3
Selected Examples

3.1 Wiener measure and brownian paths
(Discretizing a path integral)

Let X be a space of continuous pointed paths z over a time interval
T = [ta, ts)

z: T — R by t— x(t) (3.1)
xz(tg) =a forevery xz€ X, tpeT '
The dual X’ of X is the space of bounded measures =’ on R
/ dr'(t) < o & 2’ € X'. (3.2)
T
Let us discretize the time interval T" into n variables
ta <t <o St St (3-3)

Let Y be the Wiener differential space consisting of the differences of
two consecutive values of x on the discretized time interval

Y = (tjy1) —x(t;) = (6., — 0y, @), withto =t. (3.4)

Therefore the discretizing map L : X — Y is a projection from the
infinite dimensional space X onto the n-dimensional space Y.

Let vx be the Wiener Gaussian defined by its Fourier transforms Fyx,
i.e. by the variance

Wxe (2) = / dx’(t)/ dz’(s)inf(t — ta,s — ta) (3.5)
T T
where inf(¢, s) is the smaller of ¢ and s:

inf(t —tg,s —ta) =0t —8)(s—tys) +0(s—1t)(t—ta); (3.6)
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the step function 6 is equal 1 for positive arguments, equal to O for
negative arguments, and discontinuous at the origin. The transpose L
of L is defined by (2.48?7), i.e.

Ly w)x = (. Layy = > vy’
J
= Zy; <5t.7+1 - 5tj’x>
J
Z <y3 (5t.1+1 - 5tj) ,x>

J

hence
Ly = Zy; (0,40 — 01,) (3.7)
J

and

3
<
I

(W0 L) () = W (Ly)

D Uiy (inf(tj 41, teer) — inf(t11, )
ik

—inf(t, tiq1) + inf(t;, i) ).

The terms j # k do not contribute to Wy (y’). Hence

Wy (y) = () (tja1 — 1)) (3.8)

J
Choosing Y to be a Wiener differential space rather than a naively
discretized space defined by {z(t;)} diagonalizes the variance Wy~ (y/).
The Gaussian vy on Y defined by the Fourier transforms

(Fw)(y') = exp| —sm Y _ 6"yl (tjan — ;) (3.9)
0
is
1 T 8;iyty?
dyy(y) = dy' - dy" — exp | =) —F——
[T} (s (tj1 — ;)" § sz: tiv1 =t
(3.10)

set
At]‘ = tj+1 — tj,
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Aal = (Az) = a(tjn) —a(ty) = ¢,
zl = x(ty),
then

(Aa?)”
At;

1 " 1 s
dyy (Az) = dx dx H?Zl (sAtj)l/z exp S ;
(3.11)
When s = 1, the Gaussian vy defines the distribution of a Brownian
path; The Gaussian yx of covariance inf(t —t,,s —t,) is the Wiener
measure.

Deriving the distribution of Brownian paths from the Wiener measure
is a particular case of a general formula. Let F': X — R be a functional
on X which can be decomposed into two maps F' = f o L where

L: X —Y linearly

f:Y — R integrable with respect to vy
then

/DWF@:/Dw@ﬂ% (3.12)
X Y

where the Gaussians vx and ~y are characterized by the quadratic form
Wx, and Wy~ such that

WY’ = WX’ [e] E (313)

3.2 Canonical Gaussians in L? and L?!

Wiener Gaussians on spaces of continuous paths serve probabilists very
effectively, but physicists who work with kinetic energy use L' spaces,
i.e. Sobolev spaces of square integrable functions on 7" whose first
derivatives (in the sense of distribution) are square integrable. Let H be
the Hilbert space of real square integrable functions h on T" with norm:

|wm:AwQme@. (3.14)
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Let L** ¢ L2 be the subspace of functions on T" = [t,,tp] vanishing
at t, and Li’l C L*' be subspace of functions vanishing at t;, with the
L?! norm

il = [ atggi'y 0. i =" @)

Paths vanishing at ¢, are used in diffusion problems, paths vanishing
at ¢, are used in solutions v (tp,x) of the Schrodinger equation for the
probability amplitude of finding the system at x at time .

Spaces of pointed paths (spaces of paths taking the same value at
a given time) are particularly useful because they are contractible [See
Section (7.1?7)]. One of the linearity conditions for a space of pointed
paths is that the common value of the paths be zero; indeed, for

z) € Xq, and x(;)(te) = x4 for all z(;) € X,

Ty + x5 € Xg only if x, = 0.

Let Y_ and Y be the spaces of continuous paths vanishing at ¢, and
ty, respectively. The primitive mapping P_ : H — L by

P :h(t)—>y(t):/t ds h(s):/Tds 0(t—s) h(s),  (3.16)

a

the primitive mapping Py : H — Li_’l by

Py h(t) — y(t) = —/t " ds h(s) = —/Tds O(s— 1) h(s),  (3.17)

the inclusion mapping i+ : L?F’l — Y= by
iz iy€e L —yeYy, (3.18)
not a trivial mapping, as we shall see shortly. The composition
PY i=izoPr: H— Y. (3.19)

The quadratic form Wy defining a canonical Gaussian 4, on a Hilbert
space H is equal to the norm of the dual H’ of H. We shall show that

(i) Py maps the canonical Gaussian on H into the Wiener Gaussian
on Y+
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Fig. 3.1. Canonical gaussians on L? and L*".

(ii) the inclusion i+ maps the canonical Gaussian on Lil into the
Wiener Gaussian on Y=.

The proofs are applications of (2.34?7), namely composition of quadratic
forms induced by linear mappings: if L : X — Y linearly, then

Wy = Wy o L, where <f1y’,m> =(y, Lx) .

i) The transpose PY is defined on ¥’ b
y

<153Vy',h>H: (', PVh), = /T dy} (1) /F ds 0(t — s) B (s), (3.20)
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therefore
(PXVy’)j (s) = /Tdy;(t) Ot — ), (3.21)

and the quadratic form Wy is equal to the norm on H’ defined by the
norm (2.4577) on H

(Woe o PY) ) = [ s [ ote—s) o) [ o =) duyie)
_ i /T dy. (1) /F dy (1) inf(t — t, ' —1,) (3.22)

~ pinf(t,t") ) )
— g”/ ds/Tdyi(t)/rdyj(t).
ta

(]
(ii) The transpose i on ¥ is defined by
(W' y) o0 = Wiy)y (3.23)
i.e. explicitly, given the dualities (3.15) and (3.2)
Coen Ly = [ av @) o
a0 S0 = [ agw e, @y
T T
hence
d
ar (zy’)j (r) = /T 0t —r) dyj(t), (3.25)
and

(WymoB) ) = [ dr g (), () 2 (), ()
_ i / dyl(t) | dy)(t') inf(t — ta,t’ — t,).(3.26)
T T

0

The mappings P+ and ¢+ defined on Fig. 3.1 have been generalized by
A. Maheshwari [1] and used in [2] for various versions of the Cameron-
Martin formula and for Fredholm determinants.

3.3 The Forced Harmonic Oscillator

Up to this point we have exploited properties of Gaussian g on X
defined by quadratic forms W on the dual X’ of X but we have not
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used the quadratic form @ on X inverse of W in the following sense; set
W) = (2/,Ga’)

Q(z) =: (Dzx,x). (3.27)
W and @ are said to be inverse of each other if
DG=1x , GD =1x. (3.28)

The gaussian volume element dvy, o can be expressed in terms of the
quadratic form Q:

Ds,q(x) exp (—g Q(fc)) i 5,5 (3.29)

this is a qualified equality, meaning that both expressions are defined by
the same integral equation (2.2577). In this section, we use gaussians
defined by @ with s = and D, ¢ is abbreviated to Dg,.

The first path integral proposed by Feynman was

(b, |, ta) = / Da exp (15(x)/h) (3.30)
Xa b
with
S(x) :/tbdt (% ) - V) (3.31)

where

- (b, tp|a,ts) is the probability amplitude that a particle in the state a
at time t, be found at b at time t,.

- the domain of integration X, ; is the space of paths = : [tq,ts] — R
such that z(t,) = a and z(tp) = b, © € Xgp.

Domain of Integration X, and the Normalization of its Volume
Element

X, is not a vector spacet unless a = 0 and b = 0. Satisfying only one
of these two vanishing requirements is easy and beneficial:

- easy; indeed choose the origin of the coordinates of R to be either a or
b. The condition z(t,) = 0 is convenient for problems in diffusion, the
condition z(t,) = 0 is convenient for problems in quantum mechanics,

t Let x € X, and y € X, p, then (z +y) € X, only if (z + y)(ta) = a and
(x+y)(tp) = 0.
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- beneficial; a space of pointed paths is contractible (see section 7.177)
and can be mapped into a space of paths on RP.

Therefore we rewrite (3.30) as an integral over X}, the space of paths
vanishing at ¢; the other requirement is achieved by introducing 0 (z(t,) — a):

(b, tola, ta) = /Xb Dz exp (15(x)/h) 3(a(ts) — a). (3.32)

This is a particular case of
bl to) = [ Dr e @S@/M dath)). (339
useful for solving Schrédinger equations, given an initial wave function ¢.

An affine transformation from X, ; onto Xg ¢ expresses “the first path
integral” (3.30, 3.32) as an integral over a Banach space. This affine
transformation is known as the background method. We present it here
in the simplest case of paths with values in R”. For more general cases
see chapter 477 on semiclassical expansions, and for the general case of
a map from a space of pointed paths on a riemannian manifold MP® to
a space of pointed paths on RP see section 7.1277.

Let z € Xy and y be a fixed arbitrary path in X,;, possibly a
classical path defined by the action functional, but not necessarily so.

(y+2) € Xap, € Xop (3.34)

Let vs,0, abbreviated to 7, be the gaussian defined by

/ dy(z) exp(—2m (', z)) := exp(—mwsW,(a')), (3.35)
X
where X, is the space of paths vanishing at ¢,

(t(tb) = 0.

The gaussian volume defined by (3.35) is normalized to 1:

v(Xp) := /& dy(z) =1. (3.36)

The gaussian volume element on X g is readily computed by the linear
map

L: X9 — IRP by z'—ul:= <5ta,:17i>
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oo(Xoo) = / (@) 6(a (1)) ... 5(z"(t)  (337)

= / dy"(u) o(u') ... §(uP) (3.38)
R
where the gaussian v is defined by the variance
WE=WolL
with
<(f/u’) _ ,xi> =u;Lz" = (u}dy,,2").
Therefore, using W (6;,) = [ dt &, (t) [ds 6, (s) G(t,s),
W) = W(u's,,) = uju;,GY (Lo, ta)
and
Liy) — g ~1/2 i G
dy" (u) = du(det Gij(ta,ta)/s) exp(—fu WGy (tmta))
s
where GYGj, = 5},
Finally
Y0.0(Xo,0) = (det G (ta, ta)/5) ™% (3:39)
An affine transformation preserves gaussian normalization, therefore,
Ya,b(Xa) = 70,0(Xo0)- (3.40)

An affine transformation “shifts” a gaussian, and multiplies its Fourier
transform by a phase. This property is most simply seen in one dimen-
sion: it follows from

2
/IR jl/% exp <—7ra; —2m (a’, x)) = exp(—maz'?)

/m j‘% exp <7r (2 Z D om (x’,:z:>)
= exp2m (1) exp(—maz'?). (3.41)

that

Under the affine transformation z € Xo 0 — (y+2) € Xub, 70,0 — Ya b}
their respective Fourier transforms differ only by a phase, since their
gaussian volumes are equal.

/XO dvo,0(z) exp(—2m (2, ) = 70.0(Xo0.,0) exp(—msWo o(2')) (3.42)
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/ dYap(z) exp(—2m (z', x))
Xa,b

; Yab(Xap) exp(2m (2, y)) exp(—msWo o (z')). (3.43)

Normalization dictated by Quantum Mechanicst
The first path integral (3.30)

<b ‘exp(—%H(tb - ta)) ’ a> = /x, Dx exp(1S(x)/h) (3.44)

implies a relationship between the normalization of volume elements in
path integrals and the normalization of matrix elements in quantum me-
chanics, itself dictated by the physical meaning of such matrix elements.
Two examples: a free particle, a simple harmonic oscillator. The most
common normalization in quantum mechanics is

(@|2") = 0" =), (p"Ip) = 0" —p'); (3.45)

it implies [Sakurai] the following normalizations

(@' lp') = % exp2m o/, @) /B (3.46)
and
1
Ip) = /,R da-—= exp(2m () [h)) (3.47)

1
Ipa = 0) = 7 /Rdm\x>. (3.48)

The hamiltonian operator Hy of a free particle of mass m is
Hy :=p*/2m (3.49)

and the matrix element

<xb =0|exp (—2hmH0(tb — ta)) ‘ Pa = 0> = % (3.50)

The normalization of this matrix element corresponds to the normaliza-

tion of the gaussian vq,/, on X3

X

1 Contributed by Ryoichi Miyamoto.
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which follows from the definition (3.35) of vg,, valid for s = 1, and s = .

Proof Set s =1, set

Qo := /ttb dt m #*(t), (3.52)

and
/m dvQe/n(@) 0(z(ta) = xa) = <-Tb =0 |exp <2hmHo(tb - ta)> :L’a> ;
(3.53)

equivalently, Sy := %QO,
2m
[ Peaun@ren( i@ ) dalta) =2.)
X
2
= <xb =0 |exp (—;:LHo(tb - ta)> J:a> ) (3.54)

In order to compare the operator and path integrals normalizations, we
integrate both sides of (3.53) with respect to x,.

2m
/ d’yQo/h(‘T) = /dza <=’Eb =0 |exp (hHo(tb — ta)>
Xy

= \/E<;1:b =0 |exp (—2hmH0(tb - ta)> Do = O> , by (3.48)
= 1, by (3.50) (3.55)
O

The quantum mechanical normalization (3.50) implies the functional
path integral normalization (3.51).

The hamiltonian operator Hy + H for a simple harmonic oscillator is

P 1 2,2
There is a choe of quadratic form for defining the gaussian volume ele-

ment7 QO or QO + Q17

(Qo + Q1) corresponding respectively to Sg + S; and Hy + Hj.
(3.57)

1
2
We use first g, ; the starting point (3.53) or (3.54) now reads

/Xb dYQo/h eXp(%Ql(x)) 0(x(te) = x4)



12 Selected Examples

271
/Xb Dqo/n(w) eXp(h (So +51) (x)) 8(z(ta) = m4) (3.58)

(s ).

This matrix element, which can be found, for instance, in [3, (2.5.18)], is
used for computing the momentum to position matrix element as follows

e
/ dYQo/h €XP ﬁQl(‘T)
X,
Pa = 0>

_ ﬁ<xbo

exp (_th (Ho + Hy) (ty - ta)>

exp (2hm(Ho + Hy)(ty — ta))

JE/IRdx<xb=o

e
/ dYQo/n eXPgQﬂx)
X,

Vi [ (zh i~ ta»)m

h

exp (—QM(HO +Hy)(ty — m))

pa:0>

UMW 2 _ L
X eXp(hsin(w(tth))x cos(w(tp ta))> N
= (cosw(ty —ta)) /% . (3.59)

On the other hand the Lh.s. of (3.59) is computed in section 4.277 and
found equal to the following ratio of determinants (4.2677)

/ dyqo/n(T) eXP%ZQl(x)
X
- /Xb Do, (@) exp(~ T (Qo(x) + Qi (x)))

- deth 1/2
= (det(@wcm) | (3.60)

The ratio of these infinite dimensional determinants is equal to a finite
dimensional determinant (appendix IE?7?)

/ dYQe/n(T) exp %Ch(x) = (cosw(ty — tq)) /2. (3.61)
X,

In conclusion the path integral (3.61) is indeed a representation of the
matrix element on the r.h.s. of (3.59). This result confirms the normal-
izations checked in the simpler case of the free particle.
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Remark Eq. (3.61) also shows that one would be mistaken in assuming
that the gaussian dyqyq,(z) is equal to dyg,(x) exp 7rQi(x). The
reason is that

dryg, () L Do,z exp mQo(x) (3.62)
gy o) L Doy rar expmi(Qo+ Q) () (3.63)
and
Doy /Daysar L [det Qo/ det(Qo + Q1) (3.64)
O

In the case of the forced harmonic oscillator (next section) it is simpler
to work with vg,+q, than vg,. Given the action

5() = 5(@0+Q) = [ dt f0) att) (3.65)

we shall express the integral w.r.t. 7o, as an integral w.r.t. vg+q,

[ aunie) e o eo( 52 [ a o) )

det 1/2 9\
% /&dV(Qo—s—Q)/h(x) eXP(- 7;: /th f(t) x(t))
(3.66)

and use appendix IE for the explicit value of the ratio of these infinite
dimensional determinants, namely

|det Qo/ det Qo + Q™% = (cosw(ty — t4)) /2. (3.67)

Remark As noted in section 1.17?7, Wiener showed the key role played
by Differential Spaces. Here the kinetic energy @y can be defined on a
differential space, Qg + @1 cannot. Therefore, one often needs to begin
with Qg before introducing more general gaussians.
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Choosing a Quadratic Form Q on X,
The integrand, exp (¢S (z)/h), suggests three choices for Q:

- @ can be the kinetic energy.
- @ can be the kinetic energy plus any existing quadratic terms in V.

- @ can be the second term in the functional Taylor expansion of S.

This third option is, in general, the best one because the corresponding
gaussian term contains the most information. See for instance section
4.37?7 the anharmonic oscillator. The expansion of S around its value
for the classical path (the solution of the Euler-Lagrange equation) is
called the semiclassical expansion of the action. It will be exploited in
Chapter 4.

The Forced Harmonic Oscillator

The action of the forced harmonic oscillator is
S(z) = / at (Ti2(t) ~ TPa (1) - M(0(1)) (3.68)
T 2 2

The forcing term f(t) is assumed to be without physical dimension.
Therefore the physical dimension of A\/A is L™'T~! when z(t) is of di-
mension L.

We choose the quadratic form @Q(x) to be

Q(z) == Qo(z) + Q1(z) = % /Tdt (#2(t) — w?2?(t)), h=2rh (3.69)

and the potential contribution

/ dt V(z(t) = 2772 (foa). (3.70)
T

The quantum mechanical transition amplitudes are given by path inte-
grals of the type (3.66). To begin with we compute

I /XO o) e <2m2 (, x>) (3.71)

where

do.0(z) L Do (z) exp(mQ(x)) (3.72)
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is defined by

/x, dvo0,0(z) exp(—2mi{a’,x)) = v0,0(Xo0,0) exp(—mWoo(z")). (3.73)

The kernel Gg g of Wy g is the unique Green’s function of the differential
operator D defined by Q(z) on Xo o (See Appendix IE)

Q(x)=<Dl‘,l‘>
m [ d? 9
h 1 . 1 .
G0,0(T, 5) = E;@(s - T) Sln(.d('r - ta) m SIHW(tb — 5)
P L g sinatr - 1) L sinw(t, 9
mw r S)simw(r b Sinw(tb—ta) S w(lq S),

(3.75)

where 6 is the Heaviside step function equal to 1 for positive arguments
and zero otherwise.

The gaussian volume of Xg o C Xp—o is given by (3.39) in terms of
the kernel of W, defining the gaussian v on Xp—g by (3.35), i.e. in terms
of the Green’s function (see Appendix IE (4.21a))

h 1

Gb(’f’, 5) = E;0(577") COSCL)('I"*ta) m SiHW(tbfs)
h1 . 1
_EEG(T — s)sinw(r —tp) coswlty— 1) cosw(t, — 8),
(3.76)
h1 . 1
Gb(ta, ta) = E; blnu}(tb - ta)m (377)
/2
mw cosw(ty —ta)\ "
Xpo)= | ——22 4/ .
70.0(Xo,0) < th sinw(ty — ta)> (3.78)

o A quick calculation of (3.47)
The integrand being the exponential of a linear functional we can use
the Fourier transform (3.49) of the volume element with 2’ = 2 f

I = 70,0(Xo0,0) exp (-WWO,O (2f)> (3.79)
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Wo.o (2]”) = <2>2/Tdr /Tds f(r) f(s) Goo(r,s) (3.80)

given explicitly by (3.78) and (3.75). Finally bringing together these
equations with (3.66) (3.67), one obtains

(0,80, 15) = (mw))l/?

thsinw(ty, — tg

xexp<—m (2) [ ar [ s 056)Guar s>> .

(3.81)

with

This amplitude is identical with the amplitude computed by L. S. Schul-
man [4] when z(t,) =0, x(t;) = 0.

e A general technique
The quick calculation of (3.47) does not display the power of linear maps.
We now compute the more general expression

= /x) doo(e) exp (—27r22 /F dt V(x(t))) (3.82)

following the traditional method

i) expand the exponential

= Y (3.83)

I, = ;'(;Jn/xm dryo,0(z) (/Tdt V(a:(t)))n

ii) exchange the order of integrations

I, = % (;)n/Tdtl.../Tdtn/%;mo,o(x)V(a:(tl))...V(x(tn))
(3.84)

If V(x(t)) is a polynomial in x(t), use a straightforward generalization
of the polarization formula (2.4777?) for computing gaussian integrals of
multilinear polynomials.
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If V(x(t)) = f(t)z(t), then

I, = % (;)n/Tdtlf(tl).../Tdtnf(tn)

X / dv0,0(z) (04, ) ... (O, , ) . (3.85)
X0o,0

Each individual integral I,, can be represented by diagrams as shown
after (2.4777). A line G(r,s) is now attached to f(r) and f(s) which
encode the potential. Each term f(r) is attached to a vertex.

The “quick calculation” bypassed the expansion of the exponential
and the (tricky) combinatorics of the polarization formula.

Remarks

e It has been proved[5] that the gaussian covariance is the Feynman
propagator for the action functional.
e On the space X, the paths are loops, and the expansion I = > I,

is often called loop expansion. An expansion terminating at I, is T;aid
to be n—loop order. The physical dimension analysis of the integral
over X o shows that the loop expansion is an expansion in powers
of h. Indeed a line representing G is of order h, a vertex is of order
h=! [See (3.75, 3.70)]. Let L be the number of lines, V the number of
vertices, and K the number of independent closed loops, then

L-V=K-1.

Therefore every diagram with K independent closed loops has a value
proportional to h*~1.

3.4 Phase space path integrals

The example in section 3.3 begins with the lagrangian (3.44) of the sys-
tem; the paths take their values in a configuration space. In this section
we construct gaussian path integrals over paths taking their values in
phase space. As before, the domain of integration is not the limit n = oo
of R?", but a function space. The method of discretizing path integrals
presented in section 3.1 provides a comparison for earlier heuristic re-
sults obtained by replacing a path with a finite number of its values
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[6, 7, 8].

Notation

(M, g): the configuration space of the system, metric g,
TMP: the tangent bundle over M

T*MP: the cotangent bundle over M, i.e. the phase space
L:TM — R: the lagrangian

H : T*M — R: the hamiltonian

(¢,p): a classical path in phase space

(z,y): an arbitrary path in phase space,

z: M — RP, y:T — Rp, T =][ty,t)

A path (z,y) is characterized by D initial vanishing boundary condi-

tions, and D final vanishing boundary conditions.

6 := p; dq® — H dt, the canonical 1-form (a relative integral invariant of

the hamiltonian Pfaff system)

F := df, the canonical 2-form, a symplectic form on T M (see section

6 for phase space in the language of symplectic geometry.)

The phase space action functional is

S(a,y) = /T y(t) de(t) — Hy(t), z(t). ) dt

(3.86)

The action functions, solutions of the Hamilton-Jacobi equation for

the various boundary conditions,

‘r(ta) =Zq , ‘r(tb) =Tp , p(ta) = Pa » p(tb) = Do,

S(zp,wa) = S(g,p)

S(wp,pa) = S(q,p) + (Paq(ta))

S(pb, za) S(q,p) — (v, q(ts))

S(Paspv) = S(g:p) — (Po,a(ts)) + (Pas q(ta))
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Jacobi operator

The Jacobi operator in configuration space is obtained by varying a 1-
parameter family of paths in the action functional (Appendix IE). The
Jacobi operator in phase space is obtained by varying a 2-parameter
family of paths in the phase space action functional. Let

u,v € [0,1]
and let

’7(’“,“) T — T*M
*( ) ﬂ”—>M 7() (
by { B(u,v) : T — T*M, [(0,0)=p, A1

a(u)(t) = alu,t) . Blu,0)(t) = Blu,v,1).
For M[P = RP, the family § depends only on v.

Let ¢ be the 2D dimensional vector (D contravariant, D covariant

(9

components):

where

The expansion of the action functional S(z,y) around S(q,p) is

(So7)(1,1) Z 7)™ (0,0).

n*O

The first variation vanishes for paths satisfying the Hamilton set of
equations. The second variation defines the Jacobi operator.

Ezample: The phase space Jacobi equation in R” x Rp. The expansion
of the action functional (3.86) gives the following Jacobi equation

—0%H/0q%0q" —9/0t — 9*H/dq*Opg I —0
/0t — 0>°H | Opadq® —0%H /0paOpgs n )
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Example: A free particle in the riemannian manifold MP with metric
g. Varying u results in changing the fibre T;( u,t)M D. the momentum
B(u,v,t) is conveniently chosen to be the momentum parallel trans-
ported along a geodesic beginning at «(0,t) ; the momentum is then
uniquely defined by

vuﬁ = O)
the vanishing of the covariant derivative of 3 along the path (-, t) : u —

a(u,t).

The action functional is

S(a.y) = /T dt <<p<t>,q'<t>> - 1<p<t>|p<t>>)

The bracket (,) is the duality pairing of TM and T*M and the paren-

thesis (]) is the scalar product defined by the inverse metric g—*.

The Jacobi operator is

—LRS g% pcps —01V
_ m*taBy e Yo a vVt

Covariances

The second variation of the action functional in phase space provides a
quadratic form @ on the space parameterized by (£,7n) with

D * D
EeT,MP, neT;M

where J(q,p) is the Jacobi operator defined by a classical path (g, p).
There exists a quadratic form W, corresponding to the quadratic form
Q; it is defined by the Green functions of the Jacobi operator

! / !/ £ Gaﬁ GOZ ‘
W(g,n):(fmn)<G316 G24§>(7§’%>
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where
Jr(q,p)G(r,8) = 105

Jr acts on the r-argument of the 2D x 2D matrix G made of the 4 blocks
(le G27 GB? G4)

Once the variance W and the covariance G are identified, path in-
tegrals over phase space are constructed as in the previous examples.
For explicit expressions which include normalization, correspondences
with configuration space path integrals, discretization of phase space in-
tegrals, physical interpretations of the covariances in phase space, and
infinite dimensional Louiville volume elements, see, for instance, John
LaChapelle’s Ph.D. dissertation [9] “Functional Integration on Symplec-
tic Manifolds.”
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