Several approaches to non-archimedean geometry

Brian Conrad!

Introduction

Let k& be a non-archimedean field: a field that is complete with respect to a
specified nontrivial non-archimedean absolute value |- |. There is a classical theory
of k-analytic manifolds (often used in the theory of algebraic groups with k a local
field), and it rests upon versions of the inverse and implicit function theorems that
can be proved for convergent power series over k by adapting the traditional proofs
over R and C. Serre’s Harvard lectures [S] on Lie groups and Lie algebras develop
this point of view, for example. However, these kinds of spaces have limited geomet-
ric interest because they are totally disconnected. For global geometric applications
(such as uniformization questions, as first arose in Tate’s study of elliptic curves
with split multiplicative reduction over a non-archimedean field), it is desirable to
have a much richer theory, one in which there is a meaningful way to say that the
closed unit ball is “connected”. More generally, we want a satisfactory theory of
coherent sheaves (and hence a theory of “analytic continuation”). Such a theory
was first introduced by Tate in the early 1960’s, and then systematically developed
(building on Tate’s remarkable results) by a number of mathematicians. Though
it was initially a subject of specialized interest, in recent years the importance
and power of Tate’s theory of rigid-analytic spaces (and its variants, due especially
to the work of Raynaud, Berkovich, and Huber) has become ever more apparent.
To name but a few striking applications, the proof of the local Langlands conjec-
ture for GL,, by Harris—Taylor uses étale cohomology on non-archimedean analytic
spaces (in the sense of Berkovich) to construct the required Galois representations
over local fields, the solution by Raynaud and Harbater of Abyhankar’s conjecture
concerning fundamental groups of curves in positive characteristic uses the rigid-
analytic GAGA theorems (whose proofs are very similar to Serre’s proofs in the
complex-analytic case), and recent work of Kisin on modularity of Galois represen-
tations makes creative use of rigid-analytic spaces associated to Galois deformation
rings.

The aim of these lectures is to explain some basic ideas, results, and examples
in Tate’s theory and its refinements. In view of time and space constraints, we
have omitted most proofs in favor of examples to illustrate the main ideas. To
become a serious user of the theory it is best to closely study a more systematic
development. In particular, we recommend [BGR] for the “classical” theory due
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to Tate, [BL1] and [BL2] for Raynaud’s approach based on formal schemes, and
[Berl] and [Ber2] for Berkovich’s theory of k-analytic spaces. Some recent lecture
notes by Bosch [B] explain both rigid geometry and Raynaud’s theory with complete
proofs, and a recent Bourbaki survey by Ducros [D] treats Berkovich’s theory in
greater depth. There are other points of view as well (most notably the work of
Huber [H] and Fujiwara-Kato [FK]), but we will pass over these in silence (except
for a few comments on how Huber’s adic spaces relate to Berkovich spaces).

Before we begin, it is perhaps best to tell a story that illustrates how truly
amazing it is that there can be a theory of the sort that Tate created. In 1959,
Tate showed Grothendieck some ad hoc calculations that he had worked out with
p-adic theta functions in order to uniformize certain p-adic elliptic curves by a
multiplicative group, similarly to the complex-analytic case. Tate wondered if his
computations could have deeper meaning within a theory of global p-adic analytic
spaces, but Grothendieck was doubtful. In fact, in an August 18, 1959 letter to
Serre, Grothendieck expressed serious pessimism that such a global theory could
possibly exist: “Tate has written to me about his elliptic curves stuff, and has asked
me if I had any ideas for a global definition of analytic varieties over complete
valuation fields. I must admit that I have absolutely not understood why his results
might suggest the existence of such a definition, and I remain skeptical. Nor do I
have the impression of having understood his theorem at all; it does nothing more
than exhibit, via brute formulas, a certain isomorphism of analytic groups; one
could conceive that other equally explicit formulas might give another one which
would be no worse than his (until proof to the contrary!)’

1. Affinoid algebras

1.1. Tate algebras. In this first lecture, we discuss the commutative algebra
that forms the foundation for the local theory of rigid-analytic spaces, much as
the theory of polynomial rings over a field is the basis for classical algebraic ge-
ometry. (The primary reference for this lecture and the next one is [BGR].) The
replacement for polynomial rings over a field will be Tate algebras.

Unless we say to the contrary, throughout this lecture and all subsequent ones
we shall fix a non-archimedean field k, and we write R to denote its valuation ring
and k its residue field:

R={tek||t| <1}, k=R/m
where m = {t € R|[t| < 1} is the unique maximal ideal of R.

EXERCISE 1.1.1. The value group of k is |k*| € RZ. Prove that R is noetherian
X

Jos in which case R is a discrete

if and only if |k*| is a discrete subgroup of R
valuation ring.

It is a basic fact that every finite extension k’/k admits a unique absolute value
| - |" (necessarily non-archimedean) extending the given one on k, and that k' is
complete with respect to this absolute value. Explicitly, if 2’ € k' then |2/|' =
Ny i ()Y (¥:K] but it is not obvious that this latter definition satisfies the non-
archimedean triangle inequality (though it is clearly multiplicative). The absolute
value on k therefore extends uniquely to any algebraic extension of k (using that
it extends to every finite subextension, necessarily compatibly on overlaps due to
uniqueness), though if k¥’ /k is not finite then &’ may not be complete. In view of the
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uniqueness, this extended absolute value is invariant under all k-automorphisms of
k'. It is an important fact that if & is an algebraic closure of k then its completion
E" s still algebraically closed and its residue field is an algebraic closure of k. In
the special case k = Q,, this completed algebraic closure is usually denoted C,,.

DEFINITION 1.1.2. For n > 1, the n-variable Tate algebra over k is
W= Tu(k) = {3 asX7 |[as] 0 as |J] = oo},

where for a multi-index J = {j1,...,jn} we write X7 to denote [ X7* and |J|
to denote ), j;. In other words, T, (k) is the subring of formal power series in
E[X1,...,X,] that converge on R™. This k-algebra is also denoted k(X1,...,X,,).

The Gauss norm (or sup norm, for reasons to become clear shortly) on T, is
X7 = > 0.
1> asx’| max|a,| >0
Obviously | f| = 0 if and only if f = 0.

EXERCISE 1.1.3. This exercise develops properties of the Gauss norm on 7,.
This gives T, a topological structure that goes beyond its mere algebraic structure.

(1) Prove that the Gauss norm is a k-Banach algebra norm on T,. That is,
Ifi + fol < max(|fal, |a]) for all fi, fo € T, |ef] = le| - | ] for all c € &
and f € Ty, |fifel < |fillfz] for all fi, fo € T,,, and T, is complete for
the metric |f1 — fo.

(2) By using k*-scaling to reduce to the case of unit vectors, show that
If1f2] = 1/l - | f2] for all f1, fo € T;,. That is, the Gauss norm is multi-
plicative.

(3) Let k be an algebraic closure of k, endowed with the unique absolute value
(again denoted |- |) extending the given one on k. Using k*-scaling to
reduce to the case of unit vectors, prove that the Gauss norm computes a
supremum of magnitudes over the closed unit n-ball over k:

|71 = sup ()] = max|f(z)],

where z = (21, ..., ,) varies with z; € k and |z;| < 1. In particular, this
supremum and maximum are finite.
(4) Show that the use of k in the previous part is essential: give an example

of f € Qy(X) such that | f] > sup,cz, |f(2)]-

We want T),(k) to be the “coordinate ring” of the closed unit n-ball over k,
but as with algebraic geometry over a field that may not be algebraically closed,
we have to expect to work with points whose coordinates are not all in k. That
is, the underlying space for the closed unit n-ball over k should admit points with
coordinates in finite extensions of k. Let’s now see that T;, admits many k-algebra
maps to finite extensions of k.

EXERCISE 1.1.4. Let k'/k be a finite extension, and choose ¢}, ..., ], € k¥’ with
|| < 1. Prove that there exists a unique continuous k-algebra map T;, — k" (using
the Gauss norm on T},) such that X, — c;- for all j. Conversely, prove that every
continuous k-algebra map T,, — k' arises in this way. (Hint for converse: ¢ € k'
satisfies |¢| < 1 if and only if the sequence {¢"},,>1 in £’ is bounded.)
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The basic properties of T;, are summarized in the following result that is analo-
gous to properties of polynomial rings over a field. The proofs of these properties are
inspired by the local study of complex-analytic spaces (via Weierstrass Preparation
techniques to carry out induction on n).

THEOREM 1.1.5. The Tate algebra T,, = T,,(k) satisfies the following properties:

(1) The domain T, is noetherian, regular, and a unique factorization domain.
For every maximal ideal m of T,, the local ring (T,)m has dimension n and
residue class field T, /m that has finite degree over k.

(2) The ring T, is Jacobson: every prime ideal p of T,, is the intersection of
the maximal ideals containing it. In particular, if I is an ideal of T, then
an element of T,, /I is nilpotent if and only if it lies in every maximal ideal
of T,,/1.

(3) Every ideal in T, is closed with respect to the Gauss norm.

As a consequence of this theorem, we can reinterpret Exercise 1.1.3(3) and Ex-
ercise 1.1.4 in a more geometric manner, as follows. Consider the set MaxSpec(7},)
of maximal ideals of T},. A point in this set will usually be denoted as x, though
if we want to emphasize its nature as a maximal ideal we may denote it as m,. To
each such point there is associated the residue class field k(z) = T, /m, of finite
degree over k, and this field is equipped with the unique absolute value (which we
also denote as | - |) that extends the given one on k. For any f € T,, we write f(z)
to denote the image of f in k(x). We can combine Exercise 1.1.3(3) and Exercise
1.1.4 to say that for all f € T},

|£] = sup |f ()] = max|f(z)

)

where now z varies through MaxSpec(7},); there is no intervention of the auxiliary
k here. In particular, the function = ~ |f(z)| on MaxSpec(T},) is bounded and
attains a maximal value. (It is “as if” MaxSpec(T,,) were a compact topological
space, an idea that becomes a reality within the framework of Berkovich spaces, as
we shall see later.) One curious consequence of this formula for the Gauss norm in
terms of MaxSpec(T},) and the intrinsic k-algebra structure of T}, is that the Gauss
norm is intrinsic to the k-algebra 7, and does not depend on its “coordinates”
X; € T,; in particular, it is invariant under all k-algebra automorphisms of T},
(which is not obvious from the initial definition of the Gauss norm).

1.2. Affinoid algebras. Much as affine algebraic schemes over a field can be
obtained from quotients of polynomial rings, and these in turn are the local model
spaces from which more general algebraic schemes are constructed via gluing, the
building blocks for rigid-analytic spaces will be obtained from quotients of Tate
algebras. This distinguished class of k-algebras is given a special name, as follows.

DEFINITION 1.2.1. A k-affinoid algebra is a k-algebra A admitting an isomor-
phism A ~ T, /I as k-algebras, for some ideal I C T,. The set MaxSpec(A) of
maximal ideals of A is denoted M (A).

ExXAMPLE 1.2.2. We have R" C M(T,) in an evident manner, but if & is
not algebraically closed (e.g., k = Q,) then M(T,,) has many more points than
just those coming from R™. This underlies the enormous difference between rigid-
analytic spaces over k and the more classical notion of a k-analytic manifold.
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By Theorem 1.1.5, every k-affinoid algebra A is noetherian and Jacobson with
finite Krull dimension, and A/m is a finite extension of k for every m € M (A). For a
point z € M(A) we write k(z) to denote this associated finite extension of k and we
write a(x) € k(z) to denote the image of a € A in k(z). By the Jacobson property
of A, a € A is nilpotent if and only if a(z) = 0 for all z € M(A). Obviously a € A*
if and only if a(z) # 0 for all z € M(A). In this respect, we can view elements
of A as “functions” on M(A) (valued in varying fields k(z)) much like we do for
coordinate rings of affine algebraic schemes over a field, and the function = — a(z)
determines a up to nilpotents.

EXERCISE 1.2.3. Recall that any domain of finite dimension over a field is
itself a field. Using this, prove that M(A) is functorial via pullback. That is, if
f: A — Ais amap of k-affinoid algebras then the prime ideal f~!(m) C A’ is a
maximal ideal of A’ for every maximal ideal m of A.

Geometrically, if we choose an isomorphism A ~ T,, /I and we let {f1,..., fm}
be generators of I then functoriality provides an injection M(A) — M (T,,) onto
the subset of points

{x e M(T,)| all fj(z) =0} ={xe M(T,)|f(x) =0 forall fel}.

In this sense, we want to think of M(A) as being the underlying set of the “space”
of points in the closed unit n-ball over £ where the f;’s simultaneously vanish.
(Keep in mind that, just as for M (T},), if k is not algebraically closed then there
are generally many points © € M(A) with k(z) # k, which is to say that M(A)
usually has many points that are not k-rational. This abundance of non-rational
points over the base field is a fundamental distinction between rigid-analytic spaces
and the more classical concept of a k-analytic manifold. In Berkovich’s theory
there will nearly always be even more points than these, and in particular lots of
non-rational points even if k is algebraically closed! This is analogous to the fact
that an algebraic scheme over an algebraically closed field nearly always has many
non-rational points.) In order to give geometric substance to the sets M(A), we
need to endow them with a good function theory, and this in turn requires an
understanding of the topological structure of A. Thus, we now turn to this aspect
of k-affinoid algebras.

A k-Banach space is a k-vector space V equipped with a function || : V' — Rx>g
such that |v| =0 if and only if v =0,

[v+ 0’| < max(fof, [o']), levl = le] - |v]

(for allv,v’ € V and ¢ € k), and V is complete for the metric |v—v'|. Likewise, a k-
Banach algebra (always understood to be commutative) is a k-algebra </ equipped
with a k-Banach space structure | - | that is submultiplicative with respect to the
multiplication law on &: |ajaz| < |ai| - |az| for all ai,as € o/. For example,
we have seen that T, with the Gauss norm is a k-Banach algebra, and in fact any
k-affinoid algebra A admits a k-Banach algebra structure. To see this, we choose
an isomorphism A ~ T,, /I as k-algebras, and since [ is closed in T;, we may use the
residue norm from 7, to define a k-Banach structure on the quotient 7, /I (and
hence on A), as is explained in the next exercise.
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EXERCISE 1.2.4. Let (V.| - |) be a k-Banach space and W a closed subspace.

For v € V/W define the residue norm on U to be
[ol"= inf o],
v mod W=u

the infimum of the norms of all representatives of v in V. Using that W is closed,
prove that this is a k-Banach space structure on V/W; what goes wrong if W is
not closed in V7 In the special case that V = & is a k-Banach algebra and W =1
is a closed ideal, prove that the residue norm is a k-Banach algebra structure on

oI

EXERCISE 1.2.5. A linear map L : V — V' between k-Banach spaces is bounded
if there exists C' > 0 such that |L(v)|" < C|v| for all v € V. Prove that L is
bounded if and only if it is continuous. (Here you will need to use that |k*| # {1}.)
Also prove the Banach Open Mapping Theorem: a bijective bounded linear map
L : V — V'’ between k-Banach spaces has bounded inverse. (Hint: copy the
classical proof over R.) This theorem is fundamental in non-archimedean analysis
and geometry, and it fails if the absolute value on k is trivial.

If we choose two different presentations T,, /I ~ A and T,,,/J ~ A of a k-affinoid
algebra A as a quotient of a Tate algebra, then the resulting residue norms on A
are generally not the same. In this sense, A usually has no canonical k-Banach
structure (in contrast with 7;,). However, it turns out that any two k-Banach
algebra structures on A (even those perhaps not arising from a presentation of A as
a quotient of a Tate algebra) are bounded by positive multiples of each other, and
hence the resulting k-Banach topology and concepts such as “boundedness” are in
fact intrinsic to A. In particular, for this intrinsic k-Banach topology all ideals of
A are closed (since the “residue norm” construction via an isomorphism A ~ T, /I
reduces this to the known case of Tate algebras). These and further remarkable
features of the k-Banach algebra structures on k-affinoid algebras are summarized
in the next result.

THEOREM 1.2.6. Let A be a k-affinoid algebra.

(1) If|-] and|-|" are k-Banach algebra norms on A then there exist C > ¢ >0

such that

d-I<i-r=cl-l,
so both norms define the same topology and the same concept of bound-
edness. In particular, for a € A the property that the sequence {a™}n>1
is bounded (i.e., a is power-bounded) is independent of the choice of k-
Banach algebra structure.

(2) Any k-algebra map A" — A between k-affinoid algebras is continuous for
the intrinsic k-Banach topologies, or equivalently is a bounded linear map
with respect to any choices of k-Banach algebra norms.

(3) Any A-algebra A’ with module-finite structure map A — A’ is necessarily
a k-affinoid algebra.

(4) (Noether normalization theorem) If d = dim A > 0 then there is a module-
finite k-algebra injection Ty(k) — A. In particular, if A is a domain then
all of its mazimal ideals have height d.

(5) (Maximum Modulus Principle) For any f € A we have the equality

sup -:= Su r)| = max x)| < o0.
lhop 1= _sup 1 (@) = max 1 (z)]
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In particular, the function x — |f(x)| on M(A) is bounded and attains a
maximal value. If A is reduced (i.e., has no nonzero nilpotent elements)
then this is a k-Banach algebra structure on A.

The final part of this theorem provides a canonical k-Banach algebra structure
on any reduced k-affinoid algebra, recovering the Gauss norm in the special case
of Tate algebras. This k-Banach algebra structure may not be multiplicative, but
it is clearly power-multiplicative: [a"|sup = |a|Z,, for all a € A and n > 1. In
particular, for a reduced k-affinoid algebra A we deduce the important consequence
that a € A is power-bounded if and only if |a[,,, is bounded for n > 1, which is to
say |alsup < 1, or in other words that |a(z)| < 1 for all x € M(A). In fact, it can
be shown that this characterization of power-boundedness in k-affinoid algebras is
valid without assuming reducedness. That is, if A is any k-affinoid algebra then
a € A is power-bounded if and only if |a(z)| < 1 for all z € M(A).

REMARK 1.2.7. For units in k-affinoid algebras A (i.e., u € A such that u(z) #
0 for all x € M(A)!) there is a “minimum modulus principle”: for v € A*,
infyenr(a) [u(z)] = mingens(ay lu(z)] > 0. Indeed, this is a reformulation of the
Maximum Modulus Principle for 1/u.

We conclude this lecture with an exercise that provides a universal mapping
property for Tate algebras within the category of k-affinoid algebras (and even
k-Banach algebras), reminiscent of the universal mapping property of polynomial
rings.

EXERCISE 1.2.8. Let & be a k-Banach algebra, and let 27° be the subset of
power-bounded elements: a € & such that the sequence {a"},>1 is bounded with
respect to the k-Banach norm on 7.

(1) Prove that 2/ is a subring of &/, and in fact is a subalgebra over the
valuation ring R of k.

(2) Prove that &7 is functorial in &/ within the category of k-Banach algebras
(using continuous maps). In particular, any k-Banach algebra map T,, =
T, (k) — o carries each X to an element a; € &7°.

(3) Show that the map of sets Hom(T,,, &) — («/°)" defined by

¢ (o(X1), ..., ¢(Xn))

is bijective. This is the universal mapping property of 7,, within the cat-
egory of k-Banach algebras, and in particular within the full subcategory
of k-affinoid algebras.

(4) As an application of the universal property, we can “recenter the polydisc”
at any k-rational point. That is, for ¢1,...,¢, € k with |¢;| < 1, prove
that there is a unique automorphism of 7;, satisfying X; — X; — ¢;.

2. Global rigid-analytic spaces

2.1. Topological preparations. In the first lecture we studied some basic
algebraic and topological properties of k-affinoid algebras, and in particular for
any such algebra A we introduced the set M(A) of maximal ideals of A. We
wish to impose a suitable topology (really a mild Grothendieck topology) on M (A)
with respect to which notions such as connectedness will have a good meaning.
But before doing that we want to explain how M (A) has a Hausdorfl “canonical
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topology” that is closer in spirit to the totally disconnected topology that arises
in the classical theory of k-analytic manifolds. This canonical topology is not
especially useful, but it is psychologically satisfying to know that it exists; the
subtle issue is that M (A) usually has many points that are not k-rational and it is
also not a set of k-points either (unless k¥ = k). For this reason, it requires some
thought to define the canonical topology. The motivation for the definition comes
from the following concrete description of M(A).

EXERCISE 2.1.1. Let A be a k-affinoid algebra, and k an algebraic closure of k.
For each z € M(A) if we choose a k-embedding i : k(z) < k then we get a k-algebra
map A — k whose image lies in a subextension of finite degree over k. Let A(k)
denote the set of k-algebra maps A — k with image contained in a subfield of finite
degree over k; this set has contravariant functorial dependence on A. Observe that

Aut(k/k) acts on this set via composition.

(1) Show that if we change the choice of ¢ then the resulting map in A(k)
changes by the action of Aut(k/k). Hence, we get a well-defined map
of sets M(A) — A(k)/Aut(k/k) into the space of orbits of Aut(k/k) on
A(k).

(2) Prove that the map M(A) — A(k)/Aut(k/k) is functorial in A, and that
it is a bijection.

(3) For any x € A(k) and f € A we get a well-defined element f(z) € k and
hence a number |f(z)|. Show that the loci

{z € A(K)[[fi(2)] = &4, ]g;(z)| < m; for all 4,5}

for f1,...,9m € A and €1,...,nm, > 0 are a basis of open sets for a
topology on A(k). Give M (A) the resulting quotient topology. Prove that
this topology on M (A) is Hausdorfl and totally disconnected, and that it
is functorial in A (in the sense that the pullback map M(A) — M(A’)
induced by a k-algebra map A’ — A of k-affinoid algebras is continuous).
This is the canonical topology on M (A).

(4) Show that M (T,,) with its canonical topology is the disjoint union of two

open sets, {|x1| =--- = |z,| = 1} and its complement.

Having introduced the canonical topology, we now prepare to build up the Tate
topology that will replace it. The basic idea is to artfully restrict both the open sets
and the coverings of one open set by others that we permit ourselves to consider.
(The restriction on coverings is more fundamental than the restriction on open
sets.) In this way, disconnectedness will be eliminated where it is not desired. For
example, the decomposition in Exercise 2.1.1(4) will be eliminated in Tate’s theory,
and in fact M(T,) will (in an appropriate sense) wind up becoming connected.
To construct Tate’s theory, we need to introduce several important classes of open
subsets of M(A): Weierstrass domains, Laurent domains, and rational domains.
These are analogues of basic affine opens as used in algebraic geometry, but the
main difference is that we can consider loci defined by (non-strict!) inequalities of
the type |f1] < |f2| on absolute values, whereas in algebraic geometry (with the
Zariski topology) we can only use conditions of the type f1 # f2. It should be noted
that later in the theory we will permit strict inequalities of the type |fi1] < |fal,
but at the beginning it is non-strict inequalities that are more convenient to use
as the building blocks. (Roughly what is happening is that non-strict inequalities
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define loci that will behave “as if” they are compact, which is in fact what happens
within the framework of Berkovich’s theory, whereas strict inequalities define loci
that lack a kind of compactness property.)

In order to define interesting open domains within M(A), it will be useful to
first introduce a relative version of Tate algebras, much as we do with polynomial
rings over a general commutative ring.

DEFINITION 2.1.2. Let (&7, |- |) be a k-Banach algebra. The Tate algebra over
&/ (in n variables) is

AW, Y,) = {ZaJYJeﬂf[[m,...,yn}]|aJ_>o};

this is also denoted <7 (Y) if n is understood from context. We define a norm on
this ring as follows:

I Z a;Y7| = max lal.-

EXERCISE 2.1.3. Let & be a k-Banach algebra.

(1) Check that in the preceding definition, the norm is a k-Banach algebra
structure on &/ (Y), and that if the k-Banach algebra structure on 7 is
replaced with an equivalent such norm (i.e., one bounded above and below
by a positive constant multiple of the given one) then the resulting norm
on the Tate algebra over o/ is also replaced with an equivalent one. In
particular, if o is k-affinoid then all of its k-Banach algebra structures
define equivalent norms on the Tate algebras over 7.

(2) If & = A is k-affinoid, and say T),/I ~ A is an isomorphism, show that
the resulting natural map Ty, 4., — A(Y1,...,Y,) is surjective, so the Tate
algebras over A are also k-affinoid.

(3) In the category of k-Banach algebras over & (i.e., the category of k-
Banach algebras equipped with a continuous map from &7, and morphisms
are as «/-algebras), state and prove a universal mapping property similar
to that for T,,(k) in the category of k-Banach algebras. Using this, con-
struct a “transitivity” isomorphism of the type (& (X))(Y) ~ &/ (X.,Y).

Let A be a k-affinoid algebra. The following class of rings will wind up being
the coordinate rings of subsets of M (A) to be called Laurent domains. Let A be a
k-affinoid algebra. For a = (ay,...,a,) € A" and ¢’ = (a},...,al,) € A™, define

Ala,d ™y = AX, YV (Xy —ar, .. X —an,ai Y1 — 1, d, Y — 1).

REMARK 2.1.4. Beware that relative Tate algebras cannot be treated as easily
as polynomial rings. For example, A(a) = A(X)/(X — a) is generally not the same
as A; geometrically what happens is that we are “forcing” a to become power-
bounded, which may not be the case in A at the outset. We will see that the
natural map M (A(a)) — M(A) is an injection onto the set of x € M(A) such that
a(@)] < 1.

In view of the universal property of relative Tate algebras, the A-algebra
Ala,d’ 71) has the following universal property: for any map of k-Banach algebras
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¢: A — B, we can fill in a commutative diagram

A— Ala,d ")

RN

B

in at most one way, and such a diagram exists if and only if ¢(a;) € B° for all i
(i-e., all ¢(a;) are power-bounded) and ¢(a}) € B* with ¢(aj)~" € B for all j.
In more geometric language, if B is k-affinoid then we can say that the structure
map ¢ : A — B factors through A(a,a’ ") if and only if the map of sets M (¢) :
M(B) — M(A) factors through the subset

{z € M(A)]la;(z)] < 1,]a}(z)| = 1 for all 4, j} € M(A).

EXERCISE 2.1.5. By taking B to vary through finite extensions of k, use
the above universal property to deduce that the map of k-affinoid algebras A —
Ala,a’”") induces a bijection

M(Alg,d ™)) — {z € M(A) ||a; ()] <1,]a)(2)] > 1 for all i, 5}.

The significance of the conclusion of Exercise 2.1.5 is that the purely alge-
braic condition that a map of k-affinoid algebras ¢ : A — B factors through the
canonical map A — A{a,d’ 71) is equivalent to the set-theoretic condition that
M(¢) : M(B) — M(A) factors through the locus of points of M(A) defined by
the pointwise conditions |a;| < 1 and |a}| > 1. Subsets of M(A) defined by such
conditions are called Laurent domains, and if there are no a;-’s then we call the sub-
set a Weierstrass domain. In particular, by Yoneda’s Lemma, a Laurent domain
in M(A) functorially determines the k-affinoid A-algebra A(a,a’”") that gives rise
to it, so this latter algebra is intrinsic to the image of its MaxSpec in M (A), and
hence it enjoys some independence of the choice of the a;’s and ag’s. (An analogue
in algebraic geometry is that the localizations A[1/a] and A[1/a’] are isomorphic
as A-algebras if and only if there is the set-theoretic equality of the non-vanishing
loci of @ and @’ in Spec A, in which case such an isomorphism is unique.)

This characterization of an algebra by means of a set-theoretic condition is rem-
iniscent of the situation for affine open subschemes of an affine scheme in algebraic
geometry: if Spec(A’) is an open subscheme of Spec(A), then a map of schemes
Spec(B) — Spec(A) factors through Spec(A’) as schemes if and only if it does so on
underlying sets. Note that closed subschemes rarely have such a set-theoretic char-
acterization (unless they are also open), since we can replace the defining ideal by
its square without changing the underlying set but this nearly always changes the
closed subscheme. This set-theoretic mapping property suggests that we ought to
consider a Laurent domain as an “open subset” of M (A) with associated coordinate
ring given by its canonically associated A-algebra as above.

EXERCISE 2.1.6. Let us work out an example of a Laurent domain (explaining
the reason for the name “Laurent domain”). Pick ¢ € k with 0 < |¢] < 1, and
consider the Laurent domain in M (T}) defined by the conditions || < |t| < 1,
where T7 = k(t); this is an “annulus”. The associated coordinate ring is

Et, X, V) /(X —t,c™ 'Y —1) = k(t, X, Y} (X — t,tY —¢).
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Prove that the natural map k(t) — k(t, X)/(X —t) is an isomorphism by considering
universal mapping properties, and deduce that the annulus has associated k-affinoid
algebra k(t,Y)/(tY — c).

Prove that this is a domain. (Hint: show that every element of k(t,Y)/(tY —c)
can be represented by a unique series of the form ¢y + ZJ>1 cit! + Z]>1 c_;YI
with ¢; — 0 as j — oo and c_; — 0 as j — oo. Show that this deﬁnes an injection
into a k-algebra of doubly infinite Laurent series in ¢ satisfying certain convergence
properties. )

EXERCISE 2.1.7. If you are familiar with étale maps of schemes, then to put
in perspective the role of open subschemes in set-theoretic mapping properties,
consider the following problem. Let i : U — X be a locally finitely presented map
of schemes with the property that a map of schemes X’ — X factors through 7 if and
only if its image is contained in ¢(U), in which case such a factorization is unique.
Prove that 4 is an open immersion. (Hint: Show that ¢ is étale via the functorial
criterion, and that it is set-theoretically injective and induces purely inseparable
residue field extensions. Thus, it is an open immersion by [EGA, IV, 17.9.1].)

Now we introduce another important class of subsets of M(A), the ratio-
nal domains. For these subsets, the relevant input is a collection of elements

ai,...,an,a € A with no common zero. Given such data, we define
a1 Q.
A<?’”"a77> = A(Xq,..., Xpn)/(d' X1 —a1,...,d' X, —ap).

What is happening in this A-algebra is that we are forcing |a;| < |a/| at all points
(easier to remember as the imprecise condition |a;/a’| < 1). To make this precise,
we state and prove a universal mapping property.

LEMMA 2.1.8. Let A be a k-affinoid algebra, and ay,...,a,,a’ € A be elements
with no common zero. For any map of k-affinoid algebras ¢ : A — B, there is at
most one way to fill in the commutative diagram

and such a diagram exists if and only if M(d)) M(B) — M(A) factors through
the subset of x € M(A) such that |a;(x)| < |a'(x)| for all j, or in other words

6(a;) ()| < |o(a’)(y)] for all y € M(B).

PROOF. By the universal property of relative Tate algebras, to give such a
diagram is to give power-bounded elements b, ..., b, € B such that ¢(a')b; = ¢(a;)
for all j. This implies that ¢(a’) must be a unit in B because at any y € M(B)
where it vanishes we get that all ¢(a;) also vanish, so the point M(¢)(y) € M(A)
is a common zero of the a;’s and a’, contrary to hypothesis. Hence, the b;’s are
uniquely determined if they exist, so we get the uniqueness of the diagram if it exists.
Moreover, power-boundedness of such b;’s forces |¢(a;)(y)|/|o(a’)(y)] = [bj(y)] <1
for all y € M(B), which is to say that M (¢) factors through the desired subset
of M(A). Conversely, if this set-theoretic condition holds then |¢(a;)| < |¢(a’)]
pointwise on M (B), so ¢(a’) € B has to be a unit because if it is not a unit then
there would exist some y € M(B) at which ¢(a’) vanishes, and hence all ¢(a;)
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vanish, yielding the point M(¢)(y) € M(A) as a common zero of the a;’s and o’
(contrary to hypothesis). But with ¢(a’) a unit in B (even if o’ is not a unit in
A) it makes sense to consider b; = ¢(a;)/$(a’) € B. To construct the desired
commutative diagram, the problem is to prove that b; is power-bounded in B, or
equivalently that |b;(y)| <1 for all y € M(B). This is exactly the assumed system
of inequalities |¢(a;)(y)| < |¢(a’)(y)| for all y € M(B) since |¢p(a’)(y)| # 0 for all
such y. (I

We call a subset in M (A) of the form
{z e M(A)]a;(z)| < |d'(2)[}

for ay,...,an,a’ € A with no common zero a rational domain. The universal
property in the preceding lemma shows that such a subset canonically determines
the A-algebra A{ai/d’,... a,/d’).

EXAMPLE 2.1.9. We write /|k*| C RZ, to denote the divisible subgroup that
is generated by |k*|, which is to say the set of positive real numbers « such that
o € |k*] for some integer N > 0. Note that this is a dense subgroup of R%,. If
a € /|k*| and o = |¢| with ¢ € k>, then for k-affinoid A and f € A the inequality
|f(z)] < a for x € M(A) is equivalent to the inequality |1~ (z)| < 1 Thus, in
the definitions of Weierstrass, Laurent, and rational domains it is no more general
to permit real scaling factors from /|k*| in the inequalities.

For example, in the closed unit disc over k = Q,, the locus [t| < 1/\/p is a
Weierstrass domain: it is the same as the condition |pt?| < 1, and so has associated
“coordinate ring” k(t, X)/(X — pt?). In contrast, it is true and unsurprising (but
perhaps not obvious how to prove) that for r ¢ \/|Q,| = p® the locus {|t| < r} in
the closed unit disc M (Q,(t)) over Q, is not a Weierstrass domain.

2.2. Affinoid subdomains and admissible opens. The domains of Weier-
strass, Laurent, and rational type are the most important examples of the following
general concept:

DEFINITION 2.2.1. Let A be a k-affinoid algebra. A subset U C M(A) is
an affinoid subdomain if there exists a map 7 : A — A’ of k-affinoids such that
M(i): M(A") — M(A) lands in U and is universal for this condition in the following
sense: for any map of k-affinoid algebras ¢ : A — B, there is a commutative diagram

A—s u

N

B

if and only if M (¢) carries M (B) into U, in which case such a diagram is unique.

By Yoneda’s Lemma, if U C M(A) is an affinoid subdomain then the k-affinoid
A-algebra A’ as in the preceding definition is unique up to unique A-algebra isomor-
phism. It is therefore legitimate to denote this A-algebra as Ay: it is functorially
determined by U. We call Ay the coordinate ring of U (with respect to A). For ex-
ample, the universal property of the domains of Weierstrass, Laurent, and rational
types shows that each is an affinoid subdomain and provides an explicit descrip-
tion of Ay in such cases. By chasing points valued in finite extensions of k, it
is not hard to show that the natural map M(Ay) — M(A) is an injection onto
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U C M(A). By the universal property we likewise see that if V' C U is an inclusion
of affinoid subdomains of M (A) then there is a unique A-algebra map of coordinate
rings pg : Ay — Ay, and by uniqueness this is transitive with respect to another
inclusion W C V of affinoid subdomains in M (A) (in the sense that pY, 0p¥ = p¥.).
This is to be considered as analogous to restriction maps for the structure sheaf of
a scheme, so for f € Ay we usually write f|y to denote p¥(f) € Ay. Akin to the
case of schemes, it can be shown (by a method entirely different from the case of
schemes) that Ay is A-flat for any affinoid subdomain U C M (A).

EXERCISE 2.2.2. Prove that Weierstrass, Laurent, and rational domains in
M (A) are all open for the canonical topology. If the condition “no common zero” is
dropped from the definition of a rational domain then it still makes sense to consider
the underlying set in M (A) defined by the simultaneous conditions |a;(z)| < |a’(x)].
Show by example that this locus can fail to be open if there is a common zero.

EXERCISE 2.2.3. This exercise develops two kinds of completed tensor product
operations that arise in rigid-analytic geometry. The theory of the completed tensor
product can be developed in greater generality than we shall do, but for our limited
purposes we adopt a more utilitarian approach.

(1) Let A and A’ be k-affinoid algebras. We wish to construct a k-affinoid
“completed tensor product” A®yA’. To do this, first choose presentations
A ~T,/I and A" =~ T,,,/I'. Using the natural maps T,, — Ty, and
Tn — Tnin onto the first n and last n’ variables, it makes sense to let
J,J' C T,in be the ideals generated by I and I’ respectively. Consider
the k-affinoid algebra Ty, /(J + J'). There are evident k-algebra maps
t:A—Toyn/(J+T)and ' : A" — T4 /(J+ J'). Prove that this pair
of maps is universal in the following sense: for any k-Banach algebra B and
any k-Banach algebra maps ¢ : A — B and ¢’ : A’ — B, there is a unique
k-Banach algebra map h : Ty, 1,7 /J — B so that hot = ¢ and hot = ¢'.
In view of this universal property, the triple (T, 4n//(J+J'),¢,¢’) is unique
up to unique isomorphism, so we may denote T}, /(J + J') as AQyA’.
The product «(a)i/(a') is usually denoted a®a’.

(2) Let j: A” — Aand j' : A” — A’ be a pair of maps of k-affinoid algebras.
Define the k-affinoid algebra

AR Al = (ARLA")/(5(d)®1 — 185/ (a”) | a” € A").

Formulate and prove a universal property for this in the category of k-
Banach A”-algebras (analogous to the universal property of tensor prod-
ucts of rings).

(3) Let A be a k-affinoid algebra, and let K/k be an analytic extension field
(i.e., a non-archimedean field K equipped with a structure of extension
of k respecting the absolute values). Beginning with the case of Tate
algebras, define a K-affinoid algebra K®jA as a solution to a universal
mapping problem for continuous maps (over k — K) from A to K-Banach
algebras.

EXERCISE 2.2.4. Let A be a k-affinoid algebra.

(1) If U,U’" C M(A) are affinoid subdomains, then prove that U N U’ is one
as well: the k-affinoid A-algebra Apnys is Ap®aAy,. Check this via
universal mapping properties.
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(2) Let ¢ : A — B be a map of k-affinoid algebras, and let U C M(A) be an
affinoid subdomain. Show that M(¢)~1(U) C M(B) is also an affinoid
subdomain: its coordinate ring is Ay® 4B. Check this via universal map-
ping properties. Is there a similar result for Weierstrass, Laurent, and
rational domains?

(3) Let U C M(A) be an affinoid subdomain, with corresponding coordinate
ring Ay. Using the natural bijection U = M (Ay), prove that a subset
U' CU = M(Ay) is an affinoid subdomain of M(Ay) if and only if it is
an affinoid subdomain of M (A).

The introduction of the concept of affinoid subdomains was a genuine advance
beyond Tate’s original work, in which he got by with just Weierstrass, Laurent, and
rational subdomains. In order to make affinoid subdomains easy to handle (e.g.,
are they open?), the crucial result required is the Gerritzen—Grauert theorem that
describes them in terms of rational domains:

THEOREM 2.2.5. Let A be a k-affinoid algebra. Every affinoid subdomain U C
M(A) is a finite union of rational domains. In particular, affinoid subdomains are
open with respect to the canonical topology.

It is very hard to determine when a given finite union of rational domains
(let alone affinoid subdomains) is an affinoid subdomain. This is analogous to the
difficulty of detecting when a finite union of affine open subschemes of a scheme is
again affine. Since Laurent domains are a basis for the canonical topology, in order
to get a good theory of non-archimedean analytic spaces we cannot permit ourselves
to work with arbitrary unions of affinoid subdomains (or else we will encounter the
total disconnectedness problem). Tate’s idea is to restrict attention to a class of
open subsets (for the canonical topology) and a restricted collection of coverings
of these opens by such opens so as to “force” affinoid subdomains to appear to be
compact. The key definition in the theory is as follows.

DEFINITION 2.2.6. Let A be a k-affinoid algebra. A subset U C M(A) is an
admissible open subset if it has a set-theoretic covering {U;} by affinoid subdo-
mains U; C M(A) with the following finiteness property under affinoid pullback:
for any map of k-affinoid algebras ¢ : A — B such that M(¢) : M(B) — M(A)
has image contained in U, there are finitely many U;’s that cover this image; equiv-
alently, the open covering {M(¢)~1(U;)} of M(B) by affinoid subdomains has a
finite subcovering.

A collection {V;} of admissible open subsets of M(A) is an admissible cover of
its union V if, for any k-affinoid algebra map ¢ : A — B with M(¢)(M(B)) C V,
the covering {M(¢)~1(V;)} of M(B) has a refinement by a covering consisting of
finitely many affinoid subdomains. (This forces V' to be admissible open, by using
the affinoid subdomain covering {Vji}; rer,; where {Vj,}rek, is a covering of each
V; by affinoid subdomains as in the definition of admissibility of each V}.)

Note that the set-theoretic covering {U;} of U in the definition of an admissible
open subset of M(A) is necessarily an admissible cover.

EXAMPLE 2.2.7. Let Uy, ..., U, be affinoid subdomains of M (A) for a k-affinoid
algebra A. Then U = UUj is an admissible open subset, with {U;} an admissible
covering of U. (For example, for a € A the Laurent domains M(A(a)) = {|a|] < 1}
and M(A(1/a)) = {|a| > 1} constitute an admissible covering of M(A).) The
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content here is that the pullback of each U; under M(¢) for a k-affinoid algebra
map ¢ : A — B is an affinoid subdomain of M (B). It is difficult to determine if
such a U is an affinoid subdomain.

Now we come to a key example that shows the significance of the finiteness
requirement in the definition of admissibility.

ExXAMPLE 2.2.8. Let T1 = k(t) be the Tate algebra in one variable. Within
the closed unit ball M(T}), the locus V' = {|t| = 1} is a Laurent domain. The
subset U = {|t| < 1} is open for the canonical topology, and more importantly
it is an admissible open. Indeed, it is covered by the Weierstrass domains U, =
{|t| < |e|*/™} for a fixed ¢ € k with 0 < |¢| < 1 and n > 1, and these satisfy the
admissibility condition due to the Maximum Modulus Principle: if ¢ : T} — B is a
map to a k-affinoid algebra such that M (B) — M (Ty) lands in U, then the function
¢(t) € B has absolute value < 1 pointwise on M (B), and so the Maximum Modulus
Principle on M (B) provides 0 < o < 1 such that |¢(¢)(y)| < « for all y € M(B).
Hence, for ng so large that a < |c|'/™ < 1 we have M(¢)(M(B)) C U,,. Thus,
the required finite subcover property is satisfied.

The pair of admissible opens V' = {|t| = 1} and U = {|t| < 1} covers M(T})
set-theoretically, and these are disjoint. However, this is not an admissible covering.
Indeed, by the definition of admissibility of a covering (applied to the identity map of
M(T1)) it would follow that {U, V} has as a refinement a finite covering of M (T})
by affinoid subdomains. But by the Maximum Modulus Principle, any affinoid
subdomain of M (T}) contained in U is contained in some U, = {[t| < |¢['/"},
and hence if there were a refinement of {U,V} by a finite collection of affinoid
subdomains then we would get that M(T}) is covered by V and by U,, for some
large ng. By using a suitable finite extension of & we can certainly find a point in
M (T}) lying in the locus {[t| = |¢|'/(™*+D} that is disjoint from U,,, UV. This gives
a contradiction, so {U, V'} is not an admissible covering of M (T}). (Note that here
it is essential that our spaces have points that are not necessarily k-rational.)

EXERCISE 2.2.9. Choose 0 < r < 1 with r & /|k™|. Prove that {|t| < r} =
{|t| < r} is an admissible open subset of M (k(t)), and give an admissible covering
by Weierstrass domains. Prove that this locus does not have an admissible covering
by finitely many affinoid subdomains. (Hint: use the Maximum Modulus Principle.)

EXERCISE 2.2.10. Generalize the method of Example 2.2.8 to show that for
any k-affinoid algebra A and a,a’ € A, the set

U={zeMA)|la(z)| < |d'(z)[}

is an admissible open subset; give an admissible open affinoid covering of U (and
be careful about points in M (A) where a’ vanishes).

EXERCISE 2.2.11. Let A be a k-affinoid algebra. Prove that if an admissible
open U C M (A) is covered set-theoretically by some admissible opens U; then {U;}
is an admissible covering of U if and only if it admits an admissible refinement.
Also show that admissibility for subsets is a “local” property in the following sense:
it U € M(A) is an admissible open and {U;} is an admissible covering of U by
admissible opens then a subset V' C U is admissible open in M (A) if and only if
V N U; is admissible open in M (A) for all 4.
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EXAMPLE 2.2.12. Let A = k{x,y). Inside M(A) we will construct a subset U
that is open for the canonical topology but is not an admissible open subset. Fix
c€ kX with0 < |c| < 1,and fori > 1let U; = {|z| < |c|’, |y| < |¢|'/*} € M(A). Let
V ={ly| =1} € M(A). Each of V and the U,’s is an affinoid subdomain, and in
particular is obviously open for the canonical topology. Hence, the union U of V and
the U;’s is open for the canonical topology. We claim that U is not an admissible
open locus in M (A). The covering of U by V and the U,’s is not an admissible cover
because intersecting with {z = 0} = M (k(y)) = M(T}) gives the covering that we
proved is non-admissible in Example 2.2.8. However, this does not prove that U is
not an admissible open subset of M (A), since it must be proved that there is no
set-theoretic covering of U by affinoid domains in M (A) for which the admissibility
requirement is satisfied. To rigorously prove that U is not admissible, we have to
use deeper properties of admissible open sets. More specifically, since U contains
the locus {x = 0} in M(A), it follows from the discussion at the end of §5.2 that if
U were admissible then it would have to contain some “tube” {|z| < |c[®*} C M(A)
for some ig > 0. But for b € k such that |¢|'/% < |b| < 1 the point (c*,b) € M(A)
(i.e., the maximal ideal kernel of the map A — k(b) defined by x + ¢, y + b) lies
in this tube but does not lie in U. Hence, U is not admissible.

2.3. The Tate topology. The admissible opens and their admissible cover-
ings within M (A) lead to the definition of a mild Grothendieck topology (in the
sense that it only involves subsets of the ambient spaces, which is not a requirement
in the general theory of Grothendieck topologies, such as the étale topology on a
scheme):

DEFINITION 2.3.1. The Tate topology (or G-topology) on M(A) has as objects
the admissible open subsets and as coverings the admissible open coverings.

EXERCISE 2.3.2. Let A be a k-affinoid algebra. For a € A let V(a) be the locus
of x € M(A) for which a(x) # 0. Prove that this is an admissible open subset (give
an admissible Laurent covering), and show that the V'(a)’s are a base of opens for
a topology on M (A); this is called the analytic Zariski topology. Show that the
closed sets for this topology are the subsets M(A/I) for ideals I of A (these are
called analytic sets in M(A)), and that all Zariski-opens and Zariski-open covers
of Zariski-opens are admissible. (Hint for admissibility: if B is k-affinoid with | - |
a k-Banach algebra norm on B and by, ...,b, € B some elements that generate 1,
say » 0;b; =1 with §; € B, then show that M := max(|51],...,|Bx]) > 0 and
the Laurent domains {|b;| > 1/M} cover M(B).)

The Tate topology is generally not a topology on M(A) in the usual sense,
but is instead a Grothendieck topology. It is not crucial (for our purposes) to
delve into the general formalism of Grothendieck topologies. The main point that
matters for working with the Tate topology is to keep in mind that we do not
consider general unions of admissible opens, and when doing sheaf theory we only
consider admissible coverings of admissible opens. It generally does not make sense
to evaluate a sheaf for the Tate topology on a general open set for the canonical
topology, and even for evaluation on admissible opens we cannot expect a sheaf for
the Tate topology to satisfy the sheaf axioms for a non-admissible covering of an
admissible open by admissible opens (e.g., the pair {U,V} in the closed unit disc
in Example 2.2.8). When we define disconnectedness later, it will be expressed in
terms of an admissible covering by a pair of disjoint non-empty admissible opens.
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Example 2.2.8 shows that this rules out many classical sources of disconnectedness
of the canonical topology. The fundamental result that gets the theory off the
ground is the existence of a “structure sheaf” with respect to the Tate topology.
This is Tate’s Acylicity Theorem:

THEOREM 2.3.3. Let A be a k-affinoid algebra. The assignment U — Ay of the
coordinate ring to every affinoid subdomain of M(A) uniquely extends to a sheaf
O 4 with respect to the Tate topology on M(A). In particular, if {U;} is a finite
collection of affinoid subdomains with U = UU; also an affinoid subdomain of M(A)
then the evident sequence

0— Ay — HAUi - HAUmUJ-
15 exact.

Tate proved this theorem by heavy use of Cech-theoretic methods to reduce to
the special case of a Laurent covering of M (A) by the pair {M(A(a)), M(A(1/a))}
for a € A. In this special case he could carry out a direct calculation. The next
exercise gives the simplest instance of this calculation.

EXERCISE 2.3.4. Choose ¢ € k such that 0 < |¢| < 1. In M(T}), let U = {|t| <
le|} and V = {|t| > |c|}, so UNV = {|t| = |¢|}. By calculating with convergent
Laurent series in ¢ (using Exercise 2.1.6 to describe Ay ~ k(t,Y)/(tY —¢) as a
k(t)-algebra of certain Laurent series ), c,t"), show that if f € Ay and g € Ay
satisty flunv = glunv in Auny then there is a unique h € Ty such that h|y = f
and hly = g.

DEFINITION 2.3.5. Let A be a k-affinoid algebra. The affinoid space Sp(A) is
the pair (M (A), 0 4) consisting of the set M(A) endowed with its Tate topology and
sheaf of k-algebras €4 with respect to the Tate topology. If A =T,, = T, (k) then
this is denoted B™ = B}. Usually we write Ox rather than &4 (with X = Sp(A)).

EXERCISE 2.3.6. Prove that for x € X = Sp(A), the stalk

Ox,, = lim Ox(U)
zcU
(limit over admissible opens, or equivalently affinoid subdomains, containing x) is
a local ring. Describe g1 o as an intermediate ring strictly between the algebraic
local ring k[t](;) and the completion k[t].

In general, Ox , is a noetherian ring that is faithfully flat over the algebraic
local ring Ay, , and in fact it has the same completion, but this requires more work
to prove. This is the key to developing a good dimension theory for rigid-analytic
spaces.

In order to make global definitions, we have to first define the category in
which we will be working. A G-topologized space is a set X equipped with a set
31 of subsets U C X (to be called the “open subsets”) and a set of set-theoretic
coverings Cov(U) of each U € U by collections of members of 4 such that certain
natural locality and transitivity properties from ordinary topology are satisfied (see
[BGR, Ch. 9] for a precise discussion): il is stable under finite intersections, () € 4,
{U} € Cov(U) for all U € 4, if {U;} € Cov(U) and V C U then V € 4 if and
only if VNU; € U for all 4, and if {V;;};es, € Cov(U;) for {U;} € Cov(U) then
{Vi;j}i; € Cov(U). In particular, we omit the requirement that il is stable under
arbitrary (or even finite) unions.
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One very important construction for G-topologized subspaces is the analogue
of the “open subspace” topology. To be precise, if X is a G-topologized space with
associated collection L of open subsets, then for any U € U we endow U with a
structure of G-topologized space by using Uy = {V € |V C U} as the collection
of “open subsets” of U and using the same collection of coverings; that is, for each
V € Uy its associated collection Covy (V) of set-theoretic coverings is Cov(V'). This
construction does satisfy all of the axioms to be a G-topologized space, and it is
called the open subspace structure on U.

A sheaf (of sets, groups, etc.) on a G-topologized space X is a contravariant
assignment U — % (U) of a set (or group, etc.) to each U € i such that the usual
sheaf axioms are satisfied for coverings in Cov(U) for all U € $A. In this respect,
we are restricting both the concept of openness and the concept of open covering
from ordinary topology. Note that if U € 4 and .# is a sheaf on X then the functor
Flu: V= F(V) on Uy is easily seen to be a sheaf on U with respect to its open
subspace structure. We leave it to the reader’s imagination (or see [BGR, Ch. 9])
to formulate how one glues G-topologized spaces or sheafifies presheaves on them
(this latter issue requires some care).

ExAMPLE 2.3.7. Consider a pair (X, Ox) consisting of a G-topologized space
X and a sheaf of k-algebras @x on this space. If U € i then with the open subspace
structure on U we get another such pair (U, Oy ) where Oy is the sheaf of k-algebras
Ox|y. This is called an open subspace of (X, Ox).

For a second such pair (X', Ox:), a morphism (X', 0x/) — (X, Ox) is a pair
f: X — X and f*: Ox — f.(Ox/) where f is continuous (in the sense that
pullback under f respects the class of “opens” and their “coverings”) and f* is a
map of sheaves of k-algebras (with f, defined in the usual way; f, carries sheaves
to sheaves because f is continuous). Composition of morphisms is defined exactly
as in the theory of ringed spaces. In case the stalks of the structure sheaves are
local rings, we can also define the more restrictive notion of a morphism of locally
ringed G-topologized spaces.

As a fundamental example, for any k-affinoid algebra A we have constructed
such a space Sp(A), and if U C Sp(A4) is an affinoid subdomain then the correspond-
ing open subspace (U, O4|y) is naturally identified with Sp(Ay) due to Exercise
2.2.4(3). More importantly, if ¢ : A — B is a map of k-affinoid algebras then
we get a morphism of locally ringed G-topologized spaces Sp(¢) : Sp(B) — Sp(A4)
as follows: on underlying spaces we use the map f = M(¢) : M(B) — M(A),
and the map 04 — f.(Op) that is defined on affinoid subdomains U C Sp(A4) via
the k-algebra map Ay — Ay®@aB = By-1(yy and is uniquely extended to general
admissible opens via the sheaf axioms. One checks readily that this assignment
A ~ Sp(A) is thereby a contravariant functor, and one shows by copying the proof
in the case of affine schemes that this is a fully faithful functor. In this way, the
(opposite category of the) category of k-affinoid algebras is identified with a full
subcategory of the category of locally ringed G-topologized spaces with k-algebra
structure sheaf (and maps that respect this k-structure).

An unfortunate fact of life is that the concept of stalk (at a point of X) is
not as useful as in ordinary topology. For example, even for the G-topologized
spaces X = M(A) it can and does happen that there exist abelian sheaves % on
X and nonzero s € % (X) such that s, € .#, vanishes for all z € X. The reason
that this does not violate the sheaf axiom is that the vanishing in the stalk merely
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provides U, € Y containing z € X so that s|y, € .#(U,) vanishes, but perhaps
{Us}zex is not in Cov(X)! Hence, one cannot conclude s = 0. For the purposes of
coherent sheaf theory in rigid-analytic geometry, this pathology will not intervene.
However, it is a very serious issue when working with more general abelian sheaves,
and so it arises in any attempt to set up a good theory of étale cohomology on such
spaces. The work of Berkovich and Huber enlarges the underlying sets of affinoid
spaces (and their global counterparts) to have “enough points” so as to permit stalk
arguments to work as in classical sheaf theory. This is one of the technical merits
of these other approaches to non-archimedean geometry.

2.4. Globalization. Having introduced the notion of G-topologized spaces
and sheaves on them, we can now make the key global definition.

DEFINITION 2.4.1. A rigid-analytic space over k is a pair (X, Ox) consisting of
a locally ringed G-topologized space whose structure sheaf is a sheaf of k-algebras
such that there is a covering {U;} € Cov(X) with each open subspace (U;, Ox|u,)
isomorphic to an affinoid space Sp(A4;) for a k-affinoid algebra A;. Morphisms are
taken in the sense of locally ringed G-topologized spaces with k-algebra structure
sheaf (and maps respecting this k-structure), as in Example 2.3.7.

EXAMPLE 2.4.2. Let (X, Ox) be a rigid-analytic space and let U C X be an
admissible open subset. The pair (U, Oy ) is a rigid-analytic space. Indeed, let {U;}
be an admissible open covering of X such that each (U;, Oy,) is an affinoid space.
By the axioms for a G-topologized space, {U; N U} is an admissible open covering
of U. Thus, if we can find an admissible open covering of each U; N U by affinoid
spaces V;; (j € J;) then the entire collection {V;;}; ; is an admissible covering of U
(by the G-topology axioms and the definition of the open subspace structure), so
(U, Oy) thereby has an admissible covering by affinoid spaces, as required. Hence,
we can rename U; as X to reduce to the case when X = Sp(A) is an affinoid space.
But then by definition of the G-topology on M (A), any admissible open U C Sp(A)
has an admissible covering by affinoid domains.

For any rigid-analytic space X and z € X, the stalk Ox , can be computed
using any affinoid open around z, so its residue field k(x) is a finite extension of
k. For any f € Ox(X) we therefore get a value f(z) € k(x) and hence a number
|f(z)] > 0. We can imitate the definitions of Weierstrass, Laurent, and rational
domains by imposing non-strict inequalities on the | f(z)|’s, and these are admissible
opens in X (since they meet each admissible affinoid open in an admissible open
subset). One can also construct rigid-analytic spaces by gluing procedures that are
similar to the case of gluing ringed spaces. Rather than delve into general details,
we illustrate with some examples.

ExAMPLE 2.4.3. We first construct rigid-analytic affine n-space over k. This
rigid space, A", is defined by choosing ¢ € k with 0 < |¢/ < 1 and gluing a
rising chain of closed balls centered at the origin with polyradius |¢|[=7 for j > 1.
More precisely, let D; = B} be the closed unit n-ball over k, with coordinates
&1y -1&n,j. We define the map D; — Djy; to correspond to the k-affinoid algebra
map & j+1 — c&;; (which makes sense since |¢| < 1). This identifies D; with an
affinoid subdomain {|¢; ;| < |c[} in Dj44, and in particular for each 1 < i < n
the analytic functions &; ;j/¢/ on D; are compatible with change in j. Thus, on
the gluing of the D;’s we get unique global sections §; of the structure sheaf such
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that &|p, = & ;/¢/ for all j. This gluing is denoted A}"*", and the locus {|& | <
lc| =7, ..., [€n] < [c|77} is the open subspace D; (with ¢/&;|p; = &; ;).

It is instructive to see that this deserves to be called an affine n-space by
showing that it has the right universal property. Namely, for any rigid space X
and any morphism f: X — A};"™ we get pullback functions f*(¢;) € Ox(X), and
hence a natural map of sets

Hom(X, A;"™) — Ox(X)"

given by f — (f8(&1),..., f1(&,)). We claim that this is bijective, so it provides
a universal property: affine n-space is the universal rigid space equipped with an
ordered n-tuple of global functions. This gives a viewpoint that is independent
of the auxiliary choice of ¢. To prove the bijectivity, by naturality and gluing
for morphisms it suffices to treat the case when X is affinoid. But then by the
Maximum Modulus Principle, the k-affinoid ring A of global functions on X is the
rising union of its subsets A; of elements with sup-norm at most |c|™7 for j > 1
(since 0 < |c| < 1). Since a map f : X — A" lands in D, if and only if each
f#(&) € A has sup-norm at most |c| ™7 (why?), we reduce ourselves to a problem
for the D;’s separately. Upon working with §; ; = A& D, the problem for each
D; viewed as a closed unit n-ball becomes exactly the universal property of the
n-variable Tate algebral

EXAMPLE 2.4.4. By imitating the gluing procedures used to make projective
spaces as a union of affine spaces, we can construct rigid-analytic projective spaces.
These satisfy the usual universal property in terms of line bundles, by the same
method of proof as in algebraic geometry, once the theory of coherent sheaves (to
be discussed later) is fully developed. It is rather crucial for applications (e.g., see
Examples 3.2.5 and 3.3.9) that rigid-analytic projective spaces can also be con-
structed by gluing closed unit polydiscs rather than affine spaces. More precisely,
let Ag,...,A, be such polydiscs with A; having coordinates t1;,...,tn;, and for
j' # j glue Aj to A; along the isomorphism Aj/<tj_j}> ~ A (t]_,;) defined by the
habitual transition formulas. Omne checks that this satisfies the requirements to
make a gluing, and that the natural map from the resulting glued space to the
rigid-analytic projective n-space built by gluing rigid-analytic affine n-spaces is an
isomorphism.

EXAMPLE 2.4.5. In Exercise 2.2.3 we saw how to define the completed tensor
product AR 4~ A’ for a pair of maps of k-affinoid algebras A” — A and A" — A’.
Via its universal property, one readily checks (much like in the case of affine
schemes with tensor products) that Sp(A® 4+ A’) equipped with its evident mor-
phisms to Sp(A) and Sp(A’) (agreeing upon composition to Sp(A”)) is a fiber prod-
uct Sp(A) xgp(ary Sp(A’) in the category of affinoid spaces, and then (by gluing
maps) that it is such a fiber product in the category of rigid-analytic spaces. One
can then copy the same gluing method as for schemes to globalize this construction
to obtain the existence of fibers products X X x» X’ for any pair of maps X — X"
and X — X" of rigid-analytic spaces.

EXAMPLE 2.4.6. In complex-analytic geometry, a very useful tool is the proce-
dure of analytification for both algebraic C-schemes and coherent sheaves on them.
The resulting functors 2~ ~» 22" and F ~» Z#?" from algebraic C-schemes to
complex-analytic spaces (and on their categories of sheaves of modules) satisfy a
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number of nice properties that we will not list here. The one aspect we note is that
there is a natural map iy : 22" — 2 of locally ringed spaces with C-algebra
structure sheaves such that iy carries 2®" bijectively onto 2 (C), it induces iso-
morphisms on completed local rings, and it is final among maps from complex-
analytic spaces to 2. For any Ox-module .# on X, one defines .#*" = % (F).
The GAGA theorems of Serre (as extended by Grothendieck from the projective
to the proper case) concern three aspects: the equivalence of categories of coher-
ent sheaves on 2" and 272" when % is proper, the comparison isomorphisms of
cohomology for .# and Z*" when £ is proper and .% is coherent, and the full
faithfulness of the functor Z" ~» 2" when % is proper.

A similar procedure works in the rigid-analytic setting as follows. First of all,
algebraic affine n-space A} equipped with its standard ordered n-tuple of global
functions can be shown to be a final object in the category of locally ringed G-
topologized spaces equipped with a k-algebra structure sheaf and an ordered n-tuple
of global functions. In particular, we get a unique morphism

A — AR

compatible with the standard ordered n-tuple of global functions on each space.
By the universal property of the source and target, this is final among all rigid-
analytic spaces over k equipped with a morphism to A}. In general we define an
analytification of a locally finite type k-scheme £ to be a map iy : 2" — Z
that is final among all maps from rigid spaces over k to 2~ (as locally ringed G-
topologized spaces with a k-algebra structure sheaf, and maps that respect this
k-structure). The preceding shows that for 2~ = A} an analytification exists:
rigid-analytic affine n-space. Then one uses arguments with coherent ideal sheaves
(discussed in the next lecture!) to pass from this case to all affine algebraic k-
schemes, and finally to the general case by gluing arguments. We omit the details,
except to remark that analytification is naturally compatible with the formation of
fiber products and that i carries 2 ®" bijectively onto the set of closed points in
Z (inducing an isomorphism on completed local rings).

EXERCISE 2.4.7. Let X be a rigid-analytic space and {U;} a collection of ad-
missible opens that cover X set-theoretically. Show that this is an admissible
covering if and only if for every morphism f : Sp(4) — X from an affinoid space,
the set-theoretic covering {f~1(U;)} by admissible opens has a finite affinoid open
refinement. (This is an easy exercise in unwinding definitions, with “morphism”
defined as in Example 2.3.7. Keep in mind that by definition X has an admissible
covering by open affinoid subspaces, and that the functor A ~» Sp(A) is a fully
faithful functor in the sense discussed near the end of Example 2.3.7.)

EXERCISE 2.4.8. A rigid-analytic space X is said to be quasi-compact if it
has an admissible covering consisting of finitely many affinoid opens. A morphism
f + X' — X of rigid-analytic spaces is quasi-compact if there is an admissible
covering of X by affinoid opens U; such that each admissible open f~(U;) in X’
(endowed with its open subspace structure) is quasi-compact for all i.

(1) Prove that if X = Sp(A) is affinoid and f : X’ — X is quasi-compact, then
for every affinoid subdomain V = Sp(B) C Sp(4) the preimage f~(V)
is quasi-compact. In particular, X’ is quasi-compact. (Hint: Use the
Gerritzen-Grauert Theorem (Theorem 2.2.5) to reduce to the case when
V is a rational domain.)
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Prove that if f : X’ — X is quasi-compact in the sense of the above
definition then for every quasi-compact admissible open U C X the ad-
missible open preimage f~1(U) C X’ is quasi-compact. (Hint: Show that
it suffices to treat the case when U is affinoid.)

Assume that f: X’ — X is a local isomorphism in the sense that there is
an admissible open covering {U/} of X’ such that f maps U] isomorphi-
cally onto an admissible open U; C X. If f is bijective and quasi-compact
then prove that it is an isomorphism. Also give an example of such an f
that is bijective but not an isomorphism.

We conclude with an exercise that demonstrates the power of Tate’s theory by
rescuing connectedness.

EXERCISE 2.4.9. A rigid-analytic space X is disconnected if there exists an
admissible open covering {U, V'} of X with U,V # ) and U NV = (. Otherwise we
say that X is connected. (Under this definition, X = ) is connected.)

(1)

3.1.

Using that the k-algebra of global functions on Sp(A) is A, prove that
Sp(A) is connected if and only if A has no nontrivial idempotents. (This
includes A = 0 as an uninteresting special case.) Equivalently, Sp(A)
is connected if and only if Spec(A) is connected. Also show that if
A = Ay x Ay is a product of nonzero k-affinoid algebras then Sp(A;)
and Sp(Ajy) are affinoid subdomains of Sp(A) (hint: impose inequalities
on pointwise absolute values of idempotents) with {Sp(4;),Sp(42)} an
admissible covering of Sp(A).

Let X be a rigid-analytic space. For any x € X, let U, be the set of
points ' € X that can be linked to x by a connected chain of finitely
many connected admissible affinoid opens. That is, there exist connected
admissible affinoid opens Uy, ...,U, in X such that z € Uy, 2’ € U,,, and
U;NUiy1 # 0 for all 1 < i < n. Prove that the U,’s are admissible open in
X and that for any z1,x9 € X either U,, = U,, or U, NU,, = (. Prove
that the collection of U,’s (without repetition) is an admissible cover of
X.

Building on the previous part, prove that X is connected if and only if
Ox (X) has no nontrivial idempotents (just like for locally ringed spaces).
Moreover, in the context of the previous part, show that the U,’s are
connected and that any connected admissible open in X is contained in
some U,. For this reason, we call the U,’s the connected components of
X.

3. Coherent sheaves and Raynaud’s theory

Coherent sheaves. To go further in the theory (e.g., to define closed im-

mersions, separatedness, etc.), we need to discuss coherent sheaves. Kiehl extended
Tate’s methods to prove the following basic result (in which the module-finiteness
hypothesis can be omitted).

THEOREM 3.1.1. Let X = Sp(A) be an affinoid space over k, and let M be a
finite A-module. The assignment U — Ay ®@a M for affinoid subdomains U C X
uniquely extends to an Ox-module M. In particular, M ~ M(X) and the natural

map

Homg, (M,.7) — Homu (M, Z (X))
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induced by the global sections functor is bijective for any Ox-module % .
Kiehl also proved the following globalization.

THEOREM 3.1.2. Let X be a rigid space, and {U;} an admissible affinoid cover.
Let F be an Ox-module. The following properties are equivalent:

(1) For every admissible affinoid open V C X, F|y ~ My for a finite Ox(V)-
module My, . -
(2) For every i, Fly, ~ M; for a finite Ox(U;)-module M;.

An Ox-module .# that satisfies these equivalent conditions is called coherent.
As for locally noetherian schemes, coherence is inherited by kernels, cokernels,
tensor products, and extensions. There is a naive approach to trying to define
quasi-coherence, but it is not satisfactory, as we now explain. Motivated by the
case of locally noetherian schemes, one may consider to define a quasi-coherent
sheaf on X to be an Ox-module that, locally on the space (i.e., on the constituents
of an admissible covering) can be expressed as a direct limit of coherent sheaves.
(This is the definition suggested in [FvP, Exer. 4.6.7].) It can be shown that this
property is preserved under the formation of kernels, cokernels, extensions, tensor
products, and direct limits, and that it suffices to work with coherent subsheaves
in the local direct limit process used in the definition. However, it is generally
not true that on an arbitrary admissible affinoid open in the space such a sheaf
is a direct limit of coherent sheaves (thereby answering in the negative the “open
problem” mentioned in [FvP, Exer. 4.6.7]). More specifically, Gabber has given an
example of a sheaf of modules .# on the closed unit disk B! such that .Z is locally
a direct limit of coherent sheaves but with nonzero degree-1 sheaf cohomology, so
ZF cannot be expressed as a direct limit of coherent sheaves over the entire affinoid
space (because the formation of sheaf cohomology commutes with the formation of
direct limits on an affinoid rigid space; this is left as an exercise for readers who
are familiar with the Cech to derived functor cohomology spectral sequence, which
has to be carried over to the rigid-analytic case). There may be a better definition
of quasi-coherence that enjoys the stability properties under basic operations as
in algebraic geometry and is equivalent over an affinoid space to some module-
theoretic data (perhaps with topological structure) over the coordinate ring, but I
do not know what such a definition should be.

EXERCISE 3.1.3. If X = Sp(A) is affinoid and M is a finite A-module, prove
that ]T/fx ~ M ®y Ox for all x € X. Using that Ox , is a local noetherian ring
with the same completion as Ay, deduce that if m € M vanishes in Mx for all
x € X then m = 0. More globally, deduce that a global section of a coherent sheaf
on any rigid-analytic space vanishes if and only if it vanishes in all stalks on the
space. (This property is special to coherent sheaves; it fails for general abelian
sheaves.)

EXAMPLE 3.1.4. Let X = Sp(B) — Sp(A) =Y be a map of k-affinoid spaces
and let I be the kernel of the natural map B& 4B — B induced by multiplication.
Then I/1? is a finite module over (B®4B)/I = B. This is generally not the same
as the module of relative algebraic Kéhler differentials (which is typically huge,
since the usual tensor product B ® 4 B may not be noetherian). This finite B-
module gives rise to a coherent sheaf Q& /y on X. There is an Oy-linear derivation
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Ox — QY Iy that can be globalized in accordance with local formulas similar to
the situation in algebraic geometry.

EXAMPLE 3.1.5. A map of rigid spaces f : X’ — X is a closed immersion if
there exists an admissible affinoid covering {U;} of X such that U/ = f~1(U;) is
affinoid and the map of affinoids U] — U, corresponds to a surjection on coordinate
rings. In that case it can be proved that for every admissible affinoid open U C X
the preimage f~1(U) is affinoid and f~*(U) — U corresponds to a surjection on
coordinate rings, and moreover that Ox, — f.(Ox) is surjective with coherent
kernel .#. In fact, this coherent ideal sheaf .# determines the map f : X' — X
up to unique X-isomorphism, and conversely every coherent ideal sheaf .# C Ox
arises in this way (by gluing Sp(A/I)’s for admissible affinoid open Sp(A) C X
with I = #(Sp(A)) C Ox(Sp(4)) = A).

Using closed immersions and quasi-compactness, we can carry over some no-
tions from algebraic geometry involving diagonal maps:

DEFINITION 3.1.6. A map f : X — Y of rigid spaces is separated if the diagonal
map Ay : X — X Xy X is a closed immersion. In case Y = Sp(k), we say that X
is separated. If Ay is merely quasi-compact (equivalently, the overlap of any two
affinoid opens in X over a common affinoid open in Y is quasi-compact) then f is
quasi-separated.

A map of rigid spaces f : X' — X is finite if there exists an admissible affinoid
covering {U;} of X such that each U = f~1(U;) is affinoid and the map of coordi-
nate rings Ox (U;) — Ox:(U}) is module-finite. (In this case it can then be shown
that f~1(U) is affinoid with coordinate ring finite over that of U for any affinoid
open U C X.)

REMARK 3.1.7. There is no rigid-analytic notion of “affinoid morphism” akin
to the concept of affine morphism in algebraic geometry. The problem is that
there is no good analogue of Serre’s cohomological criterion for affineness; see [Liu]
for counterexamples (i.e., quasi-compact and separated non-affinoid spaces whose
coherent sheaves all have vanishing higher cohomology). Interestingly, [Liu] also
gives an example of a quasi-compact and separated non-affinoid space admitting a
finite surjection from an affinoid space, in contrast with a theorem of Chevalley in
the case of schemes (a separated scheme admitting a finite surjection from an affine
scheme is necessarily affine).

EXERCISE 3.1.8. Copy the proof from the case of schemes to show that if
f X — Y is a map of rigid spaces and Y is separated then for any admissible
affinoid opens U C Y and V C X, the overlap V N f~1(U) is affinoid. (Hint:
Show that the graph map (1, f) : X — X X Y is a closed immersion and consider
UxV C X xY.) Taking f to be the identity map, deduce that an overlap of
finitely many admissible affinoid opens in a separated rigid space is again affinoid.

EXERCISE 3.1.9. Let X be a rigid space over k. Prove that X is quasi-separated
if and only if it has an admissible covering by affinoid opens U; such that each
overlap U; N U; is quasi-compact, in which case U NV is quasi-compact for any
quasi-compact admissible opens U and V in X. Prove that if X is a quasi-separated
rigid space then for any finite collection {U;} of quasi-compact admissible opens
in X, the union U = UU; is an admissible open in X for which the U;’s are an
admissible covering.
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Give an example of a quasi-compact rigid space that is not quasi-separated.
Can you find such an example for which there is a finite union of admissible affinoid
opens that is not an admissible open subset?

REMARK 3.1.10. On the category of quasi-separated rigid spaces over k one
can use a gluing procedure to define change of base field functors X ~~» X from
rigid spaces over k to ones over K for any analytic extension field K/k, compatibly
with fiber products. This is very useful, such as with £ = Q, and K = C,, or
more generally K = %" for any k. (It is a general fact that if [k : k] is infinite then
k is not complete, so %" contains elements that are transcendental over k in such
cases; a notable such example is k = Q,.) The idea underlying the definition of
this functor is to first define it in the affinoid case via the operation A ~» K&j,A
from k-affinoid algebras to K-affinoid algebras compatibly with completed tensor
products, and to then globalize by gluing in the separated case (since an overlap of
affinoids is affinoid). The quasi-separated case is obtained by another repetition of
this process, using that an overlap of admissible affinoid opens in a quasi-separated
space may fail to be affinoid but is at least quasi-compact and separated.

We omit the details, except to remark that this is merely a “construction” and it
is not really a fiber product or characterized by an abstract universal property as in
the case of schemes if K /k has infinite degree because in such cases rigid spaces over
K cannot be mapped to rigid spaces over k in any reasonable way: MaxSpec is not
functorial (with respect to pullback of prime ideals) between k-affinoid algebras
and K-affinoid algebras! This lack of functoriality is a real nuisance, but in the
approaches of Berkovich and Huber there are many more points in the underlying
spaces and one can view change of base field functors as actual fiber products
(and more specifically one can consider analytic spaces over k and K as part of a
common category). For purposes of analogy, consider the classical concepts of a
variety over Q and over C (using only “closed points” from the scheme perspective;
no “universal domain”) and try to formulate the idea of the map Vg — V for a
Q-variety V: the trascendental points in Vg have nowhere to go in V since the
variety V' does not have generic points. This is due to the use of MaxSpec in
classical algebraic geometry, and exactly the same problem arises in rigid geometry
(i.e., rigid spaces lack “enough points”).

EXERCISE 3.1.11. Since elements of k[Xi,...,X,] have only finitely many
nonzero coefficients whereas elements of k(Xi,...,X,,) can have infinitely many
nonzero coefficients, change of the base field in rigid geometry exhibits some fea-
tures that may be surprising from the viewpoint of algebraic geometry. For example,
it can happen that an affinoid space X = Sp(A) over k remains reduced after any
finite extension on k£ but not after some infinite-degree analytic extension on k.
(This never happens for algebraic schemes over a field.) Indeed, consider the fol-
lowing example. Let k be a non-archimedean field of characteristic p > 0 such that
[k : kP] is infinite.

(1) Show that an example of such a k is F'(y)) with the y-adic absolute value,
where F is a field of characteristic p such that [F' : FP] is infinite. Find
such an F'.

(2) Show that there exists an infinite sequence {a,} in k tending to 0 such

that |a,| < 1 for all n and the a/? generate an infinite-degree extension
of k.
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(3) Choose such a sequence {a,}, and let f = > a, X" € T} and A =
T1[Y]/(YP — f) (which is Tj-finite, hence affinoid). Prove that A ~
T (Y)/(Y? — f) and that A®y k' is a domain for any k’/k of finite degree,
but A®,k? " is not reduced. (Also show that kP~ is complete!)

(4) Assume p # 2 and let B = k(X,Y,t)/(t> — (YP — f)). Prove that B ®; k'
is a normal domain for any finite-degree extension k’/k but that B&k? -
is reduced and not normal. It can be shown that B&,K is reduced for
any analytic extension field K /k.

EXERCISE 3.1.12. This exercise addresses some subtle features of the general
concept of an admissible open subset, even within an affinoid space. Let X be a
quasi-separated rigid space over k and let K /k be an analytic extension field. Let
i : U — X be the natural inclusion from an admissible open U C X. We get an
induced map of rigid spaces ig : Ux — Xk over K. Is this an isomorphism onto
an admissible open? To appreciate where the difficulties lie, consider some special
cases as follows.

(1) Assume that X = Sp(A) is affinoid and that U is an affinoid subdomain.
Prove that Uy — Xk is an isomorphism onto an affinoid subdomain.
Do this by first showing that Ux has admissible open image in X via
the Gerritzen—Grauert theorem (Theorem 2.2.5), and then work with the
scalar extension of the coordinate ring Ay of U. (Exercise 2.4.8(2) will
be useful here.) The reason that this special case requires serious input
(Theorem 2.2.5) is that the universal property for U C X, even when
formulated in purely algebraic terms via k-affinoid algebras, only involves
maps with k-affinoid spaces, and not also K-affinoid spaces (if [K : k] is
infinite).

(2) If X is affinoid and U is a quasi-compact admissible open, use the previous
part to show that ix is an isomorphism onto a quasi-compact admissible
open in Xg.

(3) Prove an affirmative answer if ¢ is a quasi-compact map. The key difficulty
in the general case appears to be to determine if ix has admissible open
image in Xg.

3.2. Cohomology, properness, and flatness. No discussion of coherent
sheaves would be complete without addressing their cohomology, especially in the
proper case. We first make some general observations concerning how to define
sheaf cohomology on rigid spaces. Despite the problematic nature of stalks at
points on rigid spaces when working with general abelian sheaves, one can adapt
some methods of Grothendieck to prove that the category of abelian sheaves and the
category of Ox-modules on a rigid space X each have enough injectives, so we may
(and do) define sheaf cohomology via derived functors in both cases. The concept
of flasque sheaf as traditionally used on ringed spaces is a bit problematic in the
general rigid-analytic case, but nonetheless the following result can be proved (and
it is left as an exercise just for those whose taste is inclined toward such questions!):

EXERCISE 3.2.1. Let X be a quasi-separated rigid space. Prove that for an
Ox-module %, the natural map from its sheaf cohomology in the sense of Ox-
modules to its sheaf cohomology in the sense of abelian sheaves is an isomorphism.
More specifically, prove that an injective &'x-module has vanishing higher sheaf
cohomology in the sense of abelian sheaves, and that restriction to an admissible
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open preserves the property of being an injective sheaf of modules (resp. an injective
abelian sheaf).

Thus, on quasi-separated spaces the theory of sheaf cohomology via derived
functors presents no ambiguities. Kiehl showed that there is a good cohomology
theory for coherent sheaves on rigid spaces. His work, coupled with some auxiliary
arguments, gives the following result.

THEOREM 3.2.2. Let X be a rigid space and % a coherent sheaf on X.

(1) (Acyclicity theorem for coherent sheaves). If X is affinoid and 4 is a
finite covering of X by admissible affinoid opens then the Cech cohomology
Hi (U, .F) vanishes for all i > 0. Moreover, the sheaf cohomology (defined
via derived functors) H (X, .F) vanishes for all i > 0.

(2) If X is a quasi-compact and separated rigid space and Ll is a finite ad-
missible affinoid open covering of X then the natural map H'(U, F) —
HY(X,.%) is an isomorphism for all i.

We next turn to the definition of properness. In view of the nature of the Tate
topology, the condition of universal closedness that is used for schemes is not the
right one to use in rigid geometry. Instead, we adapt a formulation similar to one
that works in the complex-analytic case.

DEFINITION 3.2.3. A map f: X — Y of rigid spaces is proper if it is separated
and quasi-compact and there exists an admissible affinoid open covering {U;} of Y
and a pair of finite (necessarily admissible) affinoid open coverings {V;;};cs, and
{Vii;}jes, (same index set J; of j’s!) of f~'(U;) such that two conditions hold:
Vij C VZ’j for all j, and for all j € J; there is an n > 1 and a closed immersion
VZ/J — U; x B over U, such that V;; CU; x {|t1],...,|tn,| < 7} for some 0 <7 < 1
with r € /|k*|. (Equivalently, by the Maximum Modulus Principle, we can replace
“< 7 with “< 17.)

The condition on the inclusion V;; C V;’j over U; in Definition 3.2.3 is called
relative compactness of V; in V;'] over U;. It is a replacement for saying that V;; has
U;-proper closure in Vz’] in ordinary topology. Algebraically, if the coordinate rings
of U;, Vij, and VJ; are A;, Bj, and Bj; then the condition is that the k-affinoid
A;-algebra Bl’-j can be expressed as a quotient of a relative n-variable Tate algebra
over A; such that the images b}, ...,b;, in Bj; of the standard variables X, ..., X,
from the Tate algebra have images bq,...,b, € B;; with sup-norms less than 1.
(That is, all b].|gp(,,) have sup-norm less than 1 for all j € J;.)

EXERCISE 3.2.4. In the case of a submersion of complex manifolds, use the
implicit function theorem to describe the condition of properness of the underlying
map of topological spaces in terms similar to the definition of properness in the
rigid-analytic case.

EXAMPLE 3.2.5. Let X = P}"® be rigid-analytic projective n-space. This can
be constructed by gluing n + 1 affine n-spaces Uy, ..., U, exactly as in algebraic
geometry so as to establish a universal property much like in algebraic geometry. It
is therefore also identified with the analytification of the algebraic scheme ngec( k)
But this rigid-analytic space can likewise be constructed by analogous gluing using
closed unit polydiscs B}! More precisely, let V; be the closed unit polydisc centered
at the origin in the jth standard affine n-space U; and let Vj’ be the closed polydisc
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centered at the origin with radius 1/|c¢| for some ¢ € k* with |¢| < 1. We have that
Vj is relatively compact in V] for all j (over Sp(k)), since identifying V; with a
closed unit polydisc via scaling its coordinates by |c| carries the affinoid subdomain
V; C V] isomorphically onto the closed subdisc of radius |¢[ < 1 centered at the
origin. But {V;} and {V/} are each admissible covers of X, so X is proper.

The definition of properness is tricky to work with because the requirement on
the U;’s does not obviously apply to all open affinoids in Y. For example, if Y is
affinoid then it is not clear if one can find a pair of finite affinoid open coverings
{V;} and {V]} of X such that V; is relatively compact in V; over Y for all j. To
appreciate the difficulties of the situation, consider the following exercise.

EXERCISE 3.2.6. Prove that properness of a morphism X — Y is preserved by
base change, as well as any change of the base field functor (assuming in the latter
case that Y, and hence X, is quasi-separated, so the change of base field functors
can be constructed by gluing across affinoids). Also show that if Z — X is a closed
immersion and X is proper over a rigid-analytic space Y then Z is also proper
over Y. (In particular, any projective rigid-analytic space is proper, by Example
3.2.5.) But try to prove that properness is preserved under composition. It is not
easy (and was not proved in general until quite recently, by Temkin via Berkovich
spaces)!

In algebraic geometry, proper maps enjoy some important cohomological prop-
erties, such as the theorem on coherence of higher direct images. Likewise, one
has Grothendieck’s theory of cohomology and base change, as well as his theorem
on formal functions, that relates fibral cohomology to the structure of higher di-
rect images. Results along these lines in the rigid-analytic case were proved by
Kiehl, adapting both analytic techniques used to prove such results in the complex-
analytic case as well as algebraic techniques used by Grothendieck. We just record
the first of these results:

THEOREM 3.2.7. If f : X — Y is a proper map of rigid spaces and ¥ is a
coherent sheaf on X then the higher direct image sheaves R (f.)(F) on'Y are co-
herent. In particular, if X is proper over Sp(k) then H* (X, .F) is finite-dimensional
over k for all coherent sheaves F# on X and all i.

REMARK 3.2.8. As for ringed spaces, higher direct images may be computed
via sheafified cohomology. However, it is worth noting that one does not see a priori
(as one does for schemes) that for affinoid Y and a proper map f : X — Y the
natural map 4; # : H(X,.#) — I'(Y,R'(f)(%)) is an isomorphism for coherent .7
on X. In fact, Kiehl’s proof does not directly show this; the proof establishes such
a result only over affinoids in an admissible covering of Y as in the definition of
properness for f. But a posteriori such an isomorphism claim is true over the entire
affinoid base Y. The point is that once Kiehl’s coherence theorem for higher direct
images is known, then for affinoid Y it follows from Kiehl’s acyclicity theorem for
coherent sheaves on Y that the Leray spectral sequence

By =HP(Y,RY(f.) (7)) = HT(X, 7)
degenerates (with E5'? =0 for p > 0). All that survives are the maps ¢, » as edge
maps, so these are isomorphisms. In particular, if Y = Sp(A) and X is Y-proper
then HP (X, %) is a finite A-module for every coherent sheaf .# on X and every
p=>0.
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EXAMPLE 3.2.9. The theory of proper maps provides the framework for Serre’s
GAGA theorems. We now explain this just in the case of proper objects over a field,
though there are variants for proper morphisms to any rigid-analytic space. Let X
be a proper k-scheme. It is a non-obvious fact (proved in general only recently, by
Temkin) that the associated rigid-analytic space X" is proper over Sp(k) in the
sense defined above; in the special case that X is projective this is trivial because
analytification carries closed immersions to closed immersions, and we have seen
that projective rigid-analytic spaces are proper.

The GAGA theorems assert that the functor X ~» X2" from proper k-schemes
to proper rigid-analytic spaces is fully faithful, and that for a fixed such X the
analytification functor % ~~ 2" on Ox-modules is an equivalence of categories
from the category of coherent sheaves on X to the category of coherent sheaves
on X and the natural comparison morphism H*(X,.#) — H!(X?" %) is an
isomorphism for all ¢ and all coherent .% on X. The proof for projective k-schemes
goes almost exactly as in Serre’s original arguments over C, except that one has
to be careful about the presence of non-rational points (if k is not algebraically
closed) and about admissibility issues (since Serre uses some pointwise compactness
arguments). Also, Grothendieck’s generalization to the proper case via Chow’s
Lemma carries over to the rigid-analytic case essentially verbatim as well.

Let us now pose some exercises that illustrate shortcomings of Tate’s theory,
and whose only known solutions are via later approaches developed by Raynaud,
Berkovich, and others.

EXERCISE 3.2.10. Let f : X’ — X be a map of rigid spaces over k. Say that f
is flat if the local map Ox ¢,y — Ox o is flat for every 2’ € X'. If in addition f
is surjective then say it is faithfully flat. Prove that if X’ = Sp(A’) and X = Sp(A4)
are affinoid then f is flat (resp. faithfully flat) if and only if the map of coordinate
rings A — A’ is flat (resp. faithfully flat).

In algebraic geometry, it is a basic fact that a flat map between algebraic k-
schemes is an open map. So it is natural to ask if a flat map f : X’ — X has
admissible open image. This is too much to expect to be true in general (due to
the subtle nature of admissible opens), but if X and X’ are quasi-compact and
quasi-separated then it is a more reasonable question (since at least finite unions
of admissible open affinoids in such spaces are necessarily admissible open). This
problem has an affirmative answer, but it seems hopeless to attack this by the
methods of rigid geometry. Raynaud’s theory of formal scheme models provides
the right techniques (to ultimately reduce this openness problem to the known
analogue in algebraic geometry for schemes of finite type over the residue field E')

EXERCISE 3.2.11. If f : X’ — X is a flat map between separated rigid spaces
over k and if K/k is an analytic extension field, then is fx : X} — Xk flat? Reduce
this to the problem of showing that if A — A’ is a flat map of k-affinoid algebras
then K®,A — K® A’ is flat. This affinoid special case appears to be beyond the
reach of the methods of rigid geometry. Once again, Raynaud’s theory of formal
scheme models (which in this case requires using non-affine formal schemes, even in
the case of affinoid rigid spaces) provides the methods needed to give an affirmative
answer (by reducing the problem to the known case of preservation of flatness under
base change for schemes over suitable quotients of the valuation ring R of k).
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EXERCISE 3.2.12. If you are familiar with descent theory for schemes, scheme
maps, and quasi-coherent sheaves, try to formulate an analogue of faithfully flat
and quasi-compact descent theory for rigid spaces, their maps, and coherent sheaves
on them. How much can you prove in this direction? Without Raynaud’s theory,
you will probably find yourself not able to prove very much!

EXERCISE 3.2.13. (if familiar with étale cohomology for schemes) How would
you define the étale site on a rigid space? (An étale map f : X' — X of rigid
spaces can be defined in several equivalent ways, just like in algebraic geometry, one
definition being flatness and the requirement that for all x € X the fiber f~!(x) over
k(z) is a disjoint (admissible) union of Sp(k’) for various finite separable extensions
k' /k(x).) Admissibility makes things more subtle than one may have expected.
The works of Huber and Berkovich were inspired in part by the aim of developing
a good theory of étale cohomology in non-archimedean geometry. Their theories
are not the same, but enjoy certain compatibilities and each has its own merits for
various purposes.

3.3. Raynaud’s formal models. The remainder of this lecture will be con-
cerned with explaining some basic aspects of Raynaud’s theory of formal scheme
models for rigid spaces. In the final two lectures we will discuss Berkovich’s the-
ory. Roughly speaking, Raynaud’s theory is very useful for “algebraic” questions
(flatness, fiber dimension, behavior of properties with respect to base change, etc.)
whereas Berkovich’s theory is useful for deeper cohomological questions and for car-
rying out “pointwise” intuition in a manner that sometimes cannot be done within
the framework of usual rigid geometry. (We will see some striking examples of this
in later lectures.)

Recall that we let R denote the valuation ring of k. (This is noetherian if and
only if k is discretely-valued.) A topologically finitely presented (tfp) R-algebra is
an R-algebra of the form

o = R{X1,...,Xn})I

where .7 is a finitely generated ideal in the ring R{ X}, ..., X, } of restricted powers
series in n variables over R: power series > a;X 7 with coefficients a; € R such
that ay — 0 as |J| — oo. If it is R-flat as well then it is called an admissible
R-algebra.

EXERCISE 3.3.1. For 7 € R with 0 < || < 1, show that R{X1,...,X,} is
the m-adic completion of R[X7, ..., X,]. If k is discretely-valued, so R is a discrete
valuation ring, this is the same as the m-adic completion, with m the maximal ideal
of R. But show that if k is algebraically closed (e.g., k = C,) then m? = m, and
deduce that in such cases the m-adic completion is E[Xl, o X!

In general (any k), show that

k@p R{IX1,..., X0} = RIX1,. ... X, }[1/7] ~ T (k)

is the n-variable Tate algebra over k. Deduce that if & is a tfp R-algebra then
A =k ®pr « is a k-affinoid algebra, and if .# is a finitely generated /-module
then k @ A is a finite A-module.

Using special properties of the valuation rings R (even in the non-noetherian
case), one can prove the following useful lemma.
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LEMMA 3.3.2. Let & be a tfp R-algebra. It is w-adically separated and complete,
and the ideal <7 [1™°] of m-power torsion elements is finitely generated. Also, if I is
any ideal in T,, then its intersection with R{X,..., X, } is finitely generated.

EXERCISE 3.3.3. Prove that an R-module is flat if and only if it is torsion-free
(even in the non-noetherian case). Deduce from Lemma 3.3.2 that every k-affinoid
algebra A has the form k ®g & with &/ an admissible R-algebra. (In particular,
the natural map o — A is injective.)

The preceding exercise shows that every k-affinoid algebra A admits a flat
integral model in the sense of admissible R-algebras (i.e., A ~ k Qr & with o
admissible over R.) Rather less evident is how this can globalize to non-affinoid
rigid spaces over k. In fact, even in the affinoid setting there are further non-obvious
questions concerning integral models: if M is a finite A-module, can we choose the
admissible R-algebra @7 so that M arises from a finitely presented «/-module .#7
And if M is A-flat then can we arrange that .# is «/-flat? The key to these latter
affinoid questions is to attack them within a more global theory of formal scheme
models for rigid spaces. This is a remarkable achievement of Raynaud, as we shall
now see. First we develop the required notions from the theory of formal schemes.

EXERCISE 3.3.4. For a tfp R-algebra .7, consider X = Spec(<//mg/) as a
topological space. For any m € R with 0 < |x| < 1 and any n > 1, explain how
to naturally identify X with X,, = Spec(&//(7™)) as topological spaces. For any
[ € <, the non-vanishing locus X s of f in X,, has coordinate ring «/[1/f]/(7™).
Show that this ring only depends on n and f mod m; the inverse limit of these co-
ordinate rings is the m-adic completion @7 sy of </[1/f]. Prove that this completion
is isomorphic to &/ {X}/(1 — fX), and so is a tfp R-algebra.

Explain why this completion only depends on the non-vanishing locus X ; of f
in X (in particular, it is naturally independent of 7 and of the choice of f giving
rise to it). Thus, it is well-defined to assign %7 sy to this open subset of X. Prove
that this assignment satisfies the sheaf axioms for the covering of one such open
subset by others of this type. (Hint: use the existence of structure sheaves on the
schemes X,,.) Deduce that this uniquely extends to a sheaf of R-algebras 0, on
X, and that the stalks of this sheaf are local rings.

DEFINITION 3.3.5. With notation as in the preceding exercise, the tfp affine
formal scheme Spf(&/) over R is the locally ringed space (X, 0.). (Note that
its R-algebra of global functions is «7.) A tfp formal scheme over R is a quasi-
compact locally ringed space (¥, Ox) with R-algebra structure sheaf such that it is
locally isomorphic (respecting the R-structure) to a tfp affine formal scheme over
R. Morphisms of tfp formal schemes are morphisms of locally ringed spaces that
respect the R-structure.

An admissible formal R-scheme is a tfp formal R-scheme X whose local rings
are R-flat. (It is equivalent, but not obviously so in the non-noetherian case, to
require that the coordinate rings of some open affine covering to be R-flat, or for
the coordinate ring of every open affine to be R-flat.)

Observe that if X is a tfp formal R-scheme then its underlying topological space
is noetherian (even if R is not noetherian!), since it is identified with the underlying

space of a scheme of finite type over the residue field k.
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EXERCISE 3.3.6. Prove that the assignment & ~~ Spf(</) is a fully faithful
contravariant functor from the category of tfp R-algebras to the category of tfp
formal schemes over R. For any f € <7, show that the set {f # 0} in Spf(&/) is an
open subset whose induced open formal subscheme structure is naturally isomorphic
to Spf(#1); these are called basic open affines in Spf(e/).

If X is a tfp formal R-scheme then a formal open affine in X is an open subspace
(U, Ox|y) that is a tfp formal affine scheme. Prove that any such X has a base of
open subsets that are formal open affines (when endowed with their open subspace
structure as locally ringed spaces).

By using finitely presented modules over formal open affines, one can create
a good theory of coherent sheaves on such formal schemes (requiring some work
in the non-noetherian case). Globally, a coherent sheaf on such an X is simply an
Ox-module that is locally finitely presented. (The hard part in the non-noetherian
case is to justify that this latter definition is equivalent to a concrete one using
modules in the affine case.)

One may be annoyed by the non-noetherian case, but in fact it is a great
feature of the theory: if we want to study base change from Q, to C, for rigid
spaces and prove results about preservation of flatness and other kinds of properties
(fiber dimension, etc.), it is very useful to have the theory of these formal schemes
available over both Z, and the (non-noetherian) valuation ring of C,.

EXERCISE 3.3.7. Let f: X’ — X be a map between quasi-compact and quasi-
separated rigid spaces over k. Let K/k be an analytic extension field. If all fibers
of f have dimension < d, prove the same is true for fx : X} — Xg. (This exercise
is meant to make you appreciate how hard the problem is from a classical point
of view when [K : k] is not finite; without using further deep results in Raynaud’s
theory, it is probably too hard to solve.)

The interest in tfp formal R-schemes is revealed in the next exercise.

EXERCISE 3.3.8. Explain how the assignment Spf(«) ~ Sp(k ® g &) from tfp
formal affine schemes over R to affinoid rigid spaces over k is functorial, and prove
that it carries Zariski-open immersions to quasi-compact admissible opens. (Hint:
First show that basic open affines go over to Laurent domains!)

Once you have handled the affine case, prove that this construction uniquely
extends to a functor X ~» X}, from tfp formal R-schemes to rigid spaces over k such
that open immersions go over to admissible opens and fiber products are preserved
(in particular, there is compatibility with overlaps of opens). This is Raynaud’s
generic fiber functor.

EXAMPLE 3.3.9. Let X be an R-scheme of finite presentation. A rigid-analytic
space can be associated to X in two ways. First, we can form the analytification
X of the generic fiber X, = X ®pg k. Second, if we let X be its m-adic completion
(a tfp formal R-scheme, admissible if X is R-flat), then we can form the Raynaud
generic fiber Xj. For example, if X = A% then X" = A"™ is rigid-analytic
affine n-space whereas X = Spf(R{t1,...,t,}) is formal affine n-space over Spf(R),
so X3 = BJ, which is much smaller than X;". The natural quasi-compact open
immersion B} < A}"*" can be uniquely generalized for any such X to a functorial
morphism of rigid spaces ix : X — X" that is compatible with fiber products and
recovers the canonical map in case X = A}z. Moreover, as long as X is R-separated,
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it follows from the valuative criterion for separatedness (and auxiliary arguments)
that this map is a quasi-compact open immersion, and (via the valuative criterion
for properness) that it is an isomorphism when X is R-proper. For example, if
X = P% then X" is rigid-analytic projective n-space from the viewpoint of gluing
n+ 1 affine n-spaces whereas Xy, is projective n-space from the viewpoint of gluing
n + 1 closed unit polydiscs of dimension n (and ix is the canonical isomorphism
between these two gluing constructions).

EXERCISE 3.3.10. Show that if X is quasi-compact then the associated generic
fiber rigid space X} is quasi-compact and quasi-separated. Also show that on the
category of admissible formal X’s the generic-fiber functor is faithful (i.e., if two
maps between such formal schemes agree on the associated rigid spaces then they
must be the same map). For this faithfulness aspect you may wish to just treat
the case of R-separated admissible formal schemes over R (with R-separatedness
defined in an evident manner); the general case requires some notions (rig-points)
that we have not developed.

The preceding exercise naturally raises the question of whether every quasi-
compact and quasi-separated rigid space X over k admits a formal model: does
there exist an admissible formal R-scheme X whose generic fiber is X7 If so, what
relations are there between the various formal models of X? More specifically,
given a map f : X’ — X between such rigid spaces, can we choose the formal
models X’ and X so that f is induced by a map f : X’ — X between such formal
schemes over R? We also want to know if f can be arranged to satisfy analogues
of properties of f (such as separatedness, flatness, having fiber dimension at most
d, having geometrically reduced fibers, etc., when such notions are appropriately
defined for morphisms between tfp formal schemes over R).

Raynaud gave definitive (and largely affirmative) answers to such questions.
Before we explain part of his answer, it is instructive to see an example of how
a formal model can be changed without affecting the associated rigid space. This
operation intuitively corresponds to the idea of making a blow-up in the “closed
fiber” (over k), and so it should not affect the “generic fiber” (over k).

EXAMPLE 3.3.11. Let X = Spf(«) be an affine admissible formal R-scheme
(so & if tfp and flat over R). Let . be a finitely generated ideal in 7, say with
generators fi,..., f,. Pick m € R with 0 < || < 1. Assume that some power of
7 lies in .#. (Intuitively, this means that this ideal cuts out a closed subscheme
“supported in the closed fiber” over R.) Imitating the charts in a blow-up, consider
the R-algebra A; that is the quotient of &[T}, ..., i)/ (fiTi; — f;) modulo its
fi-power torsion. Finally, let <7 denote the m-adic completion of A;. This is an
admissible R-algebra (in particular, it is R-flat). We can glue the Spf(<%)’s much
as we glue the charts in a blow-up. The resulting glued admissible formal scheme
over R is called the admisible formal blow-up of X along .#. It can be characterized
by a universal property so as to show it is independent of the choice of f;’s (and of
7). We shall denote it Bl (%).

Consider the natural map Bly(X) — X. This is generally far from an iso-
morphism (e.g., the target is affine but the source almost never is). However, the
associated generic fiber is an isomorphism! This follows from the next exercise.

EXERCISE 3.3.12. With notation as at the end of the previous example, let
A =k ®pr . Show that the f;’s as elements of A have no common zero, so the
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rational domains

make sense for 1 <4 < n. Show that the generic fibers of the charts of the formal
admissible blow-up correspond to these rational domains, and that these rational
domains cover X, = Sp(A). Deduce that the map Blys(X) — X from the formal
admissible blow-up induces an isomorphism on generic-fiber rigid spaces.

We conclude this lecture by briefly stating some of the main results of Bosch,
Liitkebohmert, and Raynaud concerning formal models of rigid spaces. Every quasi-
compact and quasi-separated rigid space over k does admit a formal model, any
two formal models are dominated by a common admissible formal blow-up, and
every map between quasi-compact and quasi-separated rigid spaces arises from
a map between suitable formal models. More precisely, the category of quasi-
compact and quasi-separated rigid spaces over k is equivalent to the localization
of the category of quasi-compact admissible formal R-schemes with respect to the
admissible formal blow-up morphisms. In addition, any quasi-compact admissible
open subset arises from a Zariski-open subset in a suitable formal model (and
something similar on the level of finite covers by quasi-compact admissible opens)
and every finite collection of coherent sheaves on such a rigid space arises from a
collection of formal coherent sheaf models on a suitable formal model. Also, it is
often possible to transfer properties of rigid-analytic maps (such as flatness and
fiber dimension) to suitable choices of formal models. This theory is powerful,
because it settles in the affirmative many vexing questions of “algebraic” nature
that appear to be beyond the reach of the methods of rigid geometry. The basic
principle is that using suitable formal models can reduce hard questions in rigid
geometry over k to known standard results in algebraic geometry over k or over
quotient rings R/(7™) (by killing powers of 7 or all of m in the structure sheaves of
formal models). We refer to [BL1] and [BL2] for a systematic development of the
first steps in this extremely useful theory.

ExaMPLE 3.3.13. In Berthelot’s theory of rigid cohomology, an important con-
struction is the specialization morphism sp : X, — X for an admissible formal
R-scheme X. In general this is a morphism of topoi, but we just explain its defini-
tion as a map of underlying sets. Let {Spf(«%)} be a finite open affine covering of X,
so for A, = k®pr; the affinoids Sp(A;) are an open affinoid cover of X. For z € X
we have x € Sp(4;) for some i. The associated map A; — k(z) carries & into the
valuation ring R(x) of k(z), and so induces a map <7 /() — k(z) to the residue field
of the finite extension k(x)/k. This is a closed point sp(z) € Spec(</(m)) C X,
and it is independent of the choices made. Note that sp is “anti-continuous” in the
sense that the preimage of a closed set is admissible open; this gives rise to the
so-called tubes in Berthelot’s theory.

ExXaMPLE 3.3.14. Formal models are useful beyond the quasi-compact case.
For example, in the theory of non-archimedean uniformization of Shimura curves it
is convenient to work with a certain formal model for the Drinfeld half-plane over
a local field.
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4. Berkovich spaces 1

4.1. A topological construction. Let X be a quasi-compact and quasi-
separated rigid space. In the previous lecture we saw that Raynaud’s theory pro-
vides formal models X of X, where X is an admissible formal R-scheme. It was
also seen within Raynaud’s theory that the collection of all such models for a fixed
X naturally forms an inverse system (with formal admissible blow-ups providing a
cofinal system of transition maps). In particular, although the underlying topolog-
ical space |X| of any particular formal model is not intrinsic to X, the inverse limit
topological space

X = lim |X|
—
formed over the collection of all formal models of X is intrinsic to X (and is an
example of a so-called Zariski-Riemann space). Hochster’s work on spectral spaces
shows that this is a quasi-compact topological space (not obvious, since quasi-
compactness need not be preserved under the formation of inverse limits in the
non-Hausdorff' case), and it is also quasi-separated (i.e., the overlap of any two
quasi-compact opens is quasi-compact). More interesting is the following:

EXERCISE 4.1.1. Using Raynaud’s result that maps of rigid spaces extend to
maps between a suitable pair of formal models (and that such an extension is unique
if it exists, when the pair of formal models is fixed), prove that X2¢ is naturally
functorial in X.

By a procedure that we will not explain here (the theory of rig-points), one can
construct a natural (and functorial) injective map X — X2 whose image is dense.
The topological space X4 is the underlying space of the adic space associated to
X in the sense of Huber [H]. A technical merit of the adic space associated to
the quasi-compact and quasi-separated rigid space X is that its G-topology is set-
theoretically quasi-compact (in the sense that any set-theoretic covering of X2 by
opens for the G-topology has a finite subcovering) and its associated category of
sheaves of sets is equivalent to the category of sheaves of sets on X with respect to
the Tate topology. There is no “admissibility” condition required on coverings as
there is on X. Thus, for cohomological questions on X we can work on X2, where
it is possible to use pointwise arguments. (In fact, the set of points of X4 is the
set of points of the topos defined by the Tate topology on X.) Unfortunately, in
contrast with X, X2d exhibits very un-Hausdorff features.

An intermediate space between X and X2 is the topological space X" under-
lying the Berkovich space associated to X. This is naturally a compact Hausdorff
space with remarkable topological properties (e.g., its connected components are
path-connected!), and its coherent sheaf theory is equivalent to that of X. More-
over, it has so many points that traditional stalk arguments can be carried out on
X2 (in contrast with X). The final two lectures are devoted to explaining some
basic aspects of Berkovich’s theory; the main references are [Berl, Ch. 1-2] and
early parts of [Ber2]. In this lecture we will focus on definitions and examples in
the affinoid setting, and in the final lecture we discuss the global theory and some
simple striking applications (by no means the most impressive ones).

4.2. Modified Tate algebras and affinoid algebras. An amazing feature
of Berkovich’s theory is that it permits working with discs whose radius may be
any positive real number at all, not just an element of \/|k*|. Another curious
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feature (which does have some applications) is that it is permissible for the base
field to have a trivial absolute value. For these reasons, at the beginning of the
theory it is convenient to introduce the following innocuous-looking generalization
of the concept of a Tate algebra over a non-archimedean field.

DEFINITION 4.2.1. Let k be a field complete with respect to a non-archimedean
absolute value (perhaps the trivial one!). For rq,...,7, > 0, define the k-algebra
T,(k) = T, .....r, (K) to be

RO X X = {3 as X € kLK, Xl [ fag e — 0}
This algebra is also denoted k(g’li ) if n and the r;’s are understood from context.

ExAMPLE 4.2.2. If k£ is endowed with the trivial absolute value and r; < 1 for
all ¢ then T,(k) = k[X1,...,X,]. If r; > 1 for all ¢ then T (k) is the polynomial
ring in n variables over k. For other possibilities with the r;’s, it is some mixture
of the two (formal power series in some variables, polynomial in others).

EXERCISE 4.2.3. Prove that k(ri*Xy,...,r;

“1X,,) is a k-Banach algebra via
the norm

13" as X1, = max ol

and prove that this is a multiplicative norm. (Hint: Induct on n, so it may be
convenient to prove a more general result for relative generalized Tate algebras
over k-Banach algebras with a multiplicative norm.) In the special case that k
has the trivial absolute value and r; < 1 for all i, prove that when this k-algebra
is identified with k[X1, ..., X,] in the evident manner then this power series ring
acquires (from the norm) the maximal-adic topology.

ExAaMPLE 4.2.4. Choose r1,...,7, > 0 and let K/k be an analytic exten-
sion field such that r1,...,7r, € |K*|. (We will see soon that such a K always
exists.) Using the appropriate notion of completed tensor product over k for k-
Banach spaces (and k-Banach algebras), there is a continuous K-algebra isomor-
phism K@)kTﬁ(k) ~ T, (K) via 1®X; — ¢;X; with ¢; € K satisfying lei] = r;. In
this sense we think of 7;.(k) as the coordinate ring of a closed polydisc over k with
polyradius r. If r1,...,7, € /|| with all r; <1 and |k*| # {1} then T,(k) has a

bounded k-algebra isomorphism to the coordinate ring of the Weierstrass domain
{|t1‘ § T1y..4, |tn| S Tn} in BZ

EXAMPLE 4.2.5. Let k be a field equipped with a non-archimedean (perhaps
trivial) absolute value |-|o. Let |-| be a multiplicative norm on k satisfying || < C|-|o
for some C > 0. We now show that the only such norm is | - |o. For a € k we have
la”| < Cla™|o for all n > 1, so extracting nth roots yields |a| < C'/"|alg. Taking
n — oo gives |a| < |alg. If a # 0 then we apply this to 1/a to get |1/a|] < |1/alg, or
equivalently |a| > |alo. Thus, |-| =" |o.

EXERCISE 4.2.6. Choose r > 0 with r ¢ /|k*|, and consider
E ' X, r X = k(r ' X,7Y) /(XY — 1).

(1) Show that every element has a unique expression as a convergent sum
Y nez an X" With |a,|r™ — 0 as n — too. Explain why [a,|r" # [anm|r™
whenever n # m and a,, a,, € k*.
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(2) Prove that the residue norm |- induced by the multiplicative norm |-|,. 1,
from Exercise 4.2.3 assigns to ) . @, X" the norm max,, |a,[r", and that
this is a multiplicative norm. Conclude that k{(r—*X,rX ') is a domain.

(3) Let |-|: k{(r~1X,rX~!) — R be a seminorm (norm except with perhaps
nonzero kernel) that is multiplicative and also bounded in the sense that
|| <CJ | for some C > 0. Applying this to nth-powers and extracting
nth roots, deduce that |-| < | -|. Conclude that |X| = r and that | - |
on k is the given absolute value, and then that |- | = | - |. In particular,
k{r=1X,rX 1) has exactly one bounded multiplicative seminorm.

The point of the preceding exercise is that (by combining it with Theorem
4.3.4(1) and the closedness of ideals) it implies that the ring k(r=*X,rX ) cannot
have any nonzero ideals, so it is a field. Hence, via | - | it is an analytic extension
of k such that r is in its value group (in fact, r is the norm of the element X).
By repeating this process, for any finite set of positive real numbers there is an
analytic extension of k whose value group contains the finitely many such given
real numbers.

At the possible risk of confusion, we now change some terminology from classical
rigid geometry:

DEFINITION 4.2.7. A k-affinoid algebra is a k-Banach algebra o/ for which
there is a continuous surjection

k7 Xy, b X)) — o

n

for some rq,...,7, > 0 such that the residue norm induced on & is equivalent to
the given norm on 7. If we can take all r; =1 then & is called a strict k-affinoid
algebra (these are the classical k-affinoid algebras of rigid geometry when k has a
nontrivial absolute value). A morphism between k-affinoid algebras is a k-algebra
map that is continuous.

EXERCISE 4.2.8. Let &/ be a k-Banach algebra. Define relative generalized
Tate algebras
A X, X
and formulate and prove a universal property (similar to the case of relative Tate

algebras in rigid geometry).

The theory of completed tensor products can be extended to all k-Banach
algebras. In particular, if o7 is k-affinoid in the above sense and K/k is an analytic
extension field then K&« is K-affinoid in the above sense and &7 — K®p.o is
a faithfully flat map that is an isometry onto its (closed) image. By using K with
sufficiently large value group, this enables one to prove basic properties of k-affinoid
algebras in the new sense (such as being noetherian, all ideals being closed, etc.)
by reducing to the known strict case. For example, this technique enables one
to show that if ¥ = &7, % are morphisms of k-affinoid algebras then /&4 2 is
again k-affinoid. In particular, if &7 is k-affinoid then any relative generalized Tate
algebra over «f is also k-affinoid. Also, if the absolute value on k is nontrivial then
the norm-equivalence condition in the preceding definition of a k-affinoid algebra
is automatically satisfied, due to the non-archimedean version of the Banach Open
Mapping Theorem (Exercise 1.2.5). In general, the absence of the Banach Open
Mapping Theorem in the case of trivial absolute value is the reason why the case of
the trivial absolute value on the base field k often requires separate consideration.
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One basic way in which these new kinds of k-affinoid algebras are a bit harder
to work with than the strict (i.e., classical) type is seen in dimension theory. For
example, in Exercise 4.2.6 we gave an example of a k-affinoid algebra that is a
field but should correspond to the coordinate ring of the circle of radius r: after
a sufficiently large ground field extension (to put r into the value group of the
ground field) it becomes 1-dimensional, but the given affinoid algebra over k is
0-dimensional. Thus, to define dimension theory in the k-analytic setting, one has
to first show (e.g., using Noether normalization) that dimension theory for strict
affinoid algebras is well-behaved with respect to extension of the base field, and
then make definitions in the general case by using an auxiliary field extension to
pass to the strict case (where Krull dimension provides an adequate theory). It
is a nontrivial matter to set up a geometrically satisfactory dimension theory for
k-affinoid algebras that enjoys properties one expects out of analogy with the strict
case and algebraic geometry, but such a theory has been developed (in some re-
spects, quite recently, by Ducros). The main point is that ring-theoretic dimension
theory alone is not an adequate viewpoint over the base field in Berkovich’s theory.

4.3. Spectrum of Banach algebras. We have introduced the wider class
of k-Banach algebras that will be used in the local theory of Berkovich spaces. It
is now time to introduce the underlying topological spaces to be used, replacing
the role of M(A) in rigid geometry. To motivate what we are about to do, let us
return to the setting of rigid geometry and consider a strict Q,-affinoid algebra
A as well as its associated strict Cp-affinoid fiber Ac, = Cp@)QpA. There is a
continuous map A — Ac, via a — 1®a, but there is no corresponding natural map
of sets M(Ac,) — M(A) because the “transcendental points” with respect to Q,
in M(Ac,) have nowhere to go. We now reformulate the problem in a way that
leads us to the way out of this conundrum.

For each point z € M(Ag,), the corresponding maximal ideal m, C Ac,
contracts to the prime ideal p,, C A that is the kernel of the composite map

|~|I:AHACP$CPQR.

This composite map is a seminorm on A (i.e., it satisfies all of the requirements of
a norm except for possibly having nonzero kernel), it is bounded (in the sense that
| - |» is bounded by a constant multiple of a fixed Q,-Banach algebra norm on A),
and it is multiplicative. More specifically, this corresponds to an absolute value on
Frac(A/p,) whose restriction to A/p, is bounded above by a constant multiple of
the residue norm on A/p.. Points of M(A) gives rise to such structures as a special
case, with the additional condition that Frac(A/p,) is finite over Q,, (and equipped
with an embedding into C,).

EXERCISE 4.3.1. Let A be a k-Banach algebra, and let |-| : A — R be a
bounded multiplicative seminorm. Prove that its kernel p is a prime ideal of A
and that |- | arises from an absolute value on Frac(A/p) that restricts to the given
absolute value on k. If we let K denote the completion of Frac(A/p) with respect
to this absolute value, then show that | - | arises by pullback of the absolute value
on K via a bounded k-algebra map from A to the analytic extension field K/k in
which A generates a dense subfield. (By “bounded” k-algebra map A — K we
mean boundedness in the sense of k-Banach space maps.)
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Show that this procedure sets up a bijection between the set of bounded mul-
tiplicative seminorms on A and the set of bounded k-algebra maps A — K to
analytic extension fields K/k in which A generates a dense subfield (and these
maps are taken up to composition with isometric isomorphism in K).

It is very interesting that the consideration of bounded multiplicative semi-
norms makes sense even on complete normed rings that do not contain a field, such
as Z (with the usual absolute value as its norm, or with the trivial norm). More
specifically, let (<7, | - |) be a commutative Banach algebra (a commutative ring
endowed with a submultiplicative norm with respect to which it is complete as a
metric space); this could be an abstract ring endowed with the trivial norm. It
makes sense to consider multiplicative seminorms | - | : &/ — R that are bounded
in the sense that |f| < C|f| for all f € & for some C' > 0. Applying this to
f7 and using multiplicativity, taking n — oo after extracting nth roots gives the
consequence |f| < | f]. As was seen in Exercise 4.3.1, if &7 is a k-Banach algebra
then all such |-|’s are automatically compatible with the absolute value on k. Also,
if the given norm on & is non-archimedean then (as is easily checked by pullback
to Z) any bounded multiplicative seminorm on & is necessarily non-archimedean.

DEFINITION 4.3.2. The spectrum of a Banach algebra (<7, |-|) is the set .# (/)
of bounded multiplicative seminorms on 7. This set is given the topology for which
a base of opens around a point | - |o € # (<) is provided by the sets

Ui oostnserren = - | € (D) ||| filo = |f5]] <& for all j}.

Equivalently, this is the weakest topology with respect to which the functions
M (/) — R defined by |- | — |f] for each f € & are all continuous.

REMARK 4.3.3. Observe that the definition of the spectrum as a topological
space is unaffected by replacing the Banach norm on & with an equivalent one
(i.e., one that is bounded above and below by a constant positive multiple of the
initial one). Hence, if k has nontrivial absolute value and <7 is a strict k-affinoid
algebra then we can use any k-Banach algebra norm on &7 to unambiguously define
the topological space ().

The preceding exercise for k-Banach algebras carries over to (commutative)
Banach algebras in general, so as a set we can identify .# (/) with the set of ring
maps &/ — K (up to isometric isomorphism in K) that are bounded as maps of
complete normed additive groups and have target K that is a complete valued field
in which &/ generates a dense subfield. This is reminiscent of how the points of
an affine scheme can be interpreted as the set of “all” field-valued points of the
coordinate ring; we now work with non-archimedean fields (with possibly trivial
absolute value)!

The spectrum of a (commutative) Banach algebra enjoys some fundamental
topological properties that we now summarize.

THEOREM 4.3.4. Let &7 be a commutative Banach algebra.
(1) A () =0 if and only if o = 0.
(2) A () is compact and Hausdorff.
(3) If ¢ : o — ' is a bounded map between commutative Banach algebras
then the pullback map M (') — M (<) defined by |- | — || o ¢ is
continuous.
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The proof of the first two parts is an application of Zorn’s Lemma, and the
third part is a matter of unwinding definitions. As an interesting application of the
theorem, let k be a non-archimedean field (nontrivial absolute value) and let K/k
and K'/k be two analytic extension fields with at least one of them of countable type
over k (in the sense of having a dense k-linear subspace of countable dimension).
The Banach algebra K®;K' is nonzero by general results on countable-type k-
Banach spaces [BGR]. Thus, its spectrum is non-empty by Theorem 4.3.4, so we
obtain a third non-archimedean extension of k into which K and K’ isometrically
embed. This underlies the fact that if <7 is a (perhaps non-strict) k-affinoid algebra
(with k having possible trivial valuation) then for any non-archimedean extension
field K/k such that K®;.47 is strict, the dimension of this strict K-affinoid algebra
is independent of K/k.

EXAMPLE 4.3.5. A very interesting example of functoriality of the spectrum (as
a topological space) is to let &7 be a k-affinoid algebra and K/k a non-archimedean
extension field (with compatible absolute value). The natural map & — &k =
K&/ from a k-affinoid algebra to a K-affinoid algebra induces a continuous (in
fact, surjective) map # (i) — M (/). So already we can do something that is
not generally possible in rigid geometry, which is to have maps from a geometric
object “over K” to one “over k”. This will be improved to a morphism of analytic
spaces once we endow these spectra with more structure beyond their topologies.

For each x € # (<), let the prime ideal p, C &/ be the kernel of this multi-
plicative seminorm, and let 5#(z) denote the completion of the field Frac(</ /p.)
with respect to the absolute value induced by x. For each f € & we write f(x) to
denote the image of f under the natural map & — J#(x) and |f(z)| to denote the
absolute value of f(x) (using the canonical absolute value on J#(x)).

REMARK 4.3.6. There are nearly always points x € (&) with J7(x) of
infinite degree over k, even if k is algebraically closed. For example, for any k the
space . (k(T)) contains the point £ corresponding to the Gauss norm, and 52 (§)
is the completion of Frac(k(T")) with respect to the absolute value induced by the
Gauss norm on k(T"). (We can replace k(T") with k[T in this latter description, for
denseness reasons.) This abundance of points with large residue field (in contrast
with the case of complex-analytic spaces) can be considered to be a consequence
of the lack of a non-archimedean Gelfand-Mazur theorem. Even if k is discretely
valued, the space .# (k(T)) has many points whose completed residue field is not
discretely valued (see Exercise 4.3.8 below), and so it will follow that to pass between
problems in rigid geometry and Berkovich’s theory even over a discretely-valued
field we will inexorably be led to consider rigid spaces over extension fields whose
valuation ring is not a discrete valuation ring!

EXERCISE 4.3.7. Let & be a commutative Banach algebra. For r > 0 and
f,g € &, prove that the subset {z € .# (<) ||f(x)| < r|lg(z)|} is closed in ().
Also prove that f € & is a unit if and only if f(z) # 0 in J(z) for all z €
M (), and that f is nilpotent in & if and only if f(z) = 0 in J#(x) for all
x € M (). (Hint: it is a consequence of Zorn’s Lemma that the natural map
M (o) — Spec(«) assigning to each bounded multiplicative seminorm its prime
ideal kernel is a surjective map.)

EXERCISE 4.3.8. Let k be a non-archimedean field (nontrivial absolute value),
and let &7 = k(T).



4. BERKOVICH SPACES 1 41

(1) Fix 0 < r < 1 and define | - |, on & by | > a,T"|, = max, |a,|r".
Prove that this is a bounded multiplicative seminorm on 7. Also show
that it deserves to be called the sup-norm on the closed disc of radius r
(with center at 0) in the sense that | f|, is the supremum of the numbers
|fz as | - |» ranges through all bounded k-algebra maps &/ — K to non-
archimedean fields such that the image of T" in K has absolute value at
most r. It is useful to think of || - |, as the “generic point” of the closed
disc of radius r centered at the origin, though it is not a generic point in
the usual topological sense used for schemes.

(2) Prove that the function [0, 1] — .# (/) defined by r — ||, is continuous,
and so provides a path connecting the origin to the Gauss norm!

(3) Prove that the map M(«/) — .# (/) defined by assigning to each x €
M (/) the seminorm induced by & — k(z) is injective with dense image,
and induces on M (/) the canonical topology as the subspace topology.
By using the trick of “recentering the disk”, prove that any two k-rational
points in M (%) are linked by a path in .#(<7)! (In fact, # (/) is a
path-connected space, but this requires some more work to generalize the
trick of linking via the Gauss norm.)

The final part of the preceding exercise holds rather more generally (but re-
quires more effort to prove):

THEOREM 4.3.9. Assume that k has nontrivial absolute value and let A be a
strict k-affinoid algebra. The natural map of sets M(A) — 4 (A) is injective with
dense image and induces the canonical topology as the subspace topology. Moreover,
if A has no nontrivial idempotents then # (A) is path-connected.

4.4. Affinoid subdomains. In order to work with the spectrum of a k-
affinoid algebra &/, we need to define the analogues of affinoid subdomains (in-
cluding Weierstrass, Laurent, and rational domains). As in the case of rigid geom-
etry, we will use a set-theoretic mapping property. One enormous difference is that
affinoid subdomains in .# (&) are not open sets in general: they are closed subsets.

DEFINITION 4.4.1. Let & be a k-affinoid algebra. A subset U C (&) is
an affinoid subdomain (more precisely, a k-affinoid subdomain) if there exists a
bounded map i : &/ — &’ of k-affinoid algebras such that two conditions hold:
# (i) has image contained in U, and for any bounded map ¢ : & — 2 of k-affinoid
algebras with .# (%) — .# (<) having image contained in U, there is a unique
factorization of ¢ through i via a bounded map &/’ — £ of «7-algebras.

As in rigid geometry, this definition uniquely determines .2/’ up to a unique
bounded .o-algebra isomorphism, so we can write %; to denote this .«7-algebra
(with norm determined up to equivalence); it is called the coordinate ring of U.
By chasing appropriate field-valued points and using the stronger universal prop-
erty given in Example 4.4.3, one shows that .# (o) — U is a homeomorphism
and that for any analytic extension field K/k the affinoid K-algebra K Qrey has
the analogous universal property for the preimage Uk of U under the surjective
map A (K@) — A (7). In particular, the concept of affinoid domain is well-
behaved with respect to extension of the base field. Somewhat less evident (but
unsurprising) is that @, is «7/-flat. By using completed tensor products, it may
be proved exactly as in rigid geometry that an overlap of finitely many affinoid
subdomains is again an affinoid subdomain.
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EXERCISE 4.4.2. We now work out the basic examples of Weiestrass, Laurent,
and rational domains in the setting of Berkovich spaces. One new feature is that
we can use arbitrary positive real scaling factors on the non-strict inequalities used
to define such domains. (In the rigid-analytic case we saw that it only made sense
to impose scaling factors in /|k*|, and that the use of such factors provided no
extra generality than not using them.)

(1) Choose f1,..., fn,91,---,9m in a k-affinoid algebra 7, and positive real
numbers rq,...,7,,S1,...,Sm. Prove that the subset

{z e a()||fi(x)] <ri,]gj(x)| = 55 for all i, j}
is an affinoid subdomain with coordinate ring
d{ﬁ_li7g}/(X1 _f1>"'7X’n _f’nngl}/l - 177ngm - 1)

(usually denoted o7 (r~'f, sg~1)).

(2) Let fi1,...,fn,g € & be elements which generate the unit ideal (equiv-
alently, they have no common zero on .#(%/)). Choose ri,...,r, > 0.
Prove that the subset

{z e ()| [i(@)] <milg(@)l,. .. |ful@)] < ralg(x)]}
is an affinoid subdomain with coordinate ring
{7 X, X (9X = fry e 9K — )

(usually denoted < (r~'f/g)).

These affinoid subdomains are respectively called Laurent domains and rational
domains. A Laurent domain is called Weierstrass if there are no g;’s. Prove that
every point of .#(</) has a base of closed neighborhoods consisting of Laurent
domains.

Recall that in rigid geometry (i.e., when working with strict k-affinoid algebras,
with k having nontrivial absolute value), the natural map A — A{ay,...,a,) to
the coordinate ring of a Weierstrass domain has dense image. The same obviously
holds in our new setting (for & — & (r~'a)), but Berkovich proved more: if the
natural map &/ — o from a k-affinoid algebra to the coordinate ring of an affinoid
subdomain has dense image then U is necessarily a Weierstrass domain!

EXAMPLE 4.4.3. Let o be a k-affinoid algebra and U C .# (/) be an affinoid
subdomain with associated coordinate ring ;. Choose z € U = # (o) C
M (). Let us show that the completed residue fields at « for &7 and @4 coincide
(via the natural map). In other words, if 7 (z) denotes the completion of the
fraction field of //ker(| - |;) then we claim that the map & — J#(x) factors
(uniquely) through &7 — o, (and so we then get the desired equality of completed
residue fields, due to denseness and absolute-value compatibility reasons). To prove
this, it is enough to show that affinoid subdomains satisfy their universal mapping
property with respect to maps from &/ to arbitrary k-Banach algebras, not merely
to k-affinoid algebras. For Laurent and rational domains this is clear. In the general
case, the important theorem of Gerritzen-Grauert from rigid geometry (Theorem
2.2.5) can be proved to remain true in the setting of the spaces .# (&), and from this
it may be deduced that affinoid subdomains do indeed satisfy the desired stronger
universal mapping property.



4. BERKOVICH SPACES I 43

The theorems of Tate and Kiehl from rigid geometry carry over to our new
setting so as to provide a theory of coherent sheaves on affinoids, though these are
not sheaves in the ordinary sense since they are evaluated on closed subsets such
as affinoid domains. By using appropriate extension of the base field to reduce to
the strict cases that were considered by Tate and Kiehl, the key basic result (in a
slightly weaker form) is as follows:

THEOREM 4.4.4. Let &/ be a k-affinoid algebra and M a finite </ -module. Let
3 be a finite collection of affinoid subdomains of X = M (/) that cover X. Define
My = @y @y M for any affinoid subdomain U of X. The Cech complex C*(4, M)
built on the modules MUilﬂ~~-ﬂUin for Ui, ..., U;, €l is an exact sequence.

4.5. Relative interior and boundary. We conclude our discussion of the
preliminary parts of the affinoid Berkovich theory (prior to the introduction of
sheaves, to be discussed in the final lecture) by explaining some new concepts with
no good analogue in rigid geometry. It may be appealing to think that in .# (k(T)),
the points x for which |T'|, = 1 should be the “boundary points” whereas the points
x for which |T|,, < 1 should be the “interior points”. Such a distinction is not mean-
ingful because the automorphism group of a Tate algebra acts transitively on its set
of k-rational points by recentering the polydisc. Nonetheless, Berkovich’s theory
does have an intrinsic theory of relative boundary and relative interior for mor-
phisms which roughly exhibits properties of boundaries and interiors in topology.
These notions require some experience to become familiar, and before giving the
relevant definitions and examples in the affinoid case we consider a simple example.

EXERCISE 4.5.1. Let £ € .# (k(T)) be the point corresponding to the Gauss
norm, and let D be the subset of points « € .# (k(T')) for which |T|, = 1.

(1) Prove that the interior of D in .# (k(T)) is D — {¢}. In particular, the
compact subset D C .# (k(T)) becomes an open subset upon deletion of
the single point £ € D. (Hint: For each |- |, on k(T), its restriction
to R[T] has an ideal of topological nilpotents that contains m[T] and so
corresponds to an ideal in R[T]/m[T] = k[T]. Show that this ideal is prime
and that the resulting map .# (k(T)) — Spec(k[T]) = A% has € as the

only point over the generic point of the affine line over E)

(2) Prove that . (k(T)) — {&} is topologically a disjoint union of open non-
empty preimages of the closed points of Afllg. (Thus, the connectedness
properties of .# (k(T)) depend crucially on the presence of the point ¢!)

DEFINITION 4.5.2. Let ¢ : &/ — &' be a bounded map of k-affinoid al-
gebras. The relative interior of 4 (/') over 4 (</), which we shall denote as
Int(A (") M (), is

{2/ e ()| &' — #(2') is inner with respect to &/},

where “inner” means that there is a bounded surjection of «7-algebras & {r ' X} —
&/’ (inducing a residue norm on &’ that is equivalent to the given one) such that
| Xl < rj for all j. (Geometrically, this says that a point 2’ € #(</") lies in
the relative interior precisely when there is a closed immersion of .Z(<7’) into the
product of .Z (<) and a closed polydisc of polyradius r such that 2’ avoids the
boundary of the polydisc.)

The complement of Int(.# (")) # (<)) in M (/') is the relative boundary of
M) over M (<); it is denoted O(A ()] M ().
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EXERCISE 4.5.3. Prove that Int(.# (")) # (<)) is open in . (</").

EXAMPLE 4.5.4. We give several (non-obvious) examples to illustrate the in-
terest in the concepts of relative interior and relative boundary.

(1) f U C # (&) is an affinoid subdomain with associated coordinate ring
<ty then Int(A () [ # (7)) is the topological interior of U with respect
to M ().

(2) The “naive” version of the Maximum Modulus Principle is trivially true
on the compact Hausdorff space .#(/): for any f € & the continuous
R-valued function = — |f(x)| on .# (<) attains a maximal value. Less
evident is that the maximum must be attained on the relative boundary
O(A(f) ] A (k)) when o/ has no factor rings that are k-finite (which
ensures that the relative boundary meets every connected component). In
general the maximum is attained on a certain distinguished finite subset
(called the Shilov boundary) that is independent of f (and lies in the
relative boundary when &/ has no factor rings that are k-finite).

(3) If & — &’ is a morphism of k-affinoid algebras then the relative boundary
(M ()] A (7)) is empty if and only if &/ — &7’ is finite and (as is
automatic when k has nontrivial absolute value) has closed image whose
subspace and residue norms are equivalent.

(4) Let & be a k-affinoid algebra, and & — & and £ — &’ be two mor-
phisms of k-affinoid algebras. Let & — @’ be a bounded %-algebra map.
We say that this latter map is inner with respect to 4 if there is a bounded
surjection of «7-algebras

Bir X} - o
inducing the quotient topology and such that the map
M) — M) C M (B XY})

lands inside of the locus of points | - | satisfying |X,;| < r; for all j. One
can show that this property (which motivates the terminology “inner”)
is equivalent to the condition that .#(</') — #(</) lands inside of
Int(A ()] M (B)).

The theory of the relative boundary (especially when it is empty) will under-
lie the theory of properness in the final lecture, where properness will be defined
essentially as the condition “topological properness and the absence of a relative
boundary”.

5. Berkovich spaces I1

In this final lecture we discuss sheaf theory on .#(</) and then globalize to
define k-analytic spaces (also called Berkovich spaces). We also discuss the rela-
tionship between k-analytic spaces and rigid-analytic spaces (when k has nontrivial
absolute value), and we briefly address the theory of étale maps. We also mention
some elegant concrete applications of Berkovich’s theory.

5.1. Globalization revisited. To make .# (<) into an object that globalizes,
we have to define its “structure sheaf” in a manner that makes sense to evaluate
on affinoid subdomains, which are generally closed sets that are not open (with
respect to the compact Hausdorff topology on .# (<7)).
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Consider a quasi-compact and separated rigid space X. This can be de-
scribed by gluing together finitely many affinoids Sp(4;) along affinoid open over-
laps Sp(A;;). If we try to carry out the same gluing topologically with the spaces
A (A;) and their affinoid subdomains .#(A;;), the resulting topological space X
will be compact and Hausdorff, but there may be points x € X around which no
M (A;) is a neighborhood in X. However, if Vi = #(4;,),...,Vn, = #(A;,) are
the .#(A;)’s that contain x then the V;’s are compact Hausdorff subsets of X such
that € NV; and UV} is a neighborhood of x in X. In general, a Berkovich space
will be a kind of “structured” locally Hausdorff space X such that each = € X has
a neighborhood of the form V; U---UV,, with z € NV}, each V; compact and Haus-
dorff, and the V;’s endowed with “compatible k-affinoid structure” (with respect to
the overlaps V; N'V}/). To axiomatize the properties of such collections of V;’s, we
shall use the following notion.

DEFINITION 5.1.1. A quasi-net on a locally Hausdorff topological space X is
a collection 7 of compact Hausdorff subsets V' C X such that each x € X has a
neighborhood of the form UV; for finitely many V; € 7 with x € NV;.

EXAMPLE 5.1.2. The (local) finiteness aspect of quasi-nets is the key reason
why they can provide a workable substitute for usual coverings by open sets. A
suggestive topological example to keep in mind (though not logically relevant to k-
analytic geometry) is the closed unit disk X in C decomposed into a finite union of
non-overlapping closed sectors V;. The most interesting points x from the viewpoint
of being a quasi-net are the points on edges where two sectors meet, and especially
the center of the disk.

To define the gluing process for imposing a k-analytic structure on a topological
gluing of .# (A)’s along affinoid (or more general kinds of) overlaps, we cannot work
within the framework of ringed spaces because the building blocks of the theory will
be compact subsets rather than open subsets. The following definition introduces
the replacement for the structure of a ringed space.

DEFINITION 5.1.3. Let X be a locally Hausdorff topological space. A k-affinoid
atlas on X is the data consisting of a quasi-net 7 on X such that

(1) foral DU € 7, {V €7|V CUNU'} is a quasi-net on U N U’ (think of
the collection of all affinoid subdomains in a rigid space as a motivating
analogy),

(2) to each V € 7 there is assigned a k-affinoid algebra <, and a homeo-
morphism V' =~ .#(a#,) such that if V! € 7 and V/ C V then V' is a
k-affinoid subdomain of .#(<#,) with coordinate ring <%, (as a Banach
s -algebra).

The triple (X, o7, 7) is a k-analytic space. If all @4, are strictly k-analytic then this
triple is called a strictly k-analytic space.

EXAMPLE 5.1.4. Let & be a k-affinoid algebra. Letting X = .# (/) and letting
T be the collection of k-affinoid subdomains (with V' — 4, the usual assignment
of coordinate rings to such subsets), we get a k-analytic space. If we instead take
7 = {X} with &x = & then we get “another” k-analytic space. Clearly we want
to consider these two k-analytic spaces to be naturally isomorphic (and to call
these kinds of k-analytic spaces the k-affinoid spaces). If o7 is a strict k-affinoid
algebra then we can take 7 to be the collection of k-affinoid subdomains with strict
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coordinate ring, and this also should give rise to a k-analytic space that is naturally
isomorphic to the other two. Making this idea precise requires defining the concept
of morphism of k-analytic spaces.

Because we are not working with sheaves of rings on the underlying topolog-
ical space X, we cannot easily pass to the sheaf language so as to hide the atlas
as is possible in differential geometry. Thus, the definition of morphism (and in
particular, isomorphism) between k-analytic spaces is rather subtle (in comparison
with the definition of a morphism of ringed spaces). Rather than give the defi-
nition of a morphism of k-analytic spaces, we shall describe how one constructs
morphisms in practice. Suppose that (X, .o, 7) and (X', 2’,7") are two k-analytic
spaces and ¢ : X’ — X is a continuous map such that for all V' € 7/ and V € 7 with
V' C ¢~Y(V) there is given a compatible k-Banach algebra map @4, — @, that is
transitive in the pair (V,V’). This data defines what is called a strong morphism
(X', o', 7") — (X, o, 7), and more general kinds of morphisms can be defined by
a gluing process at the level of affinoids in the quasi-net and their affinoid subdo-
mains. The key point is that to construct the most general morphisms that one
wants to have, it is necessary to define a calculus of fractions to formally invert
certain kinds of strong morphisms, much as one does (with quasi-isomorphisms of
complexes) in the theory of derived categories. We omit the details, and instead
present the key example of the kind of strong morphism that has to be “inverted”,
corresponding to the formation of a maximal atlas in differential geometry:

EXAMPLE 5.1.5. Let (X, o, 7) be a k-analytic space. Let 7 be the set of V' C X
such that V' is a k-affinoid subdomain in .#(e#,/) = V' for some V' € 7 containing
V. Up to unique isomorphism there is a unique k-affinoid atlas structure (X, .o, 7)
extending (X, .o, 7). Let T be the collection of compact Hausdorff subsets W C X
such that W is covered by a finite collection of W; € 7 such that

(1) W,nW; €7 for all ¢ and j,

(2) the natural map & W,i@kEWJ —» ngWj is a surjection inducing a
residue norm equivalent to the given norm on the target (this norm con-
dition is automatically satisfied if k& has nontrivial absolute value),

(3) the k-Banach subalgebra fg,(?{W} C [[“w, consisting of elements with
the same image under both (continuous) maps [], &w, = IL,; 9winw;
is k-affinoid, and the canonical map of sets W — J/{(,Q/{Wi}) is a homeo-
morphism identifying each W; C W with a k-affinoid subdomain having
coordinate ring EW]. as a Banach s/z{?{Wi}—algebra.

It can be shown that ZJ{W%} only depends on W (and so is independent of the
choice of {W;}) up to norm equivalence; in particular, if W € 7 then this k-Banach
algebra is naturally isomorphic to the originally given «y,. Thus, we may and do
erte MW to d denote this k-affinoid algebra for general W as above The assignment
o W s dy for W € 7 is a k-affinoid atlas, and so (X, o ,7) is a k-analytic
space. The canonical strong morphism (X, .o, 7) — (X,E,T) is an isomorphism
of k-analytic spaces (with respect to the correct definition of morphism, which
essentially creates inverses for maps of this type). The sense in which this procedure
is like the formation of a maximal atlas in differential geometry is that 7=7and
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o/ = of. For this reason, (7, ZJ) is called the mazimal k-affinoid atlas on the given
k-analytic space.

In the definition of k-analytic spaces as a category (including morphisms), one
can consider the category obtained by using only strictly k-analytic affinoids in the
data of 7, 7, and 7. This is the (sub)category of strictly k-analytic spaces, and
it is a natural category of interest when promoting a rigid-analytic space to a k-
analytic space in a functorial manner. Likewise, if K/k is an extension of complete
fields endowed with compatible absolute values then we can define the notion of a
morphism from a K-analytic space to a k-analytic space by using maps of k-Banach
algebras & — % from a k-affinoid algebra to a K-affinoid algebra (over k — K)
and the associated maps of topological spaces .# (%) — . (</). In this way, we
can consider as a single category all K-analytic spaces for all K/k with a fixed k,
and morphisms induce continuous maps on underlying topological spaces. There is
nothing like this in rigid-analytic geometry for infinite-degree extensions K/k.

It is not obvious that a pair of strictly k-analytic spaces cannot admit a mor-
phism as k-analytic spaces that is not already a morphism in the subcategory of
strictly k-analytic spaces, since going outside of the strictly k-analytic category per-
mits the possibility of gluing morphisms between non-strict affinoids that “cover”
the spaces. It is a recent (hard) theorem of Temkin that the category of strictly
k-analytic spaces is in fact a full subcategory of the category of k-analytic spaces
(i.e., one gets no new morphisms between strictly k-analytic spaces by viewing them
as merely k-analytic spaces). Thus, we do not need to distinguish these two kinds
of morphisms when working with strictly k-analytic spaces.

An interesting class of k-analytic spaces is those for which every point admits
an affinoid neighborhood. This will include the k-analytic spaces associated to
arbitrary algebraic k-schemes, but it does not include the k-analytic spaces that
one obtains from arbitrary quasi-compact and (quasi-)separated rigid spaces (by a
process to be described later). Thus, this class of k-analytic spaces (which were
the only ones considered in [Berl]) are rather special and not sufficient for the
purposes of using Berkovich’s theory to study questions in rigid-analytic geometry.
Nonetheless, these special spaces do play an important role in the theory (e.g., in
the definition of properness, to be given later), and so they deserve a name:

DEFINITION 5.1.6. A k-analytic space (X,.o,7) is good if every x € X has a
neighborhood V' with V € 7 (i.e., V is an affinoid neighborhood of z in the sense
of the “maximal” atlas).

EXAMPLE 5.1.7. In Berkovich’s theory there is a natural analytification functor
from algebraic k-schemes to k-analytic spaces (characterized by a universal mapping
property similar to the case of rigid-analytic geometry, to be discussed later), and
the k-analytic spaces obtained from algebraic k-schemes are always good spaces. In
contrast, we will later also discuss a natural functor from (certain) rigid-analytic
spaces to k-analytic spaces, and the output of this construction can fail to be good.

For a quasi-compact and quasi-separated rigid space X, it is a difficult matter
to describe in rigid-analytic terms when the associated k-analytic space X (in the
sense of Example 5.2.3) is a good space; see Example 5.2.4 for a simple example
for which X?" is not good. In proofs of “local” theorems for k-analytic spaces,
it is typical to first settle the affinoid case, then the good case, and finally (by
appropriate gluing arguments with quasi-nets) the general case. In [Ber2] the
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more general (i.e., possibly not good) kind of k-analytic spaces as defined above
was introduced.

In order to explain how to associate a k-analytic space to an algebraic k-scheme
or to a (reasonable) rigid-analytic space, and more generally to work with k-analytic
spaces, we need to define an analogue of the admissible open subsets within a rigid
space. These distinguished subsets of a k-analytic space are rarely open, and so we
need to use a terminology other than “admissible open”:

DEFINITION 5.1.8. Let X = (X, &/, 7) be a k-analytic space. A k-analytic
domain in X is a subset Y C X such that for all y € Y there exists V,...,V, € T
with y € NV} and UV} a neighborhood of y in Y (in particular, V; C Y for all j).

EXAMPLE 5.1.9. If Y is a k-analytic domain in X = (X, o, 7) then the assign-
ment Y/ — ZJY/ for Y’ in the quasi-net 7NY on Y naturally gives Y a structure
of k-analytic space with respect to which a morphism X’ — X of k-analytic spaces
factors through Y C X set-theoretically if and only if it does so as k-analytic spaces
(in which case such a factorization is unique). This is the analogue of endowing an
admissible open subset of a rigid space with a natural structure of rigid space. Any
open subset of X is a k-analytic domain, but many interesting k-analytic domains
(such as the affinoid ones) are generally not open.

5.2. Fiber products, analytification, and the G-topology. By using k-
analytic domains, one can glue k-analytic spaces and morphisms between them
in a manner similar to what is done with ringed spaces. Here are some basic
and important examples of this gluing process (which we will not formally define,
because it is a bit lengthy to explain due to the role of quasi-nets for spaces that
are not good).

ExaMPLE 5.2.1. Let us explain fiber products and extension of the base field.
First we consider the affinoid case. For a pair of morphisms & = &', .&" of k-
affinoid algebras we get a k-affinoid algebra o7’ ® .27, and for an analytic extension
field K/k (i.e., one with compatible absolute value with respect to which it is
complete) we get a K-affinoid algebra &% = K®;.«/. The natural morphisms of
k-analytic spaces A (/'@ /") = M ("), 4 (/") have the same composition to
M (), and this makes .# (/'® /") into a fiber product .4 (/") X () (")
in the category of k-analytic spaces. (The verification of this rests on the ability to
uniquely determine and define morphisms from a k-analytic space by specification
of the morphism on a suitable covering by affinoid k-analytic domains.) Likewise,
the natural morphism (%) — A (/) from a K-affinoid space to a k-affinoid
space serves as a fiber product .# (%) x 4 #(K) in the category of analytic
spaces over arbitrary analytic extension fields K’/K. This latter extension of the
ground field functor is naturally transitive with respect to further extension of the
base field.

These constructions in the affinoid case can be uniquely globalized to define
fiber products of arbitrary k-analytic spaces and extension of the ground field func-
tors for any K /k. Moreover, the formation of fiber products of k-analytic spaces is
naturally compatible with any extension of the ground field. We omit any discus-
sion of the details, except to make several remarks. First, the gluing process in these
globalizations is a bit more involved than the analogous kind of gluing used in the
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case of schemes (though it follows a similar strategy), and fiber products are well-
behaved with respect to k-analytic domains: for a pair of maps X', X" = X of k-
analytic spaces and a compatible collection of k-analytic domains Y C X, Y’ C X',
and Y” C X", the natural map Y’ xy Y” — X’ x x X" is a k-analytic domain. The
other aspect we wish to emphasize is that the topological space | X’ x x X"| has
more subtle behavior than that of fiber products of complex-analytic spaces. As for
schemes, the natural map |X' xx X"| — [X'| x| x| |X"] is generally not bijective
(even if k is algebraically closed), essentially because of the nature of completed
tensor products of analytic extension fields of k&, but this map is a proper surjection
of topological spaces (ultimately because of the k-affinoid case); recall that a map
of topological spaces is proper if it is separated (i.e., has diagonal that is a closed
embedding) and universally closed. Moreover, a point in X’ xx X" can fail to
have a base of neighborhoods of the type Y’ xy Y for k-analytic domains Y C X,
Y CXY"CX" (evenif X =Y = .#(k)).

The notion of a closed immersion between k-analytic spaces can be defined in
a manner that is similar to the rigid-analytic case (though the definition is a little
more involved for spaces that are not good). In particular, closed immersions of k-
analytic spaces are closed embeddings on topological spaces. Applying this concept
of closed immersion to diagonal maps, we can define the notion of separatedness
for a morphism f : X’ — X of k-analytic spaces. Beware that, unlike for schemes,
a diagonal map with closed image need not be a closed immersion. (For example,
there are compact Hausdorff k-analytic spaces X that are not separated over . (k).
Any quasi-compact and quasi-separated rigid space that is not separated gives rise
to such an X, by the procedure in Example 5.2.3 below. The distinction between the
Hausdorff condition and separatedness is due to the distinction between topological
fiber products and k-analytic fiber products, as well as to the fact that diagonal
maps for k-analytic spaces can lack a kind of “immersion” property that they always
have in the categories of schemes and complex-analytic spaces.)

EXERCISE 5.2.2. Let f : X’ — X be a map of k-analytic spaces, and let
Ay : X" — X' x x X' be the diagonal. Prove that the induced map |f| : | X'| — | X]|
on underlying topological spaces is separated (in the sense that its relative diagonal
is a closed embedding) if and only if the preimage under |f| of a Hausdorff subset
of | X| is Hausdorff. (Hint: k-analytic spaces are locally Hausdorff, and the natural
map | X' xx X'| — |X'| x|x||X’| is a proper surjection of topological spaces.) Also
prove that if f is separated then |f| : |X’| — | X| is separated. In particular, if X
is separated over .# (k) then |X| is Hausdorff. The converse is false.

ExAMPLE 5.2.3. The relations between k-analytic spaces, algebraic k-schemes,
and rigid-analytic spaces over k go as follows. First assume that k& has a nontrivial
absolute value. For any quasi-compact and quasi-separated rigid space X over k, we
can describe X in terms of gluing of finitely many k-affinoids along quasi-compact
admissible opens. By choosing a finite (necessarily admissible) covering of each of
these quasi-compact overlaps by affinoid opens, we have a gluing description of X
in terms of finitely many k-affinoid spaces and affinoid subdomains.

This can be carried over to the k-analytic category, and it yields a compact
Hausdorff strictly k-analytic space X2 that is called the analytification of X (in the
sense of k-analytic spaces). The underlying set of X is the set of points x € X2 such
that [2Z(z) : k] < oo (ultimately because of the affinoid case). This construction is
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independent of the choice of the covering, and it can be made into a functor from
the category of quasi-compact and quasi-separated rigid spaces to the category of
compact Hausdorff strictly k-analytic spaces. Spaces of this latter type may fail
to be good! (See Example 5.2.4.) This is why the good spaces (the only ones
considered in [Berl]) are inadequate for a satisfactory general theory.

The functor X ~» X" from quasi-compact and quasi-separated rigid spaces
to compact Hausdorff strictly k-analytic spaces is an equivalence of categories, and
it is compatible with the formation of fiber products and extension of the ground
field. A map f: X’ — X between quasi-compact and quasi-separated rigid spaces
is a closed immersion if and only if f?" is a closed immersion, and so applying this
to diagonal maps gives that f is separated if and only if f*" is separated. Thus, if
X is a quasi-compact and quasi-separated rigid space that is not separated (such as
a gluing of a closed unit disk to itself along a proper subdisk) then X3 is a strictly
k-analytic space that is compact and Hausdorft but not separated (over .Z(k)).

This procedure can be carried out without quasi-compactness of the spaces,
provided that we impose a local finiteness condition on both sides. We thereby get
an equivalence of categories between the category of quasi-separated rigid spaces
admitting a locally finite (for the Tate topology) admissible covering by affinoid
opens and the category of paracompact Hausdorff strictly k-analytic spaces. There
is also a natural analytification functor from algebraic k-schemes to strictly k-
analytic spaces (compatible with fiber products and extension of the base field),
and this is compatible with the analytification functors from algebraic k-schemes
to rigid spaces over k and from (suitable) rigid spaces over k to strictly k-analytic
spaces.

EXAMPLE 5.2.4. Assume that k£ has nontrivial absolute value and consider the
admissible open locus

{(t,¢) e BE| |t = 1} U{(t,¥') € BY||t'| = 1} € B}

that is a union of two affinoid subdomains and is the complement of the open unit
polydisc. The associated k-analytic space 2" is a k-analytic domain in .Z (k(t,t'))
that is not good. More specifically, the Gauss point £ of # (k(t,t')) lies in 2~
and does not admit a k-affinoid neighborhood in Z". One way to justify this is
to use Temkin’s theory of reductions of germs of k-analytic spaces. To briefly
explain how this goes, we first note that the specialization morphism in Example
3.3.13 can be generalized to the context of k-analytic spaces, in which case the
map of sets sp : Xi" — X for an admissible formal R-scheme X will typically
have image containing non-closed points in X. In general, if x € X{" is a point
with associated specialization € X then Temkin’s theory shows that z admits a
k-affinoid neighborhood in X3 if and only if the Zariski closure of T in X,eq has
normalization S that is proper over an affine k-scheme of finite type (or equivalently,
for which I'(S, &) is finitely generated over k and S — Spec(I'(S, Os)) is proper).
In the above example we take X to be the complement of the origin in Spf(R{¢,t'}),
S0 X eq is the complement U of the origin in A%. For x = £ we have that T €
Xiea = U is the generic point, so £ has no k-affinoid neighborhood in 2" because
I'(U, 6y) = k[t, '] and the inclusion U — Spec(k|[t,']) is not proper.

EXAMPLE 5.2.5. Assume that k has nontrivial absolute value and let X =
A (K(T)) and U = X —{&}, where £ is the Gauss norm. These are both paracompact
Hausdorff strictly k-analytic spaces, and under the fully faithful functor from such



5. BERKOVICH SPACES II 51

k-analytic spaces into the category of rigid-analytic spaces over k we get that the
associated rigid spaces Xy and Uy are as follows: Xg = B,lC and Up is a disjoint
union of “twisted” open unit discs labeled by the closed points of Afllg. (If k is
algebraically closed then Uy is a disjoint union of ordinary open unit discs.) Thus,
although U — X is an open immersion, the corresponding map Uy — Xy is a
bijective local isomorphism that is not an isomorphism: this rigid-analytic map
identifies Uy with the disjoint union of the “open residue discs” for B}, (which are
a non-admissible cover of B}). This gives a rigid-analytic interpretation for the
operation of removing the non-classical point € from the space .Z (k(T)).

EXERCISE 5.2.6. Let X be a quasi-compact and quasi-separated rigid space.
What rigid-analytic conditions on X are equivalent to the property that the asso-
ciated k-analytic space X" is good? This is a difficult exercise.

REMARK 5.2.7. A remarkable feature of k-analytic spaces is that they have
very nice topological properties. For example, a k-analytic space is locally path-
connected (so it is connected if and only it is path-connected!), and the topological
dimension (in any of the usual senses of topological dimension theory) is bounded
above by the analytic dimension (defined in terms of coordinate rings of affinoid
subdomains). This relation with topological dimension theory is extremely useful
in the study of étale cohomology for analytic spaces, where there is an interesting
spectral sequence that relates étale cohomology of an étale sheaf to topological co-
homology of the underlying topological sheaf and Galois cohomology for the stalks
at the the residue fields of points of the space. Coupled with bounds on the cohomo-
logical dimension of such fields, one gets vanishing results in étale cohomology via
vanishing results in topological sheaf theory (using topological dimension theory).

On k-analytic spaces X = (X, &/, 7) we can use k-analytic subdomains to
define a G-topology that is analogous to the Tate topology on rigid-analytic spaces.
The objects of the G-topology on X are the k-analytic subdomains Y C X, and a
covering {Y;} of such a Y by k-analytic subdomains of X is a set-theoretic covering
with the “quasi-net” property that each y € Y has a neighborhood in Y of the
form Y;, U---UY;, with y € N;Y;,. This encodes the local finiteness property of
admissible coverings in rigid-analytic geometry. We write X to denote X endowed
with the G-topology. There is a unique way to define a sheaf Ox, : Y — 4 on
the G-topology of X such that for all V' € 7T it recovers the coordinate ring <%, of
the k-affinoid subdomain V. This is what underlies the procedure by which every
k-analytic subdomain Y C X naturally acquires a structure of k-analytic space
such that it satisfies the set-theoretic mapping property that a morphism X’ — X
factoring through Y set-theoretically uniquely does so as k-analytic spaces. When
we restrict the sheaf 0x, on the G-topology to the collection of open subsets of X
then we get a sheaf of k-algebras &'x on the topological space X. The pair (X, Ox)
is a locally ringed space that is functorial in the k-analytic space X.

If X is not a good space then it is difficult to work with the stalks Ox , when
x lacks an affinoid neighborhood. This is the reason why flatness is a difficult
concept to work with for general morphisms between k-analytic spaces. (In fact,
there are examples of flat maps &/ — &’ between non-strict k-affinoid algebras such
that K&/ — K®po/' is not flat for some infinite-degree extension K/k! This
is related to the existence of coordinate rings of “curves” such as k{(r—1X,rX 1)
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whose associated topological space consists of a single point but which become 1-
dimensional after a sufficiently large extension of the base field.) Often one studies
“local” problems by first treating the good case (where Ox , and its residue field can
be computed using an affinoid neighborhood and so have some nice properties), and
then bootstrapping to the general case by gluing arguments. For example, building
up from the affinoid case (with Kiehl’s theory of coherent sheaves in the strict case)
permits one to construct a satisfactory theory of coherent sheaves on X and on the
locally ringed space (X, @x ). An important example of a coherent sheaf is ch Ve
on X for any map of k-analytic spaces f : X — Y (and Qﬁ(/y on (X,0x) if X
and Y are good). This sheaf of relative 1-forms is defined in terms of the coherent
ideal sheaf of the relative diagonal in the separated (e.g., affinoid) case, much like
in the case of schemes, and it is defined in general by a gluing procedure.

If X is a good k-analytic space then the categories of coherent sheaves on
X¢ and (X, Ox) are naturally equivalent. In general, the theory of coherence
underlies the theory of finite morphisms (using coherent sheaves of algebras), and
the coherent sheaf Qﬁ(c /Yo underlies the theories of smooth and étale morphisms
of k-analytic spaces. The definition of a finite morphism in general (for spaces that
are not necessarily good) illustrates how to work pointwise and to bootstrap from
the affinoid case via quasi-nets, so let us give this definition.

DEFINITION 5.2.8. A map f : X’ — X of k-analytic spaces is finite if, for all
x € X, there exist k-affinoid subdomains V1,...,V;, € X such that UV} is a neigh-
borhood of z in X, x € NV}, and each Vj’ = f~1(V;) C X' is a k-affinoid subdomain
in X" with .o, — d‘}j, a finite map of Banach ./, -algebras such that sz’j, has its
norm equivalent to the natural one induced by the finite .4, -module structure (this
final condition being automatic when k has nontrivial absolute value).

REMARK 5.2.9. The requirement on the pairs (V;,V/) in the preceding def-
inition can be shown to be satisfied by the pair (V, f~1(V)) for any k-affinoid
subdomain V' C X when f: X’ — X is a finite morphism.

Let us now illustrate the power of k-analytic spaces to give an intuitive proof
of a fact in rigid geometry that is difficult to prove within the framework of rigid
geometry. Assume that k& has a nontrivial absolute value, and let A be a strict
k-affinoid algebra. Let X = Sp(A) and Z = Sp(A/I) for an ideal I C A. Let
U C X be an admissible open subset such that Z C U. Finally, let {f1,..., fo} be
a set of generators of I. I claim that for some € > 0 (with ¢ € /|k*]), the “tube”
{Ifil < e,...,|fn] < €} around Z is contained in U. This can be proved by the
methods of rigid geometry, but the only proof along such lines which I know is long
and complicated. A short proof was given by Kisin via Raynaud’s formal models,
but let us now give an appealing short proof via Berkovich spaces. Without loss of
generality we can assume that the open subset U is quasi-compact, so it is a finite
union of rational domains in X by the Gerritzen—-Grauert theorem. Thus, U*" is a
k-analytic domain in X®". The space X?" is compact Hausdorff, so the decreasing
collection of neighborhoods N. = {|f;| < €} of the closed set Z*" = {f; = 0} =
NN must be cofinal. Thus, it suffices to show that U?" is a neighborhood of Z?" in
X2, Since U is a (possibly non-affinoid) k-analytic domain in X", by the global
theory of the relative interior (which we have only discussed for morphisms between
affinoid spaces, but can be developed for morphisms between any pair of k-analytic
spaces) it follows that the topological interior int xan (U?") of U?" in X?" is equal to



5. BERKOVICH SPACES II 53

the relative interior Int(U?"/X?"). But the closed immersion Z*" — X®" is a finite
map, so Z*" = Int(Z**/X?"). There is a general transitivity property of relative
interior with respect to a composition of morphisms, and applying this in the case
of the composition Z2" — U — X?" yields
79 = Int(Z°"/X™) = Int(Z*/U™) N Int(U™ /X ")
C Int(U*"/X2M)
= intxan (U™),

N

as desired.

5.3. Proper and étale morphisms. Another interesting application of k-
analytic spaces within rigid geometry is in the theory of properness. Recall that
although proper morphisms between rigid spaces do enjoy properties as in algebraic
and complex-analytic geometry (such as coherence of higher direct images, and the
theory of cohomology and base change), such maps are not as easy to work with;
for example, it is not at all obvious that properness is preserved under composi-
tion. However, this latter problem was solved by Temkin by comparison with the
definition of properness for k-analytic spaces. The key definition is as follows:

DEFINITION 5.3.1. A map f : X’ — X of k-analytic spaces is proper if the map
|f] : |X'| — |X| on underlying topological spaces is proper and for all morphisms
Y = # (o) — X from k-affinoid spaces the pullback Y’ = X’ x x Y is a good space
and the relative boundary 9(Y'/Y) is empty. (Since we have not defined the relative
boundary in a non-affinoid setting, let us at least give a concrete translation of the
condition that 9(Y’/Y) is empty: for any 3’ € Y’ and k-affinoid domain U’ C Y’
that is a neighborhood of 3/’ in the good space Y’, we have that 3’ lies in the relative
interior Int(U’/Y") as defined in our discussion of the affinoid theory.)

Roughly speaking, a proper map is one that is topologically proper and bound-
aryless in a relative sense; this is akin to the idea of a compact manifold. In the
setting of proper k-schemes and coherent sheaves on them, Serre’s methods can be
carried over to prove versions of the GAGA theorems for analytification in the sense
of k-analytic spaces. Also, a morphism of k-analytic spaces is finite if and only if it
is proper and has finite fibers (exactly as for schemes and complex-analytic spaces).

Elementary properties of the relative interior in the affinoid case ensure that
properness in the k-analytic category is stable under composition (and under base
change and change of the ground field). Thus, the following theorem of Temkin
elegantly disposes of the general problem of stability of properness under composi-
tion in rigid-analytic geometry (which was settled earlier by Liitkebohmert in the
discretely-valued case).

THEOREM 5.3.2. If k has a nontrivial absolute value then a map f: X' — X
between quasi-compact and separated rigid spaces is proper in the sense of rigid-
analytic spaces if and only if f*" is proper in the sense of k-analytic spaces.

We conclude by briefly discussing some aspects of the theory of étale maps in
the k-analytic category; this is exhaustively developed in [Ber2].

DEFINITION 5.3.3. A map [ : X’ — X of k-analytic spaces is (locally) quasi-
finite if, for all 2’ € X', there exist open subsets U’ C X’ around 2’ and U C X
around f(z') such that U’ C f~3(U) and f : U’ — U is finite. If moreover for
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every affinoid domain V' C U the affinoid pullback V' = V xy U’ has coordinate
ring that is flat over the coordinate ring of V' then f is called flat quasi-finite.

This definition of (local) quasi-finiteness is inspired by the local structure the-
orem for maps with discrete fibers between complex-analytic spaces, and it is very
different from the definition of quasi-finiteness in algebraic geometry; the Zariski
topology is too coarse to permit using a definition as above in the algebraic the-
ory. As a partial “justification” for the above definition of quasi-finiteness in the
k-analytic setting, we remark that if ¢ : 2”7 — 2 is a map between k-schemes of
finite type then it is quasi-finite (in the sense of algebraic geometry) if and only if
G L N Z7a0 is quasi-finite in the sense of the preceding definition. Likewise,
one has that ¢ is flat quasi-finite if and only if ¢*" is flat quasi-finite. If f : X' — X
is a flat quasi-finite map then for each z € X the fiber f~!(z) as an J#(z)-analytic
space has the form f~'(z) =[], #(%;) for H# (x)-finite algebras %;.

Flatness for a morphism of k-analytic spaces is generally a subtle matter, but for
quasi-finite maps it is not too hard to develop the theory of flatness via the definition
introduced above because such maps locally (on the source and target) are finite
maps, and so one can work algebraically with finite maps between coordinate rings.
For a general map of k-analytic spaces the condition of flatness in the sense of
ringed spaces is not a good notion.

DEFINITION 5.3.4. A map f : X’ — X between k-analytic spaces is étale if it is
flat quasi-finite and for each x € X the fiber f~!(z) as a J#(x)-analytic space is a
disjoint union of analytic spaces of the form .#(.%;) where J%; is a finite separable
extension field of 7 (z).

Etale maps are always open on underlying topological spaces, and an étale
cover is defined as in algebraic geometry: a collection of étale maps whose (open)
images cover the target space. Also, the property of being étale is preserved under
base change and change of the base field, and any X-map between étale k-analytic
spaces over X is necessarily étale. By using étale covers one can define an étale
topology on the category of étale objects over any k-analytic space. It can be shown
that all representable functors on the category of k-analytic spaces are sheaves for
the étale topology (proved in [Ber2] under a mild restriction).

Prior to the work of Huber and Berkovich there was some work by deJong
and van der Put [dJvP] on étale cohomology for rigid spaces, but the approaches
to étale cohomology via adic and k-analytic spaces have developed into theories
with a vast range of applicability, roughly paralleling the development for schemes
but with proofs that require many new ideas and exhibit an interesting interplay
between algebraic and analytic points of view. A notable feature of the theory
via k-analytic spaces, ultimately resting on the nice topological structure of k-
analytic spaces (especially the role of paracompactness in the theory), is that étale
cohomology with proper supports in the k-analytic theory can be defined exactly
as in ordinary topological sheaf theory (as opposed to the case of schemes, where
one has to bring in compactifications, which may not exist in analytic settings):
it is the derived functor of the functor of sections with proper support! There
are also comparison isomorphisms with étale cohomology in algebraic geometry via
the analytification functor, analogous to Artin’s comparison results for étale and
topological cohomology over C but resting on proofs that lead to simplifications
even in the classical case over C.
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