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Exercises. These do not need to be turned in.

. Show directly thatrephrased
the |dent|ty operatof on any infinite-dimensional Hilbert space is not the limittfie metric
defined by the operator norm) of a sequence of finite-rankabpes.

2. Letk : [0,1]*> — R be a continuous kernel and define an integral operstby

(K f)(x) = / k(e,y) f(y) dy -

(@) Let X = C([0,1]) denote the space of continuous functions on the intefudl,
equipped with the sup noriif|| = max{|f(z)| : 0 < =z < 1} . Show thatK is a

bounded operator o/, andeerputethe give an upper bound for the operator norm
LK1

(b) For a continuoug and any numbeh with |\| sufficiently small, show that the Neu-

mann series -
u=Y NK"f
n=0

converges uniformly.

(c) True or false: the Fredholm equatian= f + AKwu has a finite dimensional solution

space for all\ and all f € L%(]0,1]) ? {Assumethatsdutions«-lie-in-L2-) For this clarified + footnot
part, you should assume thétis compacﬁ

3. Fo [2(D A R old version not

lsqLeenqaaetfepanyaD—J%W—yeuLanweF For an)gf € L*(R), define the operatdf by g;’;ﬁtl)fhrfo'fe
(Tf)(z) = f(—=) . Givetwo different reasons wh¥’ is not compact.

interesting

4. For any vector field’ onR™, find the differential equation satisfied by the path[a, b] — R

that minimizes
[ 10 - Pt

where||- || denotes the standard Euclidean 2-norm. (This is known &§théllin-Wentzell
action” and arises in the theory of randomly-perturbededéhtial equations.)

1we know this is the case iK is viewed as an operator ai? ([0, 1]) . It is actually also true fo acting on
continuous functions; the proof uses the Arzela-Ascoloteen.



Problems.

1. The (idealized) spherical pendulum is a physical systensisting of a single particle of
massM constrained to be a fixed distanée> 0 from the origin; the mass is otherwise
allowed to move freely. The configuration space is thus tlén2sphere of radiugin R? |
which can be parametrized by two anglésy) via spherical coordinates.

This problem is about a spherical pendulum in a constantnda@sd gravitational field (i.e.,
generated by the usual potenfiélz, y, z) = gz) .
() Find a Lagrangian for this system.
(b) Find the corresponding equations of motion in sphekoardinates.
(c) What conserved quantities are implied by Noether’sqipie?
2. Our derivation of the Euler-Lagrange equations stillkgowhen there are- 1 independent

variables, as is the case for spatially-dependent problérhss problem concerns a two-
dimensional case.

Let Q be a bounded open subset®f and letd2 denote the boundary ¢t . Define the
functional

Flu) = / / L(z,y, u(z, y), uslz, 9), uy(z, ) da dy

whereu : 0 — R is a smooth function. Our goal is to find the minimizerfofamong all
functionsu subject to the Dirichlet boundary conditions

u(z,y) = f(z,y), (z,y)€ o,
wheref : 092 — R is a given (fixed) function.

(a) To derive the Euler-Lagrange equations for higher-disienal problems, you will New parT
need the following generalization of integration by pattst F' be a vector field on
2 andh a scalar-valued function that vanishesasih. Show that

//Qdiv Fle,y) - hiz,y)] do dy

= // divF(z,y) - h(x,y) dz dy + // F(z,y) - Vh(z,y) dx dy
(b) Using the above, derive the Euler-Lagrange equatiostifywall your steps.
(c) What PDE do you get for the Lagrangian
L(z,y,u,v,w) = v* +w??

(d) (EXTRA CREDIT) LetQ = {(z,y) : 2*+y? < 1} . Express the Euler-Lagrange PDEw Ec, + hint
you found in (c) in polar coordinateslint: This is different from the kind of change of
variables we talked about in class: we are changingtiteperdent variables here, not
the dependent variables. This means there’s a jacobianahs¢s when you change
variables, which needs to be included as part of the “new” tzangian.
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3. LetQ) be the unit disc ilR? , and leth be a function defined on the unit cirad§) . Suppose
u is the smooth function oft whose graph has minimal surface area among all functions
that satisfyu(x,y) = h(z,y) for (x,y) € 02 . What equation does satisfy?



