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Read Sects. 7.1 - 7.4 of the course notes.

Exercises. These do not need to be turned in.
1. Find the Green'’s function for

—u"(z) +u(z) = flz), 0<z<1
u(0) —u/(0) =0
u(l)=0.

2. One thing we have not discussed is what to do when thereoazero (i.e., inhomo-
geneouspoundary conditions, i.e., when we want to solMeu = f on0 < z < /,
where

Lu = (p(z)u'(z))" + q(z)u(z)
and
oqu 4 ay' =Aatr =0
Biu+ B/ = B atx =/
where(A, B) # (0,0) . The standard method is to split the solution into two terms:
aparticular solutionu, solving Lu,, = f with the boundary conditiond = B = 0,

and ahomogeneous solutiar, solving Lu,;, = 0 with the given nonzero boundary
conditions. By linearityy = u;, + u, will solve the original problem.

(a) Suppose the boundary value problem above has a uniqu@sdior everyf, carified
and letK denote the Green’s function fdr with homogeneous boundary con-
ditions. Assume also the boundary conditions are suchutfigt u(¢) # 0 . correction
Show, using the general properties of Green’s functiorest, ¢wrery homoge-
neous solution can be expressed in the form

up(z) = 1 K(x,0) + o K (2, 0) .
Note: Since our general method for findiAgrelies on solvinglu = 0, this is
really only useful if one already knows by some other means.

(b) Solve, using whatever method is convenient,

—u"(z) + u(z) = cos(mz), 0<z<1
uw(0) —u'(0) =1
u(l)=0.



Problems.

1. The method we used in class to derive a general expressitinef Green’s function
for the Sturm-Liouville problem can be directly applied(j.without doing a Sturm-
Liouville reduction) to general second-order problemshefformZLu = f, where

Lu(x) = po(x)u” (x) + pr(2)u'(x) + po(z)u(z), 0<x </
oau+ oy =0atx =0
Bru+ Pou' =0 ate = /¢
Let K be the Green’s function fof. You can assume the are continuous, and
pa(x) > 0forallz € [0, ].

(a) What equations (including boundary conditions) daesatisfy?

(b) Derive a jump condition fok .

(c) Find a general expression féf in terms of two linearly indepenent solutions
u; anduy of Lu =0 .

(d) Find the Green’s function for the BVP
u'(z) = 2u'(z) +u(z) = f(z), 0<x<1
u(0) =u(1)=0.
and use it to find an expression fowhenf = 1.

2. A self-adjoint operatof. is positiveif (Lu,wu) > 0 for all v in the domain of., with
llul] > 0.

(a) LetL be the Sturm-Liouville operator
Lu = —(p(fc)ul(x))/ +q(x)u(z), 0<x</

acting on the space of functions satisfythgusualboundinyeonditions Dirichletorrection

boundary conditions
u(0) =u(f) =0

and with the standard inner produgt, v) = f(fu(x)v(x) dx . Show that if
q(x) > 0 for all z, thenL is positive.

(b) Let K denote the Green’s function fdr, and supposé. is positive. Does it
follow that K'(z,y) > 0for all z,y € (0,¢) ? Explain.

3. (a) Letu: R™ — R and define the Laplacian operatarby

n
J%u

=1
Find the Green’s function foA for all n > 3, assuming vanishing boundary
conditions abo .



(b) Find the Green’s function fah on the half spac&? x [0, co).



