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Introduction

The cavity is modeled by a harmonic oscillator on the Hilbert
space HC . The atoms are described by a quantum spin chain
on the Hilbert space HA = ⊗n≥1HAn .
The Hamiltonian of the cavity is

HC = εb∗b ⊗ 1l

and the Hamiltonian for the n-th atom is

HAn = 1l⊗ Ea∗nan.

The interaction between the n-th atom and the cavity depends
on a time

Wn(t) = χ[(n−1)τ,nτ ](t)(λa∗nan ⊗ (b∗ + b)).



The Hamiltonian of the system is

H(t) = HC +
∑
n≥1

(HAn + Wn(t))

= εb∗b ⊗ 1l +
∑
n≥1

1l⊗ Ea∗nan +
∑
n≥1

χ[(n−1)τ,nτ ](t)(λa∗nan ⊗ (b∗ + b)).

When t ∈ [(n − 1)τ,nτ ], only the n-th atom interacts with the
cavity. Let us denote the Hamiltonian for the n-th atom and the
cavity as

Hn = εb∗b ⊗ 1l + 1l⊗ Ea∗nan + λ(b∗ + b)⊗ a∗nan.



In the case of the leaking cavity the system is described by
both Hamiltonian and the dissipative part.
For any states ρC on HC and ρA on HA the generator of the
dynamics is

L(t)(ρC⊗ρA) = −i[H(t), ρC⊗ρA]+σb(ρC⊗ρA)b∗−
σ

2
{b∗b, ρC⊗ρA}.

So when t ∈ [(n − 1)τ,nτ ] the generator of the dynamics is

Ln(ρC⊗ρA) = −i[Hn, ρC⊗ρA]+σb(ρC⊗ρA)b∗−
σ

2
{b∗b, ρC⊗ρA}.



The state of the system ρS(t) at time t is given by the Liouville’s
differential equation

d
dt
ρS(t) = L(t)(ρS(t)).

Suppose the initial state of the system is

ρS = ρC ⊗
⊗
k≥1

ρk ,

where ρC is the initial state of the cavity and ρk is the initial
state on HAk s.t. ρk commutes with a∗kak , for example one could
take ρk = e−βEa∗

k ak/(1 + e−βE).



If t = nτ + ν ∈ [nτ, (n + 1)τ ] the state at time t can be written as

ρS(t) = eνLn+1eτLn ...eτL2eτL1(ρC ⊗
n+1⊗
k=1

ρk ).

The state of the cavity at time t = nτ is

ρC(t) = ρ
(n)
C = TrHAρS(t) = TrHA [e

τLn ...eτL2eτL1(ρC ⊗
n⊗

k=1

ρk )]

= TrHAn
[eτLn(TrHAn−1

...TrHA1
eτLn−1 ...eτL2eτL1(ρC ⊗

n−1⊗
k=1

ρk ))⊗ ρn)]

= TrHAn
[eτLn(ρ

(n−1)
C ⊗ ρn)].



Define the operator L as follows

L(ρ) = TrHAn
(eτLn(ρ⊗ ρn)).

Then the state of the cavity at the time t = nτ is the n-th power
of L

ρC(t) = ρ
(n)
C = L(ρ(n−1)

C ) = Ln(ρC). (1)

And the state of the cavity at any time
t = nτ + ν ∈ [nτ, (n + 1)τ ] is

ρC(t) = TrHAn+1
[eνLn+1(Ln(ρC)⊗ ρn+1)].

We will concentrate on the time of the form t = nτ for now.



Ideal cavity (σ = 0, no leakage)

Suppose that t = nτ . Then the operator L is

L(ρ) = TrHAn
[e−iτHn(ρ⊗ ρn)eiτHn ].

For the state ρn denote p = Tr(a∗nanρn).
Our first interest is the number of photons N = b∗b in the cavity,
which at the time t can be expressed as

N(t) = TrHC (b
∗bρC(t)) = TrHC (b

∗bLn(ρC)).



Theorem

Let ρC be a gauge invariant state. The number of photons in
the cavity at time t = nτ is

N(t) = N(0)+n p(1−p)
2λ2

ε2
(1−cos ετ)+p2 2λ2

ε2
(1−cos nετ) .

Remark
The theorem shows that only flux of randomly exited atoms
(0 < p < 1) is able to produce a pumping of the cavity by
photons.



Here p = 1/2, τ = 0.1, λ = ε = 0.1.
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Leaking cavity (σ > 0)

Theorem

Suppose the initial state of the cavity is gauge invariant. Then
the number of photons in the cavity in time converges to

p
λ2

|µ|2
1 + e−στ − 2e−

σ
2 τ cos ετ

1− e−στ
− p2 2λ2

|µ|2
e−στ − e−

σ
2 τ cos ετ

1− e−στ
.

Remark

If we consider σ = 0 we get that N(t) = λ2

ε2
. Which means that

limits n goes to infinity and σ goes to zero do not commute.



Here p = 1/2, τ = 0.1, λ = ε = 0.1, σ = 0.01
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Limiting state

A state is considered to be a linear functional

ωC
t (·) = TrHC (·ρC(t)).

To study the limiting state we consider it on the space of the
Weyl operators

ωC(W (α)) = lim
n→∞

ωC
t (W (α)).

Here for any complex number α ∈ C the Weyl operator is
defined as a unitary operator on the Hilbert space of the cavity
HC as follows

W (α) = eαb−αb∗
.



Theorem
The limiting state of the system exists in a weak-* limit on the
space of Weyl operators and it is independent of the initial state.

When t = nτ we have

ωC
t (W (α)) = Tr(W (α)ρC(t)) = Tr(W (α)Ln(ρC))

= Tr((L∗)n(W (α))ρC).

We show that (L∗)n(W (α)) has a limit when n goes to infinity,
which guarantees the weak−∗ limit of the states ωC

t (·) in the
limit t →∞.



Theorem
The limiting state is a not a quasi-free state.

The quasi-free state ω satisfies

ω(W (α)) = exp{iω(b(α))− 1
2
(ω(b(α)2)− ω(b(α))2)},

where b(α) = −iαb + iαb∗.
We show that the above equality does not hold.

Corollary
The limiting state is a non-equilibrium state.



Thank you!


