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Introduction

The cavity is modeled by a harmonic oscillator on the Hilbert
space H . The atoms are described by a quantum spin chain
on the Hilbert space Ha = @n>1Ha,-

The Hamiltonian of the cavity is

Hc=eb'bx 1
and the Hamiltonian for the n-th atom is
Ha, = 1® Eapan.

The interaction between the n-th atom and the cavity depends
on a time

Wh(t) = X[(n—1)r,n7](t)()‘a;kyan ® (b* + b)).



The Hamiltonian of the system is

H(t) = He +)_(Ha, + Wa(1))

n>1
=eb’b@ 1+ 1®Easan+ X1 (D)(Aahan ® (b + b)).
n>1 n>1

When t € [(n— 1), n7], only the n-th atom interacts with the
cavity. Let us denote the Hamiltonian for the n-th atom and the
cavity as

H,=eb'b® 1+ 1® Ea}a, + \(b* + b) ® a}an.



In the case of the leaking cavity the system is described by
both Hamiltonian and the dissipative part.

For any states pc on Hg and pa on H 4 the generator of the
dynamics is

. « O 4
L(t)(pc®pa) = ~i[H(1), pc@pal+ob(pc@pa)b”—51b°b, pc@pa}.
So when t € [(n— 1)1, n7] the generator of the dynamics is

Lo(pc®pa) = —i[Hn, pc® pal+0ob(pc®pa)b* — %{b*b, PCRPA}-



The state of the system pg(t) at time ¢ is given by the Liouville’s
differential equation

& pslt) = Lt)ps(0).

Suppose the initial state of the system is

pPs =pc® ® Pk
k>1

where p¢ is the initial state of the cavity and py is the initial
state on H 4, s.t. px commutes with aj ay, for example one could
take px = e PEa%a /(1 + e PF).



If t = nT+v € [nr,(n+ 1)7] the state at time t can be written as

n+1

ps(t) = et e™2e™ (pe @ Q) pi)-
k=1

The state of the cavity at time t = nr is

n
pe(t) = p&) = Tragps(t) = T, [e™...e72e™ (o @ (R) pi)]
k=1
n—1
= Tty (€7 (Tray - Trag, €771 67267 (00 @ (X) o)) @ pn)]
k=1

Lo (n—1
= Trag,, (€7 (0T @ pn)].



Define the operator £ as follows

L(p) = Try, (€7 (p ® pn))-

Then the state of the cavity at the time t = nr is the n-th power
of £ 1
pe(t) = pd = £(pT™V) = L (po). (1)

And the state of the cavity at any time
t=nr+velnr,(n+1)7]is

pelt) = Tru,  [€771(L (pc) © pri1)].

We will concentrate on the time of the form t = nr for now.



Ideal cavity (¢ = 0, no leakage)

Suppose that t = nr. Then the operator L is
L(p) = Try,, [67(p @ pn)e™].

For the state p, denote p = Tr(ayanpn).
Ouir first interest is the number of photons N = b*b in the cavity,
which at the time t can be expressed as

N(t) = Try o (b"bpc(1)) = Try (b"bL (pc))-



Theorem

Let pc be a gauge invariant state. The number of photons in
the cavity at time t = nt is

2)% 52\
N(t) = N(0)+np(1—p) = (1 —coser)+p 6—2(1 —COS Ner) .

Remark

The theorem shows that only flux of randomly exited atoms
(0 < p < 1) is able to produce a pumping of the cavity by
photons.



Herep=1/2,7=0.1,A=¢=0.1.
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Leaking cavity (o > 0)

Theorem

Suppose the initial state of the cavity is gauge invariant. Then
the number of photons in the cavity in time converges to

M 14+e 9 —2e727coser  ,2\° e 7T —e 27 coser
PP 1—eo A e

Remark

If we consider o = 0 we get that N(t) = é—; Which means that
limits n goes to infinity and o goes to zero do not commute.



Herep=1/2,7=0.1,A=€¢=0.1,0 = 0.01
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Limiting state

A state is considered to be a linear functional

wf (-) = Trag (-pc(t))-

To study the limiting state we consider it on the space of the
Weyl operators
_ i C
wo(W(a)) = lim wf(W(a)).
Here for any complex number o € C the Weyl operator is
defined as a unitary operator on the Hilbert space of the cavity

H as follows B
W(a) = eP=ab"



Theorem
The limiting state of the system exists in a weak-* limit on the
space of Weyl operators and it is independent of the initial state.

When t = nr we have

wi (W(a)) = Ti(W(a)pc(t)) = TH(W(a)L"(pc))
= Tr((£)"(W(a))rc).
We show that (£*)"(W(«)) has a limit when n goes to infinity,

which guarantees the weak—x limit of the states w¢(:) in the
limit t — oo.



Theorem
The limiting state is a not a quasi-free state.

The quasi-free state w satisfies

w(W(a)) = exp{iv(b(a)) - %(w(b(a)z) —w(b(a))®)},

where b(«) = —iab + iab*.
We show that the above equality does not hold.

Corollary
The limiting state is a non-equilibrium state.






