Method of Moments

February 19, 2008

Let My, M,, ... be independent random variables having a common distribution possessing a mean .
The strong law of large numbers states that the sample means converge to the population mean
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M, = — E M; — p with probability 1 as n — oo.
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For a simple random sample X7, X5, ... chosen according to Py,0 € © and m a real valued function. If
9(6) = Egm(X1), then
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— E m(X;) — g(0) with probability 1 as n — co.
n
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The choices m(x) = ™ is called the method of moments.

1 Example

Example 1. A I'(a, 3) random variable has mean o/3 and variance o 32.

a <a>2a(1+a).
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So set

to obtain estimates

X = g and X2 = &(1A+ &)
B It
Then, -
YT (2 & X _ 4
YR moae
and _
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X2 - (X)2

To investigate the method of moments on simulated data using R, we consider 1000 repetitions of 100
independent observations of a T'(3,5) random wvariables.



xbar <- rep(0,1000)

x2bar <- rep(0,1000)

for (i in 1:1000){x<-rgamma(100,3,5) ;xbar[i]=mean(x) ;x2bar [i]=mean(x~2)}
betahat <- xbar/(x2bar-(xbar) ~2)
alphahat <- betahatx*xbar

> mean(alphahat)

[1] 3.121951

> var (alphahat)

[1] 0.2601792

> mean (betahat)

[1] 5.217926

> var (betahat)

[1] 0.8466257

> hist(alphahat,probability=TRUE)
> hist(betahat,probability=TRUE)
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2 Comparison to Maximum Likelihood Estimation

To obtain the maximum likelihood estimate, write

() (o)

InL(c, 8lx) =n(alnf —InT(a)) + (o — 1) Zlogzi - BZJ:Z
i=1 i=1



To determine the parameters that maximize the likelihood, solve the equations

21nL(04 Blx) =n(lng — —lnf +Zlnxl =0, Inz= ilnlﬂ(a) —Ing

Oa da
and .
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—lnLa,ﬂx =n— — z;, =0, x=-—.
To compute the Fisher information note that
I (o, 0) = —ﬁlnL(a Olx) = nﬁlnf(a) and Ig(a,B) = —a—21nL(a Glx) = no
al\d, T T oa2 ) ~ a2 EAG) = 8ﬁ2 ) =

B
For a =3 and =5 and n = 100,
3
1,(3,5) = 100 x (0.3943) = 39.43, I5(3,5) =100 x i 12

and A
Var(s s (&) = 0.043,  Varss)(5) ~ 0.083.

Compare this to the empirical values of 0.261 and 0.847 for the method of moments



