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Setup
Background
Assumptions

Statement of the result

Results

Consider the random Schrodinger operator of the following type

1
(HOW)(x) = =5 (BU)(x) + AV (x)i(x)
Here A denotes the discrete Laplace operator,
(BY)(x) = Y wlx+e) — 6¥(x),
e€Z3, |e|=1
and V,, stands for a random multiplication operator of the form
Vi(x) = Z wju(x —1i).
i€z’

Note the spectrum of the unperturbed operator H is absolutely
continuous and is the interval [0, 6].
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@ For 3D models, the first weak localization result for the
Anderson model was proved by Frélich and Spencer(1983)
through multiscale analysis.

@ There are many results quantifying the weak localization
region when the single cite potential is a delta function. For
example, Aizenman(1994) shows there is localization in the
region [—a\, —aX + \%/4]. Klopp(2002) derives a upper bound
on the of order —\7/6. Elgart(2009) pushes the upper bound
to —A? by using a Feynman diagrammatic techinque.

@ This work extends the results in Elgart(2009) to a general
single cite potential. Related work on diagramatic techniques
includes Erdos and Yau(2000) and Chen(2005). Notice
non-monotonicity of the single cite potential poses a problem
in deriving Wegner's estimate. Also there are issues involving
employing the diagramatic technique.
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Statement of the result

Assumptions

@ u decays exponentially fast:
|u(x)] < CeAXl
@ u is compactly supported.
@ The random variables {w;} are independent, identically
distributed, even, and compactly supported on an interval J,

with bounded probability density p. Moreover, function p is
Lipschitz continuous:

Ip(x) = p(¥)| < Klx —y|
@ The moments of w; satisfy

Elw?™ = &m < 2m)lc,, & =1, VieZ’ meN
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Results

Let & denotes the Fourier transform of u.

u(p) = Z e 2P y(n), pe T3 =[-1/2,1/23
nezZ’

Spectral localization
Eo = —2X%|0]|3, — 23%a]1% (1)

For any a > 0 there exists Ao(«) such that for all A < Ao(«) the
spectrum of H,, within the set E < Eg — A\*~“ is almost surely of
the pure-point type, and the corresponding eigenfunctions are
exponentially localized.

V.
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For any integer N and energies E that satisfy the condition of
above theorem we have the decomposition

N—1
R(x,y) = Z An(x,y) + Z An(x,2)R(z,y),
n=0

zeZ3

with Ao(x, y) = Rr(x,y), and where the (real valued) kernels
Ap, Ay satisfy bounds

2 n
Bl < @t (C(E) ) e th L nxa

VE
where § 1= /Ey — E — E*/(v/67).

The zero order contribution Ag satisfies

. )\2 N/2
ElAn(x,y)| < (4N)! <C(E*) ) e S22 N> 1

1)
Ao(x,y)| < 2e 3va* o

for all x,y € Z3.



Proof of the theorem

Using above lemma, choosing (4N)* = % we get a bound

-N
E|R(E +iex, k)] < C <e—“/2+65) :
€

Hence we obtain
E|Rn, (E + ie; x, w)|
< E|R(E +ie;x,w)| + E|Rn, (E +ie;x,w) — R(E +i€; x, w)
L2

< C— max  E|R(E + i€ x, k)|
€ dist(k,0N)<1
L2 e N
P IR
< O~ {e + (3)

Let | =[E — /4 E + 61/4], and consider two events, the first one
is Gy(l) == {weq: o(Hp, )N 1= 0}, the other one is
o(Hn,,) N1 # 0 For the first part, since

|Ra (E +i€; x,w) — Ra,(E; x,w)| < 2.



Proof of the theorem

Pairing this bound with (3) and using Chebyshev's inequality

L2 _ e N
Prob {we Gu(1) * |, (Esx. w)| > C 5y [ 6L/2+65] +61/4}

< CéV*. (4)

The Wegner estimate implies that for the second event
Prob{c(Hn, )Nl #0} < C|I] [ALx[? D-3/2 — C/Ap-3/2 14
(5)

Combining (4) and (5) we arrive at

fN
Prob{|R/\L’ (E;x,w)| > C /s [ oLz 3 ] +€1/4}
< C61/4D73/2L4.

Choose E* = A\=2/2, L = A2 and e = e~ **/* we get the
following initial volume estimate

AfB/a/2

Pmb{\RAHX(E;x, W)\ze—*“”} < e . (6)



Wegner's estimate

Wegner's estimate

Let / be an open interval of energies such that
D := dist(/,0(H%)) > 0.
Then we have

EtrP(H)Y) < CI| AP D32, (7)

where H)" denotes a natural restriction of H) to A C Z3.

This Wegner's estimate may not be the optimal one, as in the §
potential case, where it is A instead of A2. But suffice for the proof
of localization.



Proof of Wegner's estimate

Notice

146
F, = / pr wi)dw; = —5 v|Adv/FV®Hp(vd),-)d@,-.
1-46

ieN ieN
-1
E tr Im (HM _E- in)

1+5
/tr _lA—l— Vgu) 77/2 Hp Vo)) do; .

ieN
where A = Ap — E is positive. Change variable v = v™1, and
factor out A = AY/2. A2 We get
Tr ((uA+ Vo)? + (n/2)2)
2 -1
<|[|AaY| Tr (E*(u + A2V A2 4|7’7A”> . (8)
Integrate over u first and then dw;'s. We finally get
EtrP(HM) < ClI| AP (E*)3/2.



Proof of Lemma 1
Resolvent expansion
An example

An example

An example
General case

Proof of Lemma 1

Outline of the proof of Lemma 1

@ Resolvent expansion near the self-energy, and the range of
localization follows from the bound on the self-energy.

Renormalization (cancellation of tadpoles).

Extraction of exponential decay.

Diagramatic estimation on the resulting integral.
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Resolvent expansion

A
Decompose H;) as

w

1 -
H) = HA4V, H, = —EA—a(p, E+ie), V :=\V,+o(p, E+ie),

Let R, := (H, — E — ie)™! We can expand R into resolvent series

n
R=> (-RV)R + (-RV)™'R. (9)
i=0
Stop expansion term by term at order N. An order of a term is the
number of appearances of o and V,,, where o counts as 2. Thus

R,cR AV, ,R,cR has order 5. The following is the expansion for
N = 2 following this stopping rule.

R = R — RoR — {AR,V,R} =
R, — RoR — AR, V,R,
+ AR/Vy,R.0R + MNR.V,R.V,R,



An example

The advantage of the above stopping rule is that all tadpoles will
be cancelled. The following example illustrates this idea. Consider
all the terms of order 4 in the expansion.

MR VLR VRV R VR, —XNR/VyR.V,R.0R,,
— NR.V,R.oR VR, —NR,0R.V, R V,R,, R,0R0R,

The expectation of the product of random variables will give us
some delta functions.

Elw(x)w(x)w(xs)w(xa)]
= (1-0(x1—x3))d(x1—x2)0(x3—xa) + (1—0(x1—x2))I(x1—x3) 0 (x2—xa)
+ (1-5(x1—x3))d(x1—xa) (x2—x3) + €40 (x1—x2 ) (X3 x2)d(x1—x3)
= 0(x1 —x2)0(x3 —xa) + (x1 —x3)(x2 —xa) + 0(x1 —xa)d(x2 — x3)
+ (& —3)d(x1 — x2)0(x3 — x4)d(x1 — x3)

Set ¢4 = & — 3, notice 0 = A\°R,(x, x)



An example

E(\*XR, VRV, R VR VR, y)
= Z (xRex1) (x1 Rex2) (x2 Rrx3) (x3 Rexa) (Xa Rry ) E[wsq Wy, Wiy Wi, |

X1,X2,X3,X4
= o2 (xRy) + X' ) (xRoxa) (aRexe) (e Rexa) (xa Rexe) (xRry)
X1,X2

+ 2o Z (xRyx1) (x1 R?x1) (x1Ryy) + ca\* Z (XRyx1) (x1 Ryx1)3(x1 Rex1)

X1 X1

The tadpoles are the first term and third terms. The first term is
equal to E(xA\’R,V,,R,V,,R,0R,y), E(x\’R,0R,V,R,V,R,y), and
E(xR,cR,0R,y). The third term is equal to
E(x\?R,V,,R.0R,V,R,y). So they cancel out exactly. This is the
case when the single cite function is the delta function.



An example

When the single cite potential is of the more general form
= A Z gi(w)u(x — 1)
iezd

we represent it in its Fourier transform. Using

. 3 N
Ri(z, w) = / ef2m(z=P) g(/f ' Vio(p) = (p)a(p),

We get for E(A\*xR, V,R, V,R, V,R, VR y)

4

27TI(p]_X psy) Pi .
/(W ,Hl £ 1ot = pi)

i=1

E[©(p1 — p2)@(p2 — p3)i(ps — pa)i(pa — ps)]

and the renormalization process goes through.



General case

Some combinatorics will show the renormalization is true for
general N. Without concerning too much details of the notation,
we present the following identity.

N m
S| T =2 % et

JETN,N m=1n={S;}7, j=1

5(xs) = D [0y

y€Z3 jES

and ¢ < (c)?*1, o =Ew2 =1. If S in 7 € M has form
S; = {i,i + 1}, we refer to it as a tadpole. Then the following
lemma is a result of the following identity

Bw<zEH4IMm=ZH%m»

k=0 mell: i€S Siemy wel: Sjen
m=nU{S} T=T0

where

N




Lemma 2

Lemma 2

For A, defined in Lemma 1, the function E |A/(x, y)|* is a function
of the variable x — y. Let

|

AI,E(X 7.)/) = ]E‘A/(X’y)Fa

then we have

E|AI(X7y)‘2 =
2041
)\2// ol dpiy1 dpai4o H ﬂ dpj
ez E(pr) E(paia) | E o E'(p)

< JT ot —pivr) D T asas [ D_pi—pisa| . (10)

i€y 7w€elM;: Sgenm iE€ESk
T=To




Proof of the Lemma 1

We first want to establish the exponential decay of A, g(x — y) in
|x — y| We will show that for a general value of /,

Are(x) < [lo)Z g - e VBN A £ (0), (11)
where
Aj-(0) ==
\2 / gio P11 dpait2 11 dp;
(T3)21+2 e(p/+1) + E* e(p2/+2) + E* jer, e(pj) + E*
<3 Mens (L) 02
w€M;: Siem i€ Sk
T="0

The expression A; £-(0) has been studied in Elgart(2009) before
and shown that

2 /
A e-(0) < (4I)E* (Clng(E*) \/AEf> . (13)



Proof of the Lemma 1

Using the delta function introduced before and integrate over the
tree momenta. Let E(p) = e(p) — E — ie — o(p, E + ie).

.A/E Azlzcﬂ/dwle I2FW1XHEﬁW+q HU W1+QJ
1

2n+2 2n

27 Wo - X 1 A~
></ - H dw; H Eﬁ( ) H 6(Qj)

ted’ i=rz+1 Jj=sz+1

where Ef(p) stands for either E(p) or E*(p), @’ is a set of indices
of loop momentum that does not include wi, and g;, Q; are some
linear combinations of the loop variables in ®’. Note now that the
integral with respect to w; becomes

/de' e—l‘2TI'(W1'X—(W1'e-y)X’Y) %

1/2 1
—I2TI’(W1 ey)x
/_1/2d( ) HEﬁ W1+CI) WVJI_IIUWHFQJ)
(14)



Proof of the Lemma 1

The exponential decay is established by extending the second part
of (14) to complex coordinate. Let R denote

{ —1/2+iV5; 1/2+iV6}.

This integral is periodic over vertical segments of R and therefore

r s

s 1 ) -

d(w; - e | | _ e_’zﬂ'x'y (Wl'e'y) ol w + Q
/T (w1 7)1.:1 Ef(wy + q/) H (w1 + Q)

j=1

rr 1 ' Si
= d(wy - e R — e*’zﬂxw (wi-ey) o(w + Q;
A M & 7o [Totm + @)

Jj=1

r
/E~ /3 i 1

< i.\l St . e—‘X‘ E*/3 /d Wl .e ,

> || ||oo,E T ( ’Y) illl e(W1+q/)+E*

(15)

Now we have arrived at (11).



Properties of self-energy o(p, E)

Recall the self energy term o, associated with H)), is given by the
solution of the self-consistent equation

N 2
Etie) = )\2 3 8(p — 9) (1
o(p, E+1e) A T3 dq e(q) — E —ie —o(q, E + ie) (16)

We need existence, periodicity, and analyticity of the self energy
operator o(p, E + i€). Consider space

L(T3) = {f: T = C‘ ]l <oc,f is real analytic}.
and define map T, : L(T3) — L(T®) pointwise as

6(p — q)|?
e(q) — E —ie—f(q)

Then T, is a contraction on the ball Bs(0) where 8 = 2)2||a||%
for all p,e and E < Eg = —2X2||0)|%, — 2)\%|| &r[|2...

(T.AE) =3 [ & (17)
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