Math 583B Spring 2012 Problem Set #4

klin@math.arizona.edu

Exercises Due Wednesday, 3/21
Problems Due Friday, 3/23

Exercises. These do not need to be turned in.

1. Consider the equation
W+u=f, 0<x</,

where f is an arbitrary given function and satisfies periodic boundary conditions.
For what values of is this equatiowell-posed, i.e., has a unique solution for every
fe L*([0,4)?

2. Physically, square-integrablg?¥) solutions of the time-independent Schrodinger equa-
tion |

—5¥" (@) + V(@)y(z) = By(x)

represent “bound states,” i.e., they are probability digtrons in situations where the

particle cannot escape to infinity. Unbound states, charaed by wave functions

not in L2, do occur in QM: they represent particles that can escapditity; such

states (and associated spectral problems) are importtr study of scattering.

Show that the free particle equation (i.e., With= 0) has (i) smooth eigenfunctions,
but (ii) no bound states.

3. Consider the harmonic oscillator in Efl (1). Using theataonal method and the
trial functionsy, (z) = e~* find the optimal numbes, and the corresponding
energyE(a.) , whereE(a) = (Hpa, va) / (va, pa) - (I asserted the results without
showing you the work in class.)

Problems. Pleasewrite these up and turn themin.

1. Consider again the harmonic oscillator in Hq. (1). Esterihe ground state energy
using the variational method and the trial functions

(r —a)*(xr+a)*, |z]<a
#a(z) = { 0, x| > a

How close do you get to the right answer?

2. Consider the time-independent Schrodinger equatiotih&harmonic oscillator

1, x? B
L)+ Do) - Botw). o



In this problem we will determine the eigenfunctions andaeigalueﬂ

(@) Heuristically, whenz| > 1, thex? term in Eq. [1) will dominate thé& term,
so that for larggz| we have—1v” + %sz ~ 0 . This implies, among other
things, that all eigenfunctions behave in essentially to@esway agx| —
oo . Since we “know” (or can at least guess, e.g., by using thetanal
method) that the ground stateqjg(z) = e~**/2 it is natural to represent all
other eigenfunctions as multiples of the ground state,d&fineu by ¢ (z) =
u(@)tho(x) -

Derive the eigenvalue equation for

(b) Letu(z) =>" ", c,2™ . Using the differential equation in (a), find a recurrence
relation forc, - in terms ofc, . (Don’'t worry about the convergence of the
power series.) Note that the recurrence relation will imedhe (still unknown)
eigenvaluey .

(c) ShowthatifE = n+%, wheren is a nonnegative integer, then the corresponding
eigenfunctionsu are polynomiaIE. Thus for the original problemy)(z) =
u(z)vo(x) will decay like a gaussian as— +oo, and will be inL?(R) .

(d) Suppoe: is not a polynomial, i.e., its Taylor series is truly infinit&rgue that
cnio/cn = 2/n for n large. What does this suggest about the behaviax of
for largez, and that ofy(x)?

LYou will not be asked to write down the eigenfunctions expiicbut it should become clear that one
can find any particular eigenfunction you want using thishrodt Also, in quantum physics courses, it is
customary to solve this problem via so-called “raising” dlosvering” operators; see the Wikipedia page on
the “gquantum harmonic oscillator.”

2These polynomials are known &ermite polynomials. They form an orthogonal basis for the Hilbert
space of functions with inner produgt, ) = [, f(z) g(x) e dx .
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