
EXPLICIT CALCULATIONS WITH ELLIPTIC CURVES
OVER FUNCTION FIELDS

DOUGLAS ULMER

The goal of this project is to make many of the objects showing up
in the Gross-Zagier computations more concrete, by working out an
example in detail.

1. A pair of interesting curves

1.1. The curves. Let F = F2(T ) and consider the elliptic curve E
over F with affine equation

Y 2 + TXY = X3 + T 2X

and its quadratic twist E ′ with affine equation

Y 2 + TXY = X3 + T 3X2 + T 2X

(The quadratic extension is K = F (U) where U2 + U = T .) The
project is to compute “everything” about these elliptic curves.

1.2. Elementary invariants. Start by computing the j-invariant, dis-
criminants, reduction types, and conductors of E and E ′. The key
reference is [Tate75].

1.3. Invariants entering into BSD. Next, you can compute the
Hasse-Weil L-functions of E and E ′. (It helps to know that for curves
like these, the degree of the L-function as a polynomial in q−s is the
degree of the conductor minus 4.) Once you have the L-function you
know the expected ranks of E(F ) and E ′(F ) and a computer search,
or some judicious guessing, will turn up generators. You can then
compute heights and the regulator. Finally, the BSD formula gives a
prediction for the order of which can be proved to be correct. (You
can just assume this point if time is lacking.)

For the statement of BSD as well as a clean treatment of the “fudge
factors” and periods, I recommend [Tate66]. The article of Gross in
the Storrs volume [Storrs] shows how to define the canonical height in
terms of intersection numbers. If you decide you need to do 2-descents,
[Ulmer] might be useful.
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1.4. Heegner points algebraically. In the first part you will have
discovered that E has relatively small conductor (call it n∞), split mul-
tiplicative reduction at T = ∞, and that K/F satisfies the hypotheses
needed to obtain a Heegner point on E/K. In this part, which I hope
will be the meat of the project, you will try to write down this Heeg-
ner point explicitly. The main problem is to find equations for the
Drinfeld modular curve of level Γ0(n). (Hints: First convince yourself
that the modular curve of level (1) is P1, i.e., the j-line. Then write
down the “universal” rank 2 Drinfeld module over F (j), i.e., one whose
j-invariant is j, and think about what a level Γ0(n) structure amounts
to. It may be useful to think about Γ0(n) as a quotient of Γ1(n).)

Once you have X0(n) you can write down a minimal isogeny X0(n) →
E. (It will turn out to be of degree 1, i.e., an isomorphism.) Finally, it’s
reasonably easy to find rank 2 Drinfeld modules with appropriate level
structure and complex multiplication. Using them, we get a point in
E(K). What’s the relationship between this point and the generators
of E(F ) and E ′(F ) you found above, and between the height of the
point and L′K(E, 1)?

As references for Drinfeld modular curves, I suggest [DH] and some
of the survey articles in [Ohio] or [AB]. For Heegner points, try Section
of I.3 of [GZ] or [G]. I can also provide much more elaborate hints.

1.5. Heegner points analytically. We know that there is a new-
form f of level n∞ and harmonic at ∞ corresponding to E (so that,
e.g., L(E, s) = L(f, s)). You can compute this newform explicitly, as
a harmonic function on the Bruhat-Tits tree associated to GL2(F∞).
(Finding all the newforms of a given level amounts to an elaborate ex-
ercise in group theory. You can then match the newforms to isogeny
classes of elliptic curves by looking at Hecke eigenvalues and counting
points. In our case, there is only one newform, so the last issue does
not arise.)

Now let C be the completion of the algebraic closure of F∞ and
let Ω = P1(C) \ P1(F∞) be the Drinfeld upper half plane. The set
of C points of X0(n) \ {cusps} is just Ω/Γ0(n). Also, since E is split
multiplicative at ∞, E(C) = C×/qZE for some qE ∈ C×. Consider the
composition

G : Ω ³ Ω/Γ0(n) ↪→ X0(n)(C) → E(C) = C×/qZE.

Gekeler and Reversat have given explicit analytic formulas for qE and
the map G in terms of the newform f . I call them analytic because
they are in terms of infinite products (indexed by the group Γ0(n))
converging in C. The last part of the project is to compute qE and
the Heegner point on E to some degree of T−1-adic accuracy. Crude
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estimates for the convergence of the products suggest that this will
require some machine computation.

References for this part are [Weil], [Gek], and [GR].
Due to the need for machine computation (and the heaviness of the

preceding part!) I don’t expect that this part will actually get worked
on at the Winter School.

2. Variants

2.1. Another pair of curves over F . All of the above applies equally
well to the curves

E :Y 2 + TXY + TY = X3

E ′ :Y 2 + TXY + TY = X3 + T 3(T + 1)2X2 + T 3(T + 1)2

Here the twisting field is K = F (U) where U2 + U = T (T + 1)2.

2.2. Characteristic 3. If characteristic 2 makes you queasy, you can
consider the curve

Y 2 = X3 + T 2X2 + T 3

over F3(T ) and its twists by K = F3(T, U) where U2 = T + 1 or
U2 = 1− T 2. But be warned that 36 is much bigger than 26.

2.3. Constant curves. Curves with j(E) in the field of constants
don’t fit into the Drinfeld modular picture (at least naively), and so
don’t have Heegner points, but they do present some interesting phe-
nomena. To see some of them, compute “everything” for the curve

Y 2 = X3 −X

over F = Fq(X)[Y ]/(Y 2−X3+X). Here things depend in an interesting
way on q, which is assumed to be odd.

2.4. Isotrivial curves. Similarly for

Y 2 = X3 − T

over Fq(T ) (q prime to 6) or

Y 2 = X3 − TX + 1

over Fq(T ) where q is a power of 3. See the last section of [Weil] for
some interesting automorphic aspects of these curves.
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