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We begin with a sample X = (X1,...,X,,) of random variables chosen according to one of a family of
probabilities Py where 6 is element from the parameter space ©.

For random variables, we shall use the term density function to refer to both continuous and discrete
random variables. Thus, to each 6 € ©, there exists and density function which we denote

f(x]0).
Example 1 (Parametric families of densities).

1. Binomial random variables with known number of trials n but unknown success probability parameter
0 has density

F(z]6) = (Z) 97 (1 — 6)"=.

2. Normal random variables with known variance oo but unknown mean p has density

Feli) = e (-0

) exp
ooV 2w 202

3. Normal random variables with unknown mean p and variance o has density

Falnsd) = ——exp (—(9”2‘0_“)) |

Definition 2. A statistic is a function of the random wvariable that does not depend on any unknown

parameter.

The goal of estimation is to determine which of the Py is the source of the data X. In this case the action
space A is the same as the parameter space and the estimator is the decision function

d : data — ©.

Example 3. If X = (Xy,...,X,) are independent Ber(0) random variables, then the simple choice for
estimating 0 is

1
d(ml,...,xn):E(xl—i—---—i—xn):fc.



1 Unbiased Estimators

Definition 4. A statistic d is called an unbiased estimator for a function of the parameter g(0) provided
that for every 6 € ©
Epd(X) = g(0).

Any estimator that not unbiased is called biased.
If the image of g(0) is a vector space, then the bias

ba(0) = Ed(X) — g(0).

Exercise 5. If X1,..., X, form a simple random sample with unknown finite mean yu, then X is an unbiased
estimator of . If the X; have variance o?, then

o2

Var(X) = —

If we choose the quadratic loss function £(0,a) = (a — 6)?2, then corresponding risk function
Ra(9(6).d) = Ep[(d(X) — g(6))°] = Eo[(d(X) — Epd(X) + ba(6))?]
Eo[(d(X) — Egd(X))?] + 204(0)(Ep[(d(X) — Egd(X)] + ba(6)?
= Varg(d(X)) + bd(9)2

Note that the risk is the variance of an unbiased estimator and the bias adds to the risk.

In the example above, with d(X) = X,

EeX:l(9+~~+0):9
n

Thus, T is an unbiased estimator for #. In addition,

Var(X) = %(9(1 SO 01— 0)) = %9(1 —0).

Example 6. If, in addition, the simple random sample has unknown finite variance o2, then, we can consider
the sample variance

n

Z(Xi_U)Q = Z
)

=1 =1
— (K - )2+ n(X - p)?
=1



Then,

1 & _
ES? = E nZ(XZ—M)Q—(X—u)Q]
1=1
1 1 —
— Zpo?_g2=l 1,
n n n
Thus,
E[ n 2}02
n—1
and

n 2 1 i 52
nfls _n—l;(Xz X)

is an unbiased estimator for o2.

Definition 7. An unbiased estimator d is a uniformly minimum variance unbiased estimator (UM VUE)
if d(X) has finite variance for every value 0 of the parameter and for every unbiased estimator d,

Vargd(X) < Vargd(X).
The efficiency of unbiased estimator d,

argd(X)

Thus, the efficiency is between 0 and 1.

2 Cramér-Rao Bound

First, we will review a bit on correlation. For two random variables Y and Z, the correlation
Cov(Y, 2)
V/Var(Y)Var(Z)

The correlation takes values —1 < p(Y, Z) < 1 and takes the extreme values +1 if and only if Y and Z are
linearly related, i.e., Z = aY + b for some constants a and b. Consequently,

p(Y,Z) =

(1)

Cov(Y, Z)? < Var(Y)Var(2).
If the random variable Z has mean zero, then Cov(Y, Z) = E[Y Z] and
E[Y Z)* < Var(Y)Var(Z) = Var(Y)EZ?. (2)

We begin with data X = (Xi,...,X,) drawn from an unknown probability Py. The paramater space
© C R. Denote the joint density of these random variables

f(x]0), where x= (z1...,2,).



In the case that the date comes from a simple random sample then the joint density is the product of the
marginal densities.

£(x|0) = f(2110) - f(2nl0). 3)

For continuous random variables, we have

1= /n f(x]0) dx (4)

Now, let d be the unbiased estimator of g(6), then

n

9(0) = Epd(X) = / d(x)f(x]0) dx (5).

If the functions in (4) and (5) are differentiable with respect to the parameter § and we can pass the
derivative through the integral, then

Oz/naf(a’ja)dx:/nmn;éxa)f(x|9)dx:E9[alnfa(;(9)]. o

From a similar calculation,
7
50 (7)

Now, return to the review on correlation with ¥ = d(X) and the score function Z = 9Inf(X|0)/6..
Then, by equation (6), EZ = 0, and from equations (7) and (2), we find that

/0 = B a0 22X

2 2
g'(0)* = Eq [d(X)ahlfa(;(m < Varg(d(X)) Eq (alng(;w)) ] 7
or, .
Vary (d(X)) > 91((‘;)) . «
where

olnf(X]0)\>
I1(0)=FE —_—
(6) = o l( 89
is called the Fisher information.

Equation (8), called the Cramér-Rao lower bound or the information inequality, states that the
lower bound for the variance of an unbiased estimator is the reciprocal of the Fisher information. In other
words, the higher the information, the lower is the possible value of the variance of an unbiased estimator.

If we return to the case of a simple random sample then
Inf(x|0) =In f(21]|0) + - - - + In f(z,|0).

Also, the random variables {In f(x|0);1 < k < n} are independent and have the same distribution. Thus,
the Fisher information.
1(0) = nB[(In f(X1]9))?].



Example 8. For independent Bernoulli random variable with unknown success probability 0,
In f(z|f) =2Inf+ (1 —x)In(1 —0),

0 z 1 z—0
o o) =2 =

B — X
0 1-6 0(1-0)

d 2 1 ) 1
<89f(X|9)) ] = mE[(X —0)7] = 91—0)

and the information is the reciprocal of the variance. Thus, by the Cramér-Rao lower bound, any unbiased
estimator based on n observations must have variance al least 6(1 — 0)/n. However, if we take d(x) = Z,
then

E

o(1— 0)

Var,d(X) =
and T 1s a uniformly minimum variance unbiased estimator.

Example 9. For independent normal random variables with known variance o3 and unknown mean i,

(x — p)?
20(2) '

In f(z|p) = —In(oov2r) —

and 9 )
@ (z|p) = ;8(33 — pu).

0

2
E <auf(Xlu)> ] - %E[(X —w)?) = j

Again, the information is the reciprocal of the variance. Thus, by the Cramér-Rao lower bound, any unbiased
estimator based on n observations must have variance al least o3 /n. However, if we take d(x) = Z, then

2
Var,d(X) = %).

and T 1s a uniformly minimum variance unbiased estimator.

Recall that for the correlation to be 1, the estimator d(X) and the score function 91nf(X|0)/06. must
be linearly related with probability 1.

0
20 In f(X|0) = a(0)d(X) + b()
After integrating, we obtain,
f(X10) = c(0)h(z) exp(m(0)d(X)). (9)

We shall call density functions satisfying equation (9) an exponential family with natural parameter
w(0).



Example 10 (Poisson random variables).
x

_AT o
f(x|)\)—ge =e Eexp(wln)\).

Thus, Poisson random variables are an exponential family. The score function

0 0 T
_ - _ | - —
3 (z|N) )\(xln)\ Inz! —\) \ 1.

The Fisher information

I\ = By

(f - 1” = BB A= 1.

If X is P0i§()\ , then ExX = Varyx(X) = \. For a simple random sample having n observations both X
and Y p_(XgX)?/(n — 1) are unbiased estimators. However,

- A
Vary(X) = -

and d(x) = T has efficiency 1.
This could have been predicted. The density of n independent observations is
efn)\)\zl--drzn efn)\An:fz

Blx|A) = !yl :x1!~-~xn!

and so the score function
0 0 _ nx
3 Inf(x|\) = 5(—71)\ +nzZlnA)=-—n+ ~

showing that the estimator and the score function are linearly related.



