Uo,vl,...,ﬁj,.“,ﬁi,.“,vn]
§=0 z:O §=0i=j+1
_ z+j z+] 1
B Z( 1 UmUh 0i5ens 0y Un] + Z 1)07111,--~7@j7---,@i7---,vn]
1<J j<i
=0
since we can switch the roles of ¢ and j in the second sum. O

Definition 8. The simplicial homology groups are defined as H2 (X) = ker 9,/ Tm 0,1 1.
This makes sense since Op4+10, = 0 implies that Im 0,11 C ker 0,,.

Definition 9. Elements of ker 0 are called cycles. FElements of Im0 are called
boundaries. One often sees the notation Z, (X) = ker 9,, and By, (X) = Im 0y 41,
and so homology is written
H, (X) = Zu (X) /B, (X).
The great thing about simplicial homology is that it can be computed reasonably
easily given a A-complex structure on X.

Example 1. Consider the torus given as
Ay (Sl X Sl) = <O'%,O’§>
AN (Sl X S’l) = <O’i,0%,0’§>
Ao (8" x 8) = (o?)

such that

2 1 1 1
0207 = 0y — 05 + 03

Dp0% = —0f + 08 — 0}
and all other maps are zero. Thus
1 (X) = (o} +03) =7
HA (X) = (01,03,03) /(o1 —03+03,—01 + 0y —03) 2L X Z

Hy (X) = (0g) = Z

4. SINGULAR HOMOLOGY

Definition 10. A singular n-simplex in a space X is a (continuous) map o :
A™ — X. The group of singular n-chains Cy, (X) is the free abelian group generated
by singular n-simplices on X, so elements are finite sums form

E ciol.
i

The boundary map Oy, : Cp, (X) — Cp_1 (X) is defined by

n

0,0 = Z (-1)° v on] -

=0
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Note that implicit in this definition is the identification of [vy, ..., 0;,. .., v,] with
A™ 1 Also note that 8,,_10, = 0 by the same proof as with A-complexes. Thus it
is reasonable to define the homology theory.

Definition 11. The singular homology groups are defined as
H, (X)=ker0,/Im0, .

Here are some comments about singular homology groups:

e It is clear that homeomorphic spaces have isomorphic singular homology
groups (not clear for A-complexes).

e The chain groups are enormous, usually uncountable. It is not clear that if
X is a A-complex with finitely many simplices that the homology is finitely
generated or that H, (X) = 0 for n larger than the largest dimensional
simplex in the A-complex (both trivial for simplicial homology).

Remark 3. There is a construction in Hatcher showing that singular homology
is actually an instance of simplicial homology, though the simplicial chains are
generally uncountably generated.

Remark 4. Hatcher also describes a geometric way to think about homology in
terms of images of manifolds.

Proposition 12. If X is a space with path components X, there is an isomorphism
of Hy, (X) with the direct sum @, H, (Xa) -

Proof. Since the image of a simplex is connected, each simplex lies on one path
component, and hence C,, (X) splits into a direct sum. Since the boundaries are in
the same component, we get that the boundary splits into Cy, (X,) — Ch—1 (X4),
and so do the kernel and images, so this becomes an isomorphism on homology. [

Proposition 13. If X is nonempty and path connected, then Hy (X) = Z. Hence
for any space, Ho (X) is isomorphic to a direct sum of Z’s, one for each path
component.

Proof. Define the homomorphism
e:Co(X)—2Z
by

. (Z cm) =

If X is nonempty, then clearly this is surjective. We claim that ker e = Im 9, which
would imply that

H() (X) = CO (X)/Im@l = Co (X)/kers%Z

If Y. cio; € Im Oy, then

Elements of Im 0y are integer linear combinations of elements of the form [v;] —
[vj], and € of these is zero, so Im9; C kere. Now given a chain in kere, it can be
written as a sum Y ([v;] — [v;]) , and each of these can be realized as the boundary
of a path from v; to v; since both are path components. Thus kere C Im 0. (]

Proposition 14. H, (pt) =0 for n > 0 and Hy (pt) = Z.
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Proof. We know the last statement since a point has one path component. Each
chain complex C,, (pt) is generated by one simplex. Since the boundary gives

n

o™ = Z (71)j O,n717

i=0
we have that 0 = 0 if n is odd and the identity if n is even. Thus we get the chain
complex

2722722 72%72272%72 0.

The result on homology follows. O

Definition 15. The reduced homology groups H, (X) are the homology groups of
the augmented chain complex

S X)) B0 X)) B0 (X)SZ 0.
We have already seen that €0; = 0, we have that e induces a map Hy (X) — Z,
and the kernel of this map is precisely Hy (X). It follows that
Hy(X)= Ho(X)@Z
H, (X))~ H, (X) ifn>0.

5. HOMOTOPY INVARIANCE

While it is clear that homology groups are invariant under homeomorphism, it is
also true that it is invariant under homotopy equivalence. We first look at induced
homomorphisms.

Definition 16. Given a continuous map f : X — Y, there is an induced map
fu: Cy(X) — C, (YY) given by

fy(0") = foo"
and extended linearly to chains.

Proposition 17. 40 = 0f4.

Proof.
F40(0™) = F4 > (=1 0w mr ]
j=0
= Z( 1)J (f © Un)|[vo U1,y Dy, Un)
7=0
=0fy(c")

O

Definition 18. A map ¢ : C,, (X) — C,, (Y) satisfying ¢0 = 0¢ is called a chain
map.

This gives us a commutative diagram of chain complexes (draw picture). It
follows that if a € ker 9 : C), (X) — Cj—1 (X) then

Ofy (@) = f0(a) =0
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and so the kernel maps to the kernel, while if 5 = 0+ then
fuB = fu0v=0fuy

and so the image of d maps to the image of 0.
It follows that a chain map induces a map on homology, f. : H, (X) — H, (Y)
and similarly for reduced homology.

Proposition 19. A chain map between complexes induces a homomorphism be-
tween homology groups of the complexes.

Proposition 20. The following are true:

(1) (fog), = fegs (where f: X =Y and g:Y — Z).
(2) Id, = Id.

Proof. These follow easily from associativity of composition of maps. O

Theorem 21. If two maps f,g: X — Y are homotopic, then they induce the same
homomorphism f. = g : H, (X) — H, (Y).

Corollary 22. Maps f. : H, (X) — H, (Y) induced by a homotopy equivalence
f+ X =Y are isomorphisms for all n.

The theorem is proven by two propositions:

Proposition 23. A homotopy between f and g induces a chain homotopy P :
Cp (X) = Crpa (V).
Definition 24. A chain homotopy between maps fu and g4 is a map P : C,, (X) —
Cnt1 (Y) satisfying
8P+P8:g#ff#.

Two maps are chain homotopic if there exists a chain homotopy between them.
Proposition 25. Chain homotopic maps induce the same map on homology.
Proof. If a € C,, (X) is a cycle, then gga — fga = OPa, and so g, [a] = fi[a]. O

The key is constructing the chain homotopy, which is a prism operators P. The
homotopy F': X x I — Y gives, for each simplex o™ : A™ — X a map

Fo(ox1):A"x I —Y.
A™ x I can be broken up into (n 4 1)-simplices in the following way (see Hatcher
for the details): if we let [vg, ..., v,] be the vertices for A™ x {0} and [wo,...,w,]
be the vertices for A™ x {1}, we have simplices
af“ = [U0y .-y Uiy Wiy ooy Wp].

(Technically, a simplex is a map, so we want o x 1 restricted to this.) We can
construct the prism operator

P:C,(X)— Cpy1 (V)
by

P(e™) =Y (=1)Foo™*!

I

=0

(-1)" [Fo (o x 1)

|[U07~~-7'U7',7w717'”-7wn] ’

[

N
I
=)
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‘We can now compute
"
OP(0) = (=1)" [F o (0 X Dlly,...;.cprrion]
Jj<i
i+j+1
+ Z (_1)1 ! [F © (U X 1)]|[v0 ..... Vi Wiyeoo Wy sy, W]
Jj=i
Notice that in the top term, ¢ = j = a cancels with the bottom term ¢ = j =a — 1,
as long as a # 0 and a # n. In those cases we get

Fo(ox{l}) =guo
_Fo(ox {0}) = —fyo

Also compute

Po(0) =Py (=1) oliy os ]
j=1
i+j+1
= Z (_1) A [F o (0 X 1)]|[v0,.,.,f}j,...,vi,wi, ..... W]
1<j
A3 (D F 0 (0 X D]l o i)
i>j

So we get
OP = —PO+ gu0 — fuo.
Thus the map P is a chain homotopy and so we get that g, = f..

6. RELATIVE HOMOLOGY AND THE EXACT SEQUENCE OF THE PAIR

In studying quotients and other spaces, it will be extremely useful to consider
relative homology.

Definition 26. Suppose X is a topological space and A is a subspace of X. Let the
relative chains Cy, (X, A) be defined by
Cn(X,A)=0C,(X)/C,(A).
Define the boundary maps to be
On: Cn (X, A) = Cpo1 (X, A)
defined by the induced quotient maps.
We should check that the boundary makes sense, i.e., that 9, : C, (X) —
Cpr—1(X) takes C), (A) to Cp,—1 (A), but this is true since A is a subspace! Fur-

thermore, it is clear that 92> = 0, so there is a homology theory for this chain
complex.

Definition 27. The relative homology groups H,, (X, A) are the homology groups
of the relative chains.

Here are some observations:
e Elements of H, (X, A) are represented by relative cycles: n-chains «a €
Cy (X) such that 0o € Cy,—1 (A).
e A relative cycle « in H,, (X, A) is trivial if it is a relative boundary: « =
0B + v where f € Cpy1 (X) and v € Cy, (A).
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For this reason, we can almost think of H,, (X, A) as the homology of the quotient
X/A, though not quite!

The main theorem of this section is that the relative homology groups form an
exact sequence with the homology groups of X and A.

Definition 28. A sequence of homomorphisms

A An41 A An41
T Apgyl — n T n—1 —7" """

is exact if ker av,, = Im av,,—1 for all n.

Note that an exact sequence is a chain complex (since Ima C ker «) that has
trivial homology (since ker &« C Im «). Note the following;:
e 0 — A - Bis exact iff o if injective.
e A% B — 0is exact iff o is surjective.
0 — A - B — 0is exact iff o is an isomorphism.

e If0— A% B A, C — 0 is exact, it is called a short exact sequence,
and « is injective, 3 is surjective, and ker 8 = Im a.
The key facts are the following:

Proposition 29. A short exact sequence of chain complexes gives a long exact
sequence of homology.

Definition 30. A short exact sequence of chain compleres 0 — A, —— B, 2,

C, — 0 is a collection of chain complexes such that the following diagrams are
commutative for each n:

0 — A RN B — Cn — 0

(6.1) 10 18 10
0 — A, oy B,_1 fny Ch.1 — 0
Proposition 31. There is a short exact sequence of chain complexes:
0— Cp(A) 5 Ch(X) 25 0 (X, 4) — 0
where ¢+ : A — X s the inclusion map and q : Cp(X) — Cpn(X)/C,(4) =
Cp (X, A) is the quotient map.
The proof of Proposition 29 is by a method of proof called diagram chasing.

Proof of Proposition 29. The main difficulty is defining the boundary map 0, :
H, (C) — H,_1 (A). This can be done as follows. Let ¢ € C,, (C) be a cycle. Since
it is a cycle, we have dc = 0. Since [ is surjective, there is a chain b € B,, such that
Bb = c. By commutativity, we have that

0 = 0c = 0pb= (0b.
It follows that 9b € ker 8 = Im«, and so there is a unique a € A, _1 such that
aa = 0b. Now we need to see that it is a cycle, but that follows since
0 = daa = ada,
but since « is injective, we must have da = 0.

This gives a ‘map’ from Z, (C) to Z,_1 (4), but what if we chose a different ¥’
such that 80’ = ¢, and therefore got a/? Then 8 (b’ —b) =0, and so b’ —b € ker § =
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Im o, so there is a”’ € A,, such that aa” = &' —b. Note that 9b—9b = daa” = ada”.
Notice that

a(a—a')=0b—ov,
and since « is injective, we have a — a’ = da”. Thus there is a well-defined map
Zn, (C) — fIn—1 (A) .

Now consider the image of d¢' € Z,, (C). Following the map construction, we
have that there is a chain b € B,, such that 8b = d¢’. However, there must also be
b € Bpi1 such that b = ¢/, and it must satisfy 800 = 9B = d¢’. Thus we can
choose b = 9b'. Tt follows that b = 0 and so the corresponding a = 0. Thus the
map is well-defined H,, (C') — H,_1 (A). Note that the map works like this: given
[c] € H,, (C), there is a b € B,, such that 8b = c and a € A,,_; such that aa = 9b,
and the map is J; [¢] = [a] .

Now we need to prove that the long sequence is exact:

i n+1 (C) i} Hn (A) h Hn (B) &} Hn (C) i} n—1 (A)

o Im v, = ker f5,: suppose [b] € Ima, so there exist a € Z,, (A) such that
aa = b. We know that Sb = 0 by exactness of the short exact sequence,
and so S, [b] = 0. The reverse inclusion is similar.

o Imf, = kerd,: If [¢] is in the kernel of 0., then there is a b € B,, and
a’ € A, such that 8b = c and ada’ = 9b. But also daa’ = 9b, and Saa’ = 0
so f(b—aa’) = cand 9(b—ad’) = 0, so b — ad’ is a cycle and [] =
B« [b — aa’] . Conversely, if [c] = B, [b], then 9b = 0 and 8b = ¢, s0 O, [¢] =0
(actually, we have 8b = ¢ + Oc/, but then there is a b’ such that So' = ¢/
and B (b+ 9b') = c+ d¢’ and b+ 9’ is still a cycle).

o ImJ, = ker a,: If [a] is in the kernel of o, then aa = 9b' for some cycle b’ €
B, +1. Since 9V’ = 0, it follows that 98Y = SV = 0, and so [a] = 0. [BV'].
Conversely, if [a] = O [¢], then aa = Ib such that 5b = c. It follows that
ay [a] = 0.

([l

So the long exact sequence of a pair (X, A) is

O 0]
—

T n+1 (X7 A)
Note that the boundary map 0. is quite explicit in this case: suppose [£] €
H, (X,A). Then it is represented by a chain ¢ € C,, (X) such that 9¢ € C,,_; (4).
Furthermore, since 9%¢ = 0, in face, [0¢] represents a class in H,,_1 (A), so the map
really is induced by 0.

Proposition 32. There is a long exact sequence of reduced homology groups. Fur-
thermore, H, (X, A) = H, (X, A) for all n if A is nonempty.

Proof. We augment the short exact sequence of chain complexes
0-C,(A)—=C,(X)—Cpr(X)/Cr(A) =0
where n > 0 by
0—-Z—-7Z—0—0

in the n = —1 place (where the first two boundary maps are ¢), and the nontriv-
ial map above is the identity. The same construction holds. Note that since we
augment the relative complex with zero, the chain complex for reduced relative
homology is the same as for relative homology. O

RN

—_ e ..
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Proposition 33. If two maps f,g: (X, A) — (Y, B) are homotopic through maps
of pairs, then f, = g..

Proof. Recall the prism operator P : C, (X) — Cpi1 (V). If we restrict P to
Cy (A), its image will certainly lie inside Cy, 11 (B) (since the homotopy is through
maps of pairs) and so there is a map P : C, (X,A) — C, (Y,B). The map P is
still a chain homotopy, and the result follows. O

There is also a long exact sequence of a triple derived in a similar way. The
triple is A C B C C and the necessary inclusions are (A, B) — (B, C). This gives
the long exact sequence
Os
—

- — H,.1(C,B) H,(C,A) 2> H,(B,A) 2 H,©B) 2

arising from the short exact sequence

0 — C, (C,A) ~* C, (B, A) 25 €, (C,B) — 0
which is exact because it is

0 — C, (C) /Cn (A) = C, (B) /C (A) 25 €, (€) /C (B) — 0.

7. EXCISION AND QUOTIENTS

We will not prove the excision theorem because it is a bit technical and we don’t
have the time. The proof is not particularly difficult, just technical. The main idea
is the following proposition.

Let U = {U;} be a collection of subspaces of X whose interiors form an open
cover of X, and let C% (X) be the subgroup of C,, (X) consisting of chains 3" ¢;o;
such that o; has image contained in some set U € Y. The boundary map takes
CY(X) to C% | (X), and so there are homology groups HY (X).

Proposition 34. The inclusion 1 : C¥ (X) — C,, (X) is a chain homotopy equiva-
lence, i.e., there is a chain map p : Cp, (X) — CY (X) such that tp and p. are chain

~

homotopic to the identity. Hence v induces an isomorphism HY (X) = H,, (X).

The main idea is that any chain can be broken up into pieces all in one of the
sets in U. This is done by barycentric subdivision of the simplices. We will not
prove this proposition.

Theorem 35 (Excision Theorem). Given subspaces Z C A C X such that the
closure of Z is contained in the interior of A, then the inclusion (X \ Z, A\ Z) —
(X, A) induces isomorphisms

H,(X\Z,A\Z)— H,(X,A)

for all n. Equivalently, for subspaces A, B C X whose interiors cover X, the inclu-
sion (B, AN B) — (X, A) induces isomorphisms on homology.

Proof. We will not prove this, but the idea is that the chain homotopy from Propo-
sition 34 can apply to quotients, and then one can pick out pieces we don’t want
(i.e., chains in 7). O

We can now prove that the relative sequence is true for quotients:

H, 1 (C,A)

—_ ...
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Theorem 36. If X is a space and A is a nonempty closed subspace that is a
deformation retract of some neighborhood in X, then there is an exact sequence

L Hy (A) =5l (X) 25 Hy (X)A) 25 By (A) 25 By (X) 25 By (X/4) — -
where ¢ is the inclusion A — X and j is the quotient map X — X/A.

Proof. We need the long exact sequence of the triple (X, V, A), where A is a defor-
mation retract of the neighborhood V. We have the following commutative diagram:
H, (X, A) — H,(X,V) — H,(X\AV\A)

1 g« L g« L g«
H,(X/A,AJA) — H,(X/AV/A) «— H,(X/A\A/AV/A\ A/A)
We have that the rightmost maps are isomorphisms by excision. The upper left map
is an isomorphism using the long exact sequence of the triple since H,, (V, A) is triv-
ial since A is a deformation retraction of V, and hence H,, (V, A) = H, (A, A) = 0.
Similarly, we get that the lower left map is an isomorphism. Since ¢ is a homeo-
morphism on the complement of A, the rightmost vertical map is an isomorphism.
By the long exact sequence of the pair (with relative homology), it is clear that
H, (X/A, AJA) = H, (X/A) since H, (A/A) = 0. O

Example 2. We can compute the homology groups of spheres S™ by induction on
n. Note that S™ ~ D" /OD"™, and D™ ~ S~ is the deformation retract of a small
annulus around the boundary, so by the exact sequence we have

RN E[n (S'm—l) L_*) I;[n (Dm) L ﬁn (Sm) & I;[nfl (Sm—l) L_*) ‘anl (D'm) J_*) ~n71 (S'm) ...

and since H, (D™) = 0 for all n, we have that H, (8™) H,_1 (S’m_l) . We know
that
Zifn=0

- 0\ o
Hy (S ) - { 0 otherwise }

ﬁn(sm)g{ Zifn=m }

0 otherwise

It follows that

Proposition 37 (Brouwer Fixed Point Theorem). D" is not a deformation retrac-
tion of OD™. Hence every map D™ — D™ has a fized point.

Proof. Recall the argument in dimension 2 that if there is a map f : D?> — D?
without a fixed point, then there is a retraction D? — 9D?. The same argument
works for D™. Recall that a retraction satisfies:

rot=Idyppn,

and so the composition

IN{n—l (8Dn) L—*> f{n—l (Dn) i> IN{n—l (aDn)
is an isomorphism. But this is impossible since H, 1 (D") =0 and H,,_; (D") =
Z. O

Theorem 38 (Invariance of Dimension). If U C R™ and V. C R™ are nonempty
and homeomorphic open sets, then n = m.

Remark 5. For diffeomorphic, this followed from inverse function theorem.
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Proof. By excision, we have that Hy (U, U \ {zo}) = Hy, (R",R™ \ {z0}) for a point
xo € U. From the long exact sequence of the pair, we have that Hy (R™,R™ \ {x¢}) =
Hy, (R™\ {x0}), but since R \ {0} is homotopy equivalent to S"~1, we get that
that m = n if U and V' are homeomorphic. (I

8. NATURALITY

Theorem 39. The long exact sequence of the pair is natural, i.e., for any map
f: (X, A) — (Y, B), the the following diagram is commutative:

s Hep (X,4) 2 HL(A) S HL (X)) S HL(X,A) 25 Ha(A)
— H,n(Y,B) % H,(B) = H,(Y) % H,(Y,B) % H, ,(B)

In fact, naturality follows for any long exact sequence arising from a short exact
sequence of chain complexes.

Theorem 40. Given two short exact sequences of chain complexes (6.1) and chain
maps ¢, ¥, & between them,i.e.,

Bn

0o — 4, *» B, = C, — 0
Lo 1y 1€

0 — D, > E, =% F, — 0

is commutative, the following diagram is commutative:
= Han(O) 25 Hu(4) 25 H.(B) 25 H,(O)
1 & 1 & L 1 & 1 ¢«
e Hon (F) 2 H.(D) S H.(B) 2 HL(F)

Ox
—

Proof. Since pa = ¢§ and €8 = e, two of the squares are easily seen to be
commutative (since each is a chain map). For the last square, we check ¢.0, [¢] =
¢« [a] = [¢ (a)], where there is a chain b € B, such that aa = 9b and b = c.

Also 0.&, [¢] = [d] where there is a chain e € E,, such that ce = &, [¢] = [£(¢)]
and 0d = de. The claim is that [d] = [¢ (a)].

Note that we have a choice of chains b and e. Suppose we take e = ¢ (b) . Then

ce ==t (b) = €8 (H) = £(0
3o (a) = Ya(a) = Pob = 0Yb = Oe.

It follows that 0, [£ (¢)] = [¢ (a)], i.e., D& [c] = PuOy [c] - O

9. EQUIVALENCE OF SIMPLICIAL AND SINGULAR HOMOLOGY

Note that if X is a A-complex, then simplicial chains are singular chains. Thus
there is an inclusion A, (X) — C, (X), and since boundaries are respected, it
induces a homomorphism on homology.

Theorem 41. The homomorphisms H2 (X) — H,, (X) are isomorphisms for all
n and A-complexes X.

Remark 6. This can be done more generally with relative homology, but we will
only prove this.

RN

RN

H,_; (A) _ .

H,_; (D) N
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Lemma 42 (The Five-Lemma). In a commutative diagram of abelian groups as
follows:

A 4 B 2. ¢ X p 4L E
la 1B Ly 16 le
K v

./ Y]
A ¢ B’ J c’ D’ E’
if the two rows are exact and o, 3,9,& are isomorphisms, then so is 7.

Remark 7. In fact, it can be proven that ~y is surjective if 8 and & are surjective
and € 1is injective, and that vy is injective if B and § are injective and « is surjective.

Proof. The proof is a diagram chase. First we show that v is surjective. Given
¢ € ', then {'k'¢ = 0, and since § is surjective, there exists d € D such that
dd = k'c’. Using commutativity, we have that

0=/0FKdc =106d=eld.
Since ¢ is injective, £d = 0. By exactness, there exists ¢ € ¢ such that kc = d. We
get that

k¢ =dd = dkc = k'e.
Now consider ¢’ — ¢, which satisfies &' (¢/ — v¢) = 0, and so by exactness there
exists b’ € B’ such that j'b' = ¢/ —~ye. Since 8 is surjective, there exists b € B such
that b =10', and we get

' —~yc=j'Bb=jb.

Thus
' =7(c+jb)
and -y is surjective.
Now suppose v (¢) = 0. Then
0 = k'yc = dkc.

since 4 is injective, we have that k¢ = 0. Thus by exactness there exists b € B such
that jb = c¢. Furthermore,

0 = ~yec = vjb = j'pb.
It follows from exactness that there is ' € A such that i'a’ = Bb. Since « is
surjective, there exists a € A such that aa = d’. It follows that

Bb=1'a =i aa = Bia.
Since 3 is injective, it follows that b = ¢a. Furthermore, it follows that ¢ = jb =
Jta = 0. O

Proof of Theorem 41. First note that for any X and A C X, we have that A,, (X, A)
includes into C,, (X, A), giving chain maps. Let X* be the k-skeleton, i.e., the set of
simplices of dimension k or less. Then we have the following commutative diagram
of exact sequences:

HA, (XF, XM D gA (xR B gA (xR, gA (XK X
! ! 1 !
Hypy (XF,XE1) 25 g, (x50 25 |1, (XF) 2 H, (XF, X8

We will do an induction on k, assuming that second and fifth vertical maps is
are isomorphisms for all n.

HA 1 (Xk—l)

Hn,1 (kal)
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Furthermore, we show that first and fourth vertical maps are isomorphisms.
For simplicial, it is clear that A, (X* X*=1) = A, (X*) /A, (X*71) is zero if
n # k and is free abelian with basis the k-simplices if n = k. It follows that
HA (Xk, Xk_l) is the same. For simplicial, we see by definition of A-complex that
Xk Xk~ 0], AF /11, 0AE. We can look at the exact sequence of the quotient:

—H, (]_[ m{;) s, (]_[ A’;) LNy (]_[ Ak /H@A’;) Ol (H m’;) .

All of the groups in the sequence are zero except H, (Ha 8A’;) when n =k —1

or 0 and H, (I, A%) when n = 0. It follows that H, (I, A% /11, 0AE) is a free
abelian group with generators corresponding to the k-simplices. Since the maps
we are interested in take the k-simplices in HkA (Xk, Xk'_l) to the k-simplices in
Hy (X kX k_l) , these maps are isomorphisms. The theorem follows from the Five-
Lemma. ([l

10. EULER CHARACTERISTIC

Definition 43. The Euler characteristic of a A-complex X is

N (X) =3 (-1)"en

n

where ¢, is the number of cells of dimension n.

Proposition 44. The FEuler characteristic can be expressed

X (X) = Z (_1)71 ﬁn

n

where By, = rank (H, (X)) are the Betti numbers.
Corollary 45. The Euler characteristic is a topological invariant of the space.

Proof. We will leave this as a homework exercise. O

11. MAYER-VIETORIS SEQUENCE

Theorem 46 (Mayer-Vietoris). Let X be a topological space and A, B be subspaces
such that the union of their interiors is X. Then there is a long exvact sequence:
.— H,(AnB) "% H,WeH,B) "% H,(X) % H, ,(ANB) — .-
where the maps are induced from inclusions
1:ANB— A
jiANB— A
k:A— X
{:B— X.

There is a similar one for reduced homology.

Example 3. We can use this to compute the reduced homology of spheres again.
where S™ = DY U D% and DY N DY ~ S"~1. We get

ky—Ly O
—

. — H,(DPnDy) = [m,(Dy) e H, (DY)

and since H, (D?) @ H, (D2) =20 we can perform induction.

ﬁn(sn) - ~nfl((D?ﬂDQL)) -
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Remark 8. Much like Van Kampen, Mayer-Vietoris can be used to calculate ho-
mology groups of many spaces by decomposing the spaces into constituent parts.

Example 4. We can compute the homology groups of surfaces ¥4 of genus g in-
ductively. Let the induction be the following:

Zifn=2
H, (%) =< Z% ifn=1

0 otherwise

729 ifn =1
0 otherwise
where D? is a small disk and g > 1, and that the highest homology is generated by

simplices covering X4. We can calculate the top directly if g = 1 using simplicial
homology. We now consider the following two Mayer-Vietoris sequences:

1%

H, (2, \ D?)

— Hy(0D?) "% B, (3,\D¥) e H,(D?) =% H(3,) X H (9D?) — -
LY (s,\ DY) e Hy (D?) MY H (3, 25 Hy (0D?) — -
and
c— Hy(0D?) 2% H,(S,\ D)@ Hy (S1\ D) "= Hy(S,) 2 Hy (0D%) — -
LB (B, \ DY) e Hy (5\ D) N H (S,4) 2 Hy (0D2) — -
The first we get
— 0 % gy (s,\ DY) s Bz, 2 Hy (0D — -
B g (s\D?) M B () o0
We see that the first 0, is an isomorphism since we know the generator of Hy (2g)
and Hy (3D2) ~ Hy (Sl) . It follows from exactness that the next map is the zero
map, and the result for H, (34 \ D?) follows from the homology H, (%,). In the
second, we get
kiw—0 gt Os 5 2 14 DJ ad 2 ad 2 kyw—2Ly gt s
0 — H2 (Zg+1) — Hl (8D ) — Hl (Zq \D ) (5) H1 (21 \D ) — H1 (Zg+1) I

Since we know that i, and j. are the zero maps, induction follows.

To prove Mayer-Vietoris, we need only form the appropriate short exact sequence

of chain complexes. The appropriate one is this:
0—Cr(ANB)— C, (A)®C, (B) — CiABH(AUB) -0,
where we know that the homology of the last chain complex gives the same homol-
ogy as Cp, (AU B). Certainly i4 @ jy is injective and ky — (4 is surjective, so we
need only show that
ker (k# — f#) =1Im (i# @j#) .

If « € C,, (A) and 8 € C,, (B) such that « — =0 in citB (AU B), then clearly
a and B have images only in AN B and those come from the same simplex. The
fact that Im (4 @ jz) C ker (kg — £4) is clear. It follows that there is a long exact
sequence.

For reduced Mayer-Vietoris, we see that the last line will be

0—-Z—-2Z07Z—7Z—0,
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and it is clear what the appropriate maps should be.

Note that the boundary maps 0, has a natural meaning. Suppose [£] € H,, (X).
Then by subdivision we can represent £ = a4+ 8 € C, (A) ® C,, (B) such that
Oa + 0f = 0 (since £ is a cycle in X). It follows that da = —98 € C,,_1 (AN B),
and must be a cycle since 9 = 0, so the map takes [£] to [Dq].

More examples: Compute for Klein bottle, real projective plane.

12. DEGREE

A map f:S™ — S™ induces a map f, : H, (S™) — H,, (S™). Since H,, (S™) ~ Z,
the map f, is multiplication by an integer. We call that number the degree. The
degree is a homotopy invariant for maps S™ — S™. The degree can sometimes be
computed fairly easily, and its definition preceded the definition of homology.

e degld=1.

e The degree of a reflection of S™ C R**! is —1.

e Compositions multiply degree: deg f o g = deg f degg. This follows from

(f g)* = fuGx-

e The antipodal map S™ — S™ given by © — —x has degree (—1) since
it consists of n + 1 reflections (each changing the sign of one coordinate).
A map f : S" — S™ that is not surjective must have degree zero. This
is because we can use stereographic projection to turn it into a map f :
S™ — R™ and this map is homotopic to a constant map. (The precise
argument is this: Let ¢ : S™\ {pt} — R™ be stereographic projection and
¢t :R™ — 8™\ {pt} be its inverse. Then f is homotopic to a constant
map via the homotopy fi (z) = 6~ (¢ (6 (f (2)))).)

e You can use degree theory to show some maps are not homotopic. For
instance, the maps S' — S! given by z — 2" are not homotopic to each

other, since their degrees are n.

n+1

Many topological theorems can be proven using only degrees.

Theorem 47. If n is even, then the only nontrivial group that can act freely (with-
out fized points) on S™ is Zs.

Proof. Given a group acting on S™, each element has a degree, and so there is
a map G — Z* (the multiplicative group of nonzero integers). The degree of a
homeomorphism must be +1, and so the image of the map is Z. (Il

Theorem 48. S™ has a continuous, nonzero vector field if and only if n is odd.

Proof. Suppose there is a nonzero vector field v (). We may replace v (z) with
v (z) / |v (x)| and assume it has norm 1. That the vector field is tangent is described
by the property v (x) -2 = 0, and so we note that for each z, (cost) v (z) + (sint) x
describes a circle in S™. So letting ¢t go between 0 and 7, we have a homotopy
between the identity and the antipodal map. Thus the degrees are the same, and
so (—=1)"" =1, so n is odd.

The converse follows by considering the vector field v (x1, ..., z2;) = (=22, X1, ..., —Tok, Tak—1)

on §%—1, O
Remark 9. When n = 2, this is referred to as the hairy ball theorem.

Remark 10. Degrees can be computed locally, as follows. Suppose y € S™ and
Y (y) = {z1,...,21} C S™ (we are assuming the preimage is a finite number of
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points). Furthermore, let V' be an open neighborhood of y and Uy, ..., Uy be open
neighborhoods of x1,...,xx that map into V. Then we can compute the local degree
deg f|% as the multiplier in the homomorphism

fe i Hy (U, UN\A{=z}) — Ho (V, VA {y}).
Then the degree of f is the sum of the local degrees. If U; are mapped homeomor-

phically to V, then local degrees are all £1, and you get the degree of the map by
summing these local degrees.

13. FIRST HOMOLOGY GROUP

Proposition 49. If X is path connected, the first homology group Hy (X) is iso-
morphic to the abelianization of the fundamental group m (X).

Proof. Clearly there is a map m (X) — H;p (X) since every element of 7 (X) is
represented by a cycle. We need to compute the kernel of this map. Certainly the
commutator subgroup is the kernel, since H; (X) is abelian. One needs to show
that this is all of the kernel and that the map is surjective. We will not prove this,
but it is in the book. O



