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First Lesson: Gaussian Integrals

Given the experience accumulated since Feynman’s doctoral thesis,
the time has come to extract a simple and robust axiomatics for func-
tional integration from the work done during the past sixty years, and to
investigate approaches other than the ones dictated by an action func-
tional.

Here, “simple and robust” means easy and safe techniques for comput-
ing integrals by integration by parts, change of variable of integration,
expansions, approximations etc ....

We begin with Gaussian integrals in R and R, and define them
by an equation which can be readily extended to Gaussians in Banach
spaces X.

2.1 Gaussians in R

A Gaussian random variable, and its concomitant the Gaussian volume
element, are marvelous multifaceted tools. We summarize their proper-
ties in Appendix C; in this section we present only properties leading to
volume elements of particular interest in functional integrals.

2.2 Gaussians in RP

Let

Ip(a) = /IRD dz exp(—g |x\2) for a >0, (2.1)
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D . . .
with do := dz' - - - dz? and |z|* = Y (x3)2 = 0;;2°2’. From elementary

calculus, one gets

Ip(a) = aP/?. (2.2)

0 if O0<ax1
Io(a) = 1 a=1 . (2.3)

00 1<a

Clearly an unsatisfactory situation; it can be corrected by introducing a
volume element D,x scaled by the parameter a as follows:

1
Dam = mdfﬂl s de (24)

The volume element D,x can be characterized by the integral
T2 / /2
/ D,x exp(—f |z|” — 2mi (x ,x)) = exp(—aw || ) , (2.5)
IRD a

where 2’ is in the dual Rp of R”. A point z € RP is a contravariant
vector. A point 2’ € Rp is a covariant vector.

The integral (2.5) suggest the definition of a volume element dry,(x)
by the following equation:

/ dry(z) exp(—=2m {2, z)) := exp(—aﬂ' \x’|2) . (2.6)
RD
Here we can write
7r
da(a) = Daw exp( = [af*) (2.7)

but this equality is meaningless in infinite dimensions. However, the
integral (2.5) and (2.6) remain meaningful. We introduce a different
equality symbol, namely

L (2.8)

a qualified equality in integration theory; e.g.
drya(x) L D,z exp (—E|x\2> . (2.9)

a

are defined by the same integral.
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A linear map A : RP? — RP by
y=Ax, ie o =A 2 (2.10)

generalizes the quadratic form 5ijyiyj to a general positive quadratic
form

Q(x) = 5ij AZk Ajz .Z'k .Z'e = ng l‘k l‘z. (2.11)

Therefore a linear change of variable in the integral (2.5) can be used
for defining Gaussian volume element dyg with respect to the quadratic
for (2.11). We begin with the definition

T 2
/ DayEXP(_* ly[* — 2m <y’,y>) = exp(—a7r '] ) - (212)
IRD a
Under the change of variable y = ax,

Doy =a P2dy* Ao AdyP

becomes
Dygr = aP/2det Adx' A -+ A daP
= |det Q/a|1/2 dat - daP. (2.13)
The change of variable
yj = 2B}, (2.14)
defined by
,y)= (', 2), ie. yjy =iz’ (2.15)
implies
BLAY, =6 (2.16)

Equation (2.12) now reads
T / /
/ D, ox exp(—fQ(x) —2m (x ,x)) :=exp(—arW(z")), (2.17)
IRD a
where
W) = 6”9529623’236,
= xha, Wk (2.18)

Wkt on Rp can be said to be “the inverse” of Qs on RP because the
matrices A and B are inverse of each other.
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In conclusion, in RP, the gaussian volume element defined in (2.17)
by the quadratic form aW is

dy, o(x) = Dagz- eXP<—§Q(fU)) (2.19)
. 1/2
= dz'... dzP (g,% Qake) exp(—gQ(x)) . (2.20)

Remark: The volume element D,x has been chosen so as to be without
physical dimension. In Feynman’s dissertation, the volume element Dx
is the limit for D = oo of the dicretized expression

D = [ [ da(t:) A7 (5t:). (2.21)

The normalization factor was determined by requiring that the wave
function for a free particle of mass m moving in one dimension be con-
tinuous. It was found to be

A(6t,) = (2mhdty /m)"/? . (2.22)

A general expression for the absolute value of the normalization factor
was determined by requiring that the short time propagators be unitary.
For a system with action function S, and paths taking their values in
an n-dimensional configuration space,
1/2
|A(dtr)| = (ilbe;c D2S(xH (tpy1) 2" (tr)) JOz" (tpy1) Ox” (tr) . (2.23)

The “intractable” product of the infinite number of normalization
factors was found to be a Jacobian later encountered by integrating
out momenta from phase space path integrals. Equation (2.5) suggests
equation (2.17) and equation (2.22) in which D, g(x) provides a volume
element obtained directly without working through an infinite product
of short time propagators.

2.3 Gaussian in Banach Spaces

In infinite dimensions one is often confronted with situations in which
() does not have a unique inverse, or with situations in which @ is de-
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generate. Therefore we shall make sense of the definition (2.17) without
introducing (2.14) the map B : X' — ¥Y”, inverse of A: X — Y. The
strategy is to exploit the properties of dual spaces. Let X be the domain
of integration of a functional integral; provided X is a linear space, one
can define its dual X', namely the space of linear maps on X. Let

A: X —-Y by Az=y,
linearly, and let A be the transpose of A defined by
A:Y' - X' by Ay =2
such that
<fly',x> = (y', Az) .
The matrix B : X’ — ¥ is replaced by A: Y’ — X'.

The defining equation (2.17) defines also the Gaussian volume element

dve.Qx L D, qx exp(—%@(m)) (2.24)

by its Fourier transform F~, ¢, i.e. by the quadratic form W on Rp.
Equation (2.17) has a straightforward generalization to Gaussian on a
Banach space X.

Definition

A Gaussian volume element dv, ¢ on a vector space X can be defined
by its Fourier transform:

/Xd%’Q(x) exp(—2m (2',z)) = exp(—anW (")) (2.25)

wheret X is a vector space, X’ its dual, and 2’ € X’; W is a quadratic
form on X', and @ a quadratic form on X. Set

W(x') = (2',Gx’), and Q(x)=:(Dz,x); (2.26)

W and @ are said to be inverse of each other when D and G are inverse
of each other

DG=1, GD=1. (2.27)

1 The label @ is introduced for later use. The quadratic form @ is not needed for
establishing the moment and the polarization formulae nor the diagram expansion
of a Gaussian integral.
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Previously we worked with dv, g where a is a positive number (2.24).
As long as the Gaussian is defined by its Fourier transform we can re-
place a by s € {1,i}.
So far, the Banach space X is thought of as a space of paths
T — MP (2.28)

But equations (2.25) and (2.27) remain valid when the variable of inte-
gration is a field 1) on R” with a euclidean or a minkowski signature.

¥ : RP — MP (2.29)

The volume element definition corresponding to (2.24) (2.25) can be
written

/ Dy exp(15(W) ~1(0)) = exp(FW()) = 2(7),  (230)

where 9 is either a self-interacting field, or a collection of interacting
fields. But the generating functional Z(J) is difficult to ascertain a
priori for the following reason. Let F(d—)) be the Legendre transform of
W(J):

e = L TW@) =WIW@) R D). (231)

Then I'(¢) is the inverse of W!(J) in the same sense as @ and W
are inverse of each other (2.24), but F(z/;) is the effective action which
has to be used for computing observables. If S(¢) is quadratic, the bare
action S() and the effective action I'(¢)) are identical, the fields do not
interact. But in the case of interacting fields, the exact relation between

bare and effective action is the main problem of quantum field theory
(see Chapters 7714, 7?15, 7716).

In this chapter we define a volume element on the space ® of fields ¢
by the equation

[D DQ¢>~exp(—gQ(¢>)) exp(—2m1 (J, ) := exp[—msW(J)], (2.32)
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or more conveniently dug by

A djc () exp(—2m (J,6)) = expl—msW ()] (2.33)

for a given @ and W inverse of each other, and exploit this definition.
As before the covariance G is defined by

W(J)=(J,GJ); (2.34)
it is the inverse of the operator D defined by
Q(¢) = (Do, 9); (2.35)

it is also the two-point function

S

5 Gl) = [ duc(6)ota) (o). (2.36)

We shall construct covariances in quantum mechanics and quantum
field theory on two simple examples.
In Quantum Mechanics:

Let D = —%; its inverse on the space X, of paths with two fixed
end points is
Gt,s) = O(s—1t)(t—tq)(ta—1ts) " (tp— )

—0(t—s)(t—tp) (ty —ta) " (ta—s). (2.37)
In Quantum Field Theory:

Let D = —A on RP; then

(2.38)

with a constant C'p equal to
D
r<2 — 1) /4nP/2, (2.39)

Notice that G(t,s) is a continuous function. G(z,y) is singular at the
origin for euclidean fields, and singular on the lightcone for minkowskian
fields. However, we note that the quantity of interest is not the covari-
ance (G, but the variance W:

W(J) = (J,GJ), (2.40)

which is singular only if J is a point-like source (J, ¢) = constant - ¢(z).
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2.4 Variances and covariances

The quadratic form W on X’ that characterizes the Fourier transform
Fs,q of the Gaussian which in turn characterizes the Gaussian v, ¢ is
known in probability theory as the variance, and (2.26) the kernel G as
the covariance of the Gaussian distribution. In quantum theory G is
the propagator of the system. It is also the “two-point function” since
(2.45) gives

s
/Xd%,Q (], 2) {xh, z) = %W(x'l,xé) (2.41)

The exponential exp (—s7W (z')) is a generating functional which yields
the moments (2.43) and (2.44) and the polarization (2.47). It has been
extensively used by Schwinger who considers the term (z’, ) as a source.

In this section, we work only with the variance W. In section ?73.4 we
work Gaussian volume elements, i.e. with the quadratic form @ on X;
i.e. we move from the algebraic theory of Gaussians (section 2.3) to their
differential theory, (section ?73) which is commonly used in physics.

Moments

The integral of polynomials with respect to a Gaussian volume element

follows readily from the definition (2.25) after replacing z’ by 5= 2/, i.e.
/ ds,q(z) exp(—c (2, x)) = exp(c?sW (2') /4r) . (2.42)
x
Expanding both sides in powers of ¢, yields
/ dvs,0(x) (x’,x)QnH =0 (2.43)
X
and
;o2n 20l (sW()\"
[ ot o = 2
2n! SA\" n\n
= — 2.44
27 (27r> W) (244)

Hint: W(z') is an abbreviation of W (z', z’), therefore n-th order terms
in expanding the r.h.s. are equal to 2n-th order terms of the L.h.s.
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Polarization. 1

The integral of a multilinear expression,

[ 0@ wha) - ) (2.4)
can be readily be computed; replacing &’ in the definition (2.25) by the

linear combination cia) + - - - + con x5, and equating the (¢1,ca, - -, capn)-
terms in both sides of the equation yields

[ @) e - e
X

1 S \™
= an! (%) ZW(JJ;NZ‘;?) ”'W(xgznfﬂx;zn) ? (2'46)

where the sum is performed over all possible distributions of the ar-

guments. However there are 2"n! identical terms in this sum since
W(xg,:z:; ) = W(x’- ,x'-_) and since the product order is irrelevant.
3 k U’

Finally
[ drsate) oz ah)
X
_ (%) Zw(xgl,xgz,)...W(x;%mmgw), (2.47)

without repetition of identical terms in the sum.

Example If 2n = 4, the sum consists of three terms which can be
recorded by three diagrams as follows. Let 1,2, 3, 4 designate «}, x4, 25, 2}
! ) then the sum

respectively, and a line from i; to 72 records W(xil,xgz

in (2.47) is recorded by the three diagrams.

Fig. 2.1. Diagrams
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Polarization.2

We anticipate on Chapter 77 and give a proof of the polarization formula
(2.47) in terms of @. i.e. we use the qualified equality

(@) £ Duql@) exp(-2Q()) (2.43)
where the quadratic form @) on X is defined as follows. Let
W(z') =: (a',Ga’) 2’ € X. (2.49)
Let D be the differential operator on X such that
DG =1x, and GD =1x (2.50)
and define
Q(z) :== (Dz,x) . (2.51)

The basic integration by parts formula
[Pt exo(-Zstw) S0
—/XDS’Q((E) exp <—2:S(x)> F(x) 5;“) (—QZS(CE))(Q.M)

yields the polarization formula (2.47) when

S(z) /era: (r). (2.53)
Indeed,
5;@):@( )= /dTDz(r) 5(r—t) *2£Dt:1:( ) (2.54)
When
F(z)=2x(t1) ... z(ty) (2.55)
then

?;Ef)) = ;5(75 —t)a(ty) . i(t) .. 2 (b)) (2.56)

The n-point function with respect to the quadratic action S = %Q is by
definition

Gnltr,. . tn /DSQ exp WQ( )) 2(t1)...x(ty)  (2.57)
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Therefore the Lh.s. of the integration by parts formula (2.52) is

[ Peta) exp (-Za(w) 1)

x(t)
Z (t—t;) Guor(tr, ..o by tn) (2.58)

Given (2.54) the r.h.s. of (2.52) is
/E%Q wp—Q@Dx@ﬂ“m@w(—iu%dﬂ)

2
= DG bty tn) . (2.59)
S

The integration by parts formula (2.52) yields a recurrence formula for
the n-point functions, G,,, namely

n

> 6t —ti) Gnoi(tr,- ot tn) (2.60)

i=1

2
?DthJrl(t, t1,... ,tn)

equivalently (replace n by n — 1)

2 A
%DMG (t1,...,t Zétlft nea(fry ety tn) . (261)

A similar recurrence formula exists for quantum field theory functional
integral; it is exploited in Chapter 7714 and generalized to actions which
are not quadratic.

Linear Maps

Let X and Y be two Banach spaces, possibly two copies of the same
space. Let L be a linear continuous map L : X — ¥ by z — y and
L: X' —Y ' byy — 2/ defined by

<iy’,x> =(y, Lx) . (2.62)

Then the Fourier transforms Fryx, Fvyy of Gaussians on X and Y re-
spectively satisfy the equation

Fryy = Fyxo L, (2.63)
i.e.
WY’ = WX/ [e) _Z/ (264)

The following diagram will be used extensively
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Fig. 2.2. linear maps

2.5 Scaling and coarse graining

In this section, we exploit the scaling properties of Gaussian volume
elements on spaces ® of fields ¢ on MP. These properties are valid
whether M P is a vector space with euclidean or minkowskian signature.
These properties are applied to the A — ¢* system in section ?716.2.

The Gaussian volume element p¢ is defined by (2.33) or (2.34). The
covariance G is the two-point function (2.36). Objects defined by the
covariance G include

e the functional Laplacian
A S/d/dG( ) o € {1,i}, (2.65)
= — x yG(x,y) ——————, S Jit, (2.
¢ 21 JRo RPD dp(x) 6 (y)
e convolution with volume element ug
(16 F)@) 1= | dno) Flo-+ ). (2.66)
e hence
1
g x F = eXp(2Ag) F, (2.67)

e the Bargmann-Segal transform

1
Bg = ug*x = exp<2Ag> , (2.68)
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e and the Wick transform
1
‘G = exp <—2Ag) . (2.69)

Scaling

The scaling properties of covariances can be used for investigating the
transformation, or the invariance, of some quantum systems under a
change of scale. The strategy consists of the following:

e Introduce an additional, independent scaling variable [. There are two
options for the domain of the scaling variable: { € [0, co[ or Brydges’s
choice [ € [1,00] together with [=! € [1,0].

e Use the new variable [ for constructing a parabolic scaling evolution
equation in [ satisfied by some quantum systems. Techniques devel-
oped for the time evolution of diffusion and Schrédinger systems can
be applied to scaling evolution equations.

The addition of an independent scaling variable does not affect the
symmetries of the system. For example, limiting the range of the inde-
pendent scaling variable does not affect the symmetries of the domain
of a field, be it euclidean or minkowskian.

The scaling operator S; acting on a function u of physical length
dimension [u] is by definition

Syu(z) == ﬂ%(%), z € R. (2.70)

A physical dimension is often given in powers of mass, length, and time.
Here we set h = 1, ¢ = 1, and the physical dimensions are physical length
dimensions. We choose length dimension rather than the more conven-
tional mass dimension because we define fields on coordinate space, not
on momentum space. The subscript of the scaling operator has no di-
mension.

The scaling of an interval [a, b[ is given by
b
Sy [a,b] = {;’5 e [a,b[} . ie. Sifa,b] = {a 2 [ (2.71)

By definition the (dimensional) scaling of a functional F' is

(SIF) (¢) = F(5:9) - (2.72)



14 First Lesson: Gaussian Integrals

We use multiplicative differentials which are scale invariant:
d*l = diJl (2.73)
% /dl = 10/l (2.74)

A covariance in minkowskian or euclidean space can be written

Glle—sl) = [ a*1Syulle—y). (2.75)
0
where [u] = [G] =2 — D. If G(Jz — y|) is given by,
G(lz—y|) = Cp/lz —y|/"~?

then the only requirement on w in the euclidean case is
/ k- EMu(k?) = Cp (2.76)
0

and in the minkowski case u(—k?) = i?~2u(k?). When a covariance is

the Green’s function of an operator, the normalization C'p is determined.

For example, if AG =1 and A =Y 9%/ (3xi)2,

I'(D/2)

Cp = (D—2)(2m)D/2

(2.77)

The domain of integration [0, oo of the scaling variable can be broken
up into a union of subdomains,
o0
[0,00[= [ J[2710,27 1], (2.78)
—0o0
which expresses the possibility of separating different scale contributions.
The corresponding decompositions of covariance is
+oo

G = Z Glaitg 24110 (2.79)

j=—o00

Here G(z,y) is a function of |z — y|, and we write simply G(|z —y|) =:
G(€); eq. (2.79) decomposes G into self similar covariances in the follow-
ing sense

Gap§) = [b[dXS-Ssu(é) (2.80)

= / S (d”s - Ssu(€)) (2.81)
Sila,b]
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b/l
= / d*s S, 12PN u(€/1)  using (2.70)
a/l

= PGl (€/1)  using (2.80). (2.82)

Henceforth the suffix G in the objects defined by covariances such
as pug, Ag, Bg, : ¢ is replaced by the interval defining the scale
dependent covariance; for example

Iftooo] = Hiio,d[ * Ht,00]- (2.83)

It follows from the definition (2.33) of the Gaussian volume element p¢
and the definition (2.34) of the covariance G, that a scale decomposition
of the covariance corresponds to a scale decomposition of the fields.
Indeed, if G = G1+Go then W = Wi +Wa, ug = e, * e, = 1a, * ey
and

A dic () exp(~2m1 (J, 8))
- / Ay (62) / A1, (1) exp(—2m (J, 61 + a))  (2.84)
P P

and ¢ = ¢1 + P2.

To the covariance decomposition (2.79) corresponds to the field de-
composition

“+o0
¢ = Z P2i1g,20+110] (2.85)

j=—o0
We also write

+o0
ox)= Y (o, ). (2.86)

j=—o00

2.5.1 Brydges coarse-graining operator P,

D. Brydges, J. Dimock, and T.R. Hurd introduced and developed the
properties of a coarse graining operator P, which rescales the Bargmann-
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Segal transform so that all integrals are performed with a scale indepen-
dent gaussian.

H = Sl/l() B[lo,l[ = Sl/lo .I'L[l(),l[* (287)

Some properties are valid only when [y = 1; we sometimes leave explic-
itly ly in equations where it is equal to 1 for clarity, and add cautionary
remarks such as “provided [y = 17.

Properties of the coarse-graining operator.

e P, obeys a multiplicative group property, provided [y = 1. Indeed
PlzPll = Plgh/lo' (288>

Proof

PLPy = Si,0k00a0 * (St jtoMitea]) *
Sl2/losll/lo (Mloll/l07l2ll/l0 * N[l(hll[) *
S@; M[lo laly [*

lp lo lo

O

e P, does not define a group because convolution does not have an in-
verse. Information is lost by convolution.

e Wick ordered monomials defined by (2.69) and in Appendix ??ID are
(pseudo) eigenfunctions of the coarse-graining operator.

P dvol(z) : ¢" () (19,00
MD

l n[¢]+4

— (l) dvol(x) : ¢™ () ‘[1,00] (2.89)
0 MPD

If the integral is over a finite volume, the volume is scaled down by

Si/1,- Hence we use the expression pseudo-eigenfunction.

Proof
P2 d™(@) tig,00] = Sij1oMio.1 * exp(—%A[l()’l[ng"(x))
%A[lo,l[ - %A[lg,oo[) ¢"(z)
= Sl/lo eXp(_%A[l,oo[) ¢"(x)

= exp(—%A[lmoo[) Siy1,8" (%)

= S, exp(
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nlg]
(3 l n lo
o(—g0n) (1) ')
l n[e] l
- o™ () oo (2.90)
lo l

Note that P, preserves the scale range. Integrating over x both sides of
(2.90) gives, after a change of variable 2 — 27, eq. (2.89) — including
the scaling down of integration when the domain is finite. O

The coarse-graining operator satisfies a parabolic evolution equation
in [.

loke .1 s .
<(‘3l -5 - 2277A> PF(¢)=0 (2.91)
where
. H* . 9>
S = il z:zOSl/lO and A= T l:loA[zo,z[. (2.92)
Explicitly
. 6)(
A(F(9) = dvol(z) dvol(y) —~|  Gpeu(lz —yl)
MD MD ol =1,
8°F (o)
— 2.93
So@oow %)
with
ox % l “
E l:loG[lo,l[(g) - E i d SSs/lo ’U,(f)
= u(f). (2.94)

Note that u is independent of the scale.

Remark Frequently u is labelled G, an abbreviation meaningful to
the cognoscenti.

Proof One computes %PZ at [ = lp, then one uses the semigroup
property (2.88) valid for I = 1 to prove the validity of the evolu-
tion equation (2.91) for all [ when Iy = 1. Starting from (2.87) the
definition of P;, one computes

(o * A) (6) = [} dpiy (1) A + ). (2.95)
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The functional Taylor expansion of A(¢ + 1) up to second order is
sufficient for deriving (2.91)

(Ko * A) (¢) =
/dﬂuo,z[(w) (A(¢) + %A”(qﬁ) -w¢+.-.> (2.96)
P

1 s
= A@) [ dugoa () + 3B AO) (297)
& i
where A, i1A(¢) is the functional Laplacian (2.65)
52 A(¢)
A[lo,l[ = /dVOl(CC) /dVOl(y) G[lo,l[ (x,y) m (298)
obtained by the ¢ integration in (2.96)
s
/d,u[lo,z[ (V) ¥(z) P(y) = 2*(;[10,1[ (z,y). (2.99)
P ™
Finally
9 (S x«A)(¢) =S+ 134 A(9) (2.100)
ol i /1o M lo 1] = 29 : .
O
The generator H of the coarse graining operator is defined by
aX
H:=—PF 2.101
a (2.101)
=lo
equivalently
P, =: exp liH (2.102)
0
The evolution operator (2.91) can therefore be written
0 . 1ls . 0
£ - -2A=% @ 2.103
ol S 2 27TA ol ( )
The generator H operates on Wick monomials as follows (2.89)
aX
H: ") 00 = —F:0"(x):
ol I=1o
9% /1 n[¢] lo
= — (= " ) o 2.104
7 () (7)o R

The second order operator H, consisting of scaling and convolution,
operates on Wick monomials as a first order operator.
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e Coarse grained integrands in gaussian integrals

(Bitg,001 A) = (Hftg,000, PLA) - (2.105)
Proof
(Biig,oopy A) = (Bit00]s Mitg.1] * A)
= {Htg,000s St/10 * Hito * A)
= <:u[l0,(>0[7 BA>
O

The important step in this proof is the second one,

Hit,00] = Mlo,00[S1/10;

eq. (2.105) is used in section ?716.1 for deriving the scale evolution of
the effective action.



