COHOMOLOGY, PERIODS AND THE HODGE STRUCTURE OF TORIC
HYPERSURFACES

VICTOR V. BATYREV

Let f be a Laurent polynomial considered as a regular function on a d-dimensional alge-
braic torus T?¢. The aim of these notes is to explain some ideas in the study of cohomology
groups H*(Zy) of nondegenerate affine toric hypersurfaces Z; defined by the equation f = 0.
The central role is played by the differential equations for periods of Zy. We explain the
relation of periods of Z¢ to the GKZ-hypergeometric functions and discuss their applications
to number theory and toric mirror symmetry.
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1. INTRODUCTION

Let M =2 Z% be a free abelian group of rank d, A a finite set in M, K is an arbitrary field
and {a,, }mea a finite sequence of elements in K parametrized by A.

We consider a Laurent polynomial

flz) = fxg,...,2q) = Z amaz™ € K[M],

meA

as a regular function on the d-dimensional algebraic torus T = Spec [M]. The purpose of
these lectures is to explain a common combinatorial framework related to f which appears
in different areas: complex algebraic geometry, number theory and theoretical physics.

We denote by A the convex hull of A in Mr = M ® R.

In section 2 we discuss some explicit Zariski open condition (so called A-nondegeneracy)

on the coefficients {a,, };mea of f considered as points in A!{?'. This condition is equivalent to
nonvanishing of a polynomial E4(f) which is called principal A-determinant of f. The

polynomial E4(f) was introduced by Gelfand, Kapranov and Zelevinski [25].
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In section 3 we explain the main result in [25] about the Newton polytope of E4(f) which
is called a secondary polytope of A.

The set Z; C T? of solutions of the equation f = 0 depends on the coefficients {a,, }mea-
In section 4 we consider the mixed Hodge structure in cohomology groups of complex toric
hypersurfaces Z; C T& = (C*)? and explain some formulas for Hodge-Deligne numbers of
Z; which were obtained by Danilov and Khovanski [17]. Instead of zero set Z; of a Laurent
polynomial f one can consider the equations

where t is sufficiently large complex number. In this way we obtain a 1-parameter family
of affine hypersurfaces Z; C T%& which are fibers of a locally trivial fibration defined by
f : T¢ — C over the set U, :== {t € C : |t| > r} for a sufficiently large positive real
number r. The cohomology H*(Zy, together with the natural action of the monodromy
around ¢t = oo can be described in terms of the lattice polytope

Ax(f) := Conv({0} U A)
which is called Newton polytope of f at infinity [39].

In section 5 we consider A-hypergeometric systems introduced by Gelfand, Kapranov and
Zelevinski in [26]. If all elements of A belong to an affine hyperplane (x,u) = 1 for some
element u of the dual lattice N = M*, then the corresponding A-hypergeometric system
has only regular singularities described by the principal A-determinant. A general case of
A-hypergeometric system motivated expenential (oscillating) integrals has been investigated
by Dwork-Loeser [22, 23] and Adolphson [1].

In section 6 we give a short review of the p-adic method of Dwork [38]. This method
allows to compute zeta-functions of hypersurfaces Z; over finite fields and L-functions of
exponential sums using p-adic analysis [41]. Various generalizations of Dwork’s method were

obtained by Adolphson and Sperber [2, 3, 4, 5].

In section 7 we describe method of Viro for describing topological varieties Z¢(R) obtained
as real zero locus of Laurent polynomials f € R[M] [47]. This method has an extension to
the case of complex hypersurfaces Z;(R) [40].

In section 8 we will explain combinatorial ideas behind so called toric mirror symmetry

[10].

Im section 9 we give a list of some interesting questions which could be investigated by
students attending the lectures.

In these lectures we will avoid all technical proofs. Sometimes we restrict ourselves to only
explanation of main ideas and give some illustrating examples.
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2. PRINCIPAL A-DETERMINANT

Let M = 7% be a free abelian group of rank d and T? := Spec K[M] the d-dimensional
algebraic torus with the lattice of algebraic characters M, where K is an arbitrary field. Let
A be a finite set in M and {a,, }mea a finite sequence of elements in K parametrized by A.
Consider the Laurent polynomial

f@) = f@1,...,2q) = ) ama™ € K[M].

Our basic combinatorial object is the Newton polytope A = A(f) of f:

Definition 2.1. The Newton polytope A(f) of f is defined to be the convex hull of all
m € Mg = M ®z R = R such that a,, # 0. If § is a face of A(f) we define the Laurent
polynomial

Definition 2.2. A Laurent polynomial f(z) is said to be nondegenerate with respect
to its Newton polytope A = A(f) (or A-nondegenerate) if for any face § C A the
system of the polynomial equations

0 0

fo(z) = 9518—1:1f9($) == :L‘da—mfg(x) =0

has no solutions in T? for any extension of K.

It is easy to see that A-nondegenerate Laurent polynomials f(x) = f(x,a) form a Zariski
dense open subset in the affine space Al parametrizing the coefficients {@m }mea.

The A-nondegeneracy condtion for f can be expressed in geometric terms using a natural
toric compactification Pa of T [24].

Let A = {vy,...,v,}. If the vectors vy — v1,v3 — vy,...,v, — v1 generate the lattice M,
then the projective toric variety Po can be defined as the normalization of the projective

closure of T under the embedding
T — plAlI-T

e A AR Al N
In general situation, P is defined as a projective variety
PA = Pl“Oj SA

corresponding to the graded commutative K-algebra
Sa =Sk c K[zo M) = Klxy', 27", ... 2]
k>0

associated with the monoid of integral points in the cone Can C R & Mg, where
CA = ZRZO(L Ui)-
i=1

In particular, S% is a finite dimensional K-vector space with the basis x5z™ (m € kAN M).

The torus orbits Ty in PA are in 1-to-1-correspondence to faces 8 C A. Denote by Zf
the closure of Z; C T in Pao. A Laurent polynomial f is A-nondegenerate if and only if
Zp s = TyN Z; is a smooth hypersurface of codimension one in Ty for all faces § C A.
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Example 2.3. Let d =1, M =7, A={0,1,...,n} and A = [0,n]. A polynomial
f(z) =ao+a1x+ -+ a,a”
is A-nondegenerate if and only if aga, # 0 and f has exactly n distinct nonzero roots
P1,- - -, Pn in the algebraic closure of K.
Example 2.4. Let d = 2, M = Z?, A = Conv((0,0),(n,0),(0,n)), A = ANM. A
polynomial
f(Ilv x2) = Z Qmy, m2$71%11.72n2
(m1,ma2)€A

is A- nondegenerate if and only if the projective closure Z; of Z; in P? is a smooth projective
algebraic curve of degree n which does not contain 3 points (1:0:0), (0:1:0), (0:0:1)
and has transversal intersections with the 3 coordinate lines in P? defined by the equations
2z =0 (i = 0,1,2). We remark that in this case the toric variety Px — P71 can be
identified with n-th Veronese embedding P? < PII=1,

For us it will be very important the following equivalent characterization of A-nondegenerate
Laurent polynomials.

Theorem 2.5. A Laurent polynomial f is A-nondegenerate if and only if d+ 1 polynomials
0
F():.onf(l'), E :xza xOf('r)a 1 SZSd
T

form a reqular sequence in Sa, i. e. the multiplication by F; induces an injective endomor-
phism of the Sa-module
SA/<F0, Fl, c. ,Fi_1>SA

for alli (1 <i<d).

The proof of this theorem uses the fact that Sa is a Cohen-Macaulay ring [35]. There is
a standard reformulated of 2.5 using some homological algebra.

We denote by N the dual to M lattice Hom(M, Z). Then N := Z & N can de identified
with the dual to lattice M := Z & M. We denote by

<**>:M><N—>Z

the canonical pairing. Every element u € N defines an element Oy in the Lie algebra of the
(d + 1)-dimensional torus T := Spec K[M] which acts on monomials z# (1 € M) as follows

Ou(a") = (p, w)a*
Consider the Koszul complex Sa(—*) ®z A*N of graded Sx-modules
0— Sa(—d—1)®z AN Sa(—d) ®z AN s ot Sa(—1) &7, AN
— Sa(—r+1) ®z AN — Sa(—1) ®z AN — S @7 A°N.

The differential d : Sa(—7) ®z AN — Sa(—r +1) ®z A""IN is defined on generators
Uig A\ Uiy, A - A, as follows
d(uig Nty Ao ANg) = (=10, F Ny, A+ N, A+ Ay,
s=0
where F':= zof(x) —



COHOMOLOGY, PERIODS AND THE HODGE STRUCTURE OF TORIC HYPERSURFACES 5

Theorem 2.6. A Laurent polynomial f is A-nondegenerate if and only if the Koszul complex
Sa(—*) ®z A*N is a free resolution of the Artinian Sa-module

Sy = Sa/(Fo, F1, ..., Fa)Sa.

Since the graded Artinian Sa-module Sy may have only finitely nonzero homogeneous
components, one can show that the last theorem can be reformulated in the following form:

Theorem 2.7. A Laurent polynomial f is A-nondegenerate if and only if the I-th homoge-
neous component of Sa(—x*) ®z A*N is an exact compler of K-vector spaces

CH) 0= S @ AN = Shd @, AIN — .. — S5 @, A'N —
— SZ_T-H Kz Ar_lj\7 — e — SZ_l X7z Alj\v/v — SZ X7z AON — 0
for all sufficiently large L.
Now we need the notion of the determinant of a complex.

Definition 2.8. Let R be an integral domain and K the field of fractions of R. Consider a
finite complex C'. of locally free R modules

0—-Cy—Crq— - —C; —-Cy—0

such that the complex of K-vector spaces C. @i K is exact. Then there exists a locally free
R-submodule det C. of rank 1 in K (i.e., det C. C K is a fractional ideal in K') which is
called the determinant of the complex C'.

In order to define det C. C K we can assume without loss of generality that all R-modules
C; (0 <i < k) are free. Then we can use the induction on k& and define det C'. as follows.

Let eq,...,es be a R-basis of Cy. If the images of e1,..., e, (r <s) in Cy form a K-basis
of Cy ®r K, then we can split C; onto a direct sum

Ci=ClaoCy, Cl:=E)Rei, Cf = P Re:.
=1 i=r+1
Then det C'. is defined as
det C. := det{C! — Cy} - (det C") ",

where det{C] — Cj} is the usual determinant of the matrix of the R-module homomorphism
C1 — Cy and C’ a shorter complex of free R-modules

0—>Cy—Chog— - —>Cy—CY =0

obtained from C. using the canonical projection C; — C7.

One can show that R-submodule det €' C K does not depend on a choice of the above
splitting C; = C] & CY.

We apply above definition to the polynomial ring R := Zlay, . . ., a,|, where aq, ..., a, are
considered as independent variables (i.e., algebraically independent elements over Q). Let us
set K to be the field of fractions of R and denote by c® (f, R) the complex of free R-modules
having the same ranks and the same differentials in the complex of K-vector spaces C’.(k)( f)
(see 2.7), i.e.,

CH(f,R)@r K = CP(f).

The following statement was proved by Gelfand, Kapranov and Zelevinsky in [26] (see also

28]).
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Theorem 2.9. For all sufficiently large , the determinant of the complex C.(k)(f, R) is an
tdeal in R which does not depend on k.

Remark 2.10. One can show that the theorem hold already for all k > d + 1 (see 2.22).

Definition 2.11. The generator of the ideal det C’.(k)(f, R) for k > d+1 is called principal
A-determinant of f and will be denoted by E4(f). We remark that E4(f) is uniquely
determined up to multiplication by +1.

Using principal A-determinants, one obtains the following explicit characterization of A-
nondegeneracy:

Theorem 2.12. A Laurent polynomial f is A-nondegenerate if and only if EA(f) # 0.

Let us consider simplest examples.

Example 2.13. Let d = 1, A= {0, 1,2}, A =[0,2]. Then dim S§ = 2k+1 (k > 0) and the
complex C,(z)( f) have the form
0 — SQug A uy A S © SAuy L S — 0,
where the differentials dy, d; are defined by the matrices Dy, D;:
a 0 0 O 0 O
a; ay 0 ai 0 0
DO = o a1 Qo 2&2 aq 0
0 a2 A1 0 2&2 aq
0 0 (05} 0 0 2@2
D1 = (O —aq —2a2 ag,al,az) .
Then the principal A-determinant E4(f) can be computed as ratio of two minors in Dy and
D obtained by deleting 3-rd column from Dy and choosing 3-rd element in Dy:

a 0 0 0 0

ap ap a; 0 0 a a; 0
Ei(f)=las a1 2as a1 0 [(—2a2)' = —ag|ar 2a2 a1 | = apas(al — dagas)
0 as 0 2ay o ay 0 2ay

0 0 0 0 2a
Example 2.14. Let d =1, A= {0,1,...,n}, A = [0,n]. Consider the complex C’,(Q)(f)
0 — SRug Ay ﬂSiuo@Siul % S3 —0

and use dim S& = nk + 1. Similar computation as above show that
Ea(f) = aoanD(f),

where D(f) is the classical discriminant of f:

apg Qi Qo e Ap—1 ay, 0
0 a e Up—2 Up-1 Gy
1
_ (n-1/2 1
(1) D(f) = (1) a, a1 2a1 -+ (n—1)a,— na,, 0 0
0 a - (n—2)a,—2 (n—1)a,_1 na, 0
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In particular E4(f) is a homogeneous polynomial of degree 2n.

The computation of E4(f) for d > 1 may be rather complicated. However we are able to
give an explicit formula for E4(f) for some special subsets A C M.

Example 2.15. Let A C Z? be the set of vectors vy, v1,. . .,v4, Where vg = 0 and vy, ..., vg
is the standard basis of Z¢. Then

f(l’) = Qg -+ a1y + -+ ApLq
is a linear function and Fy = agzg, F; = a;xoz; (1 < i < d). Since the Artinian ring Sy has

nonzero elements only in degree 0, we can use the complex C’.(l)( f) for the computation of
EA(f) and obtain
EA(f) = iaoal s Qq.

It is not difficult to understand what happens with F4(f) if we replace M by some larger
lattice M.

Proposition 2.16. Let us consider an arbitrary sublattice M' in Mg = M ® Q containing
M. Denote by E'; the principal A-determinant of f with respect to the new lattice M'. Then
Ey(f) = (IM": M]EA(f) M.

Proof. The Koszul complex C’ corresponding to the lattice M’ splits into direct sum of
(M’ : M] Koszul complexes corresponding to all representatives of M’ modulo M, because
S’y is a free Sa-module of rank [M’ : M]. Moreover, if N’ C N is the dual to M’ sublattice,
then AY(Z @ N’) is a Z-submodule of finite index [M’ : M] in AY(Z & N). Combining both
facts one obtains the demanded formula (we omit further details). 0.

Corollary 2.17. If A = {vg,...,vq} C M is the set of vertices of a d-dimensional simplex
A in Mg, then
Ea(f) = iVOI(A)VOI(A)(CLOCM e ad)VOI(A),

where Vol(A) is d! times the d-dimensional volume of A with respect to the lattice M.
Example 2.18. Let A := {(0,0),(1,0),(0,1),(1,1)} C Z? and

f(x) :=ag + a1y + asxs + azrixs.
Then A = Conv A is a simplest 2-dimensional polytope which is not a simplex. The com-
putation of E4(f) shows that

EA(f) = iagalagag(aoag — alag).

In order to understand better the homogeneous components of the Koszul complex C.(f)
which were used in the definition of E4(f) we will need a formula for the number [(kA) of
lattice points in kA (I(kA) is the dimension of homogeneous component S& of S ).

Definition 2.19. For an arbitrary convex polytope A C Mg with vertices in M we define
two power series

Pa(t) =) 1(kA)F

k>0

Qalt) = I (kA"
k>0
where [*(kA) denotes the number of lattice points in the interior of kKA.

and
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Example 2.20. Assume that A is a d-dimensional simplex and vy, ..., v, are its vertices.
We denote by M’ the sublattice in M = Z ® M generated by (1,v1),...,(1,var1). Then

.= [M : M'] = Vol(A). We can choose r canonical representatives i, . .., u, € M for the
elements in the finite ablelian group M / M’ in the form

i = A (L,01) + -+ A (1, vgen)

where A1, ..., A\gy1 are non-negative rational numbers less than 1. The first coordinate of p;
is a non-negative integer

wi:/\1+"'+)\d+1<d+1.

Since Ca N M is a disjoint union of r sets
+ (CAmTJ'), i=1,.. ..

we obtain
.

Wi
Palt) = ) —par

i=1
Moreover, if C} is the interior of the cone Cx, then C3 N M is a disjoint union of r sets
i+ CanM, i=1,...,r
where
=(d+ 1o+ +vgp) — i, i=1,...,1,

Thus we have

twi
Qa(t) = Z D

i=1

where wf :=d+1—w; (i=1,...,r). In particular,
Wa(t) o= (L= )™ Pa(t) = Y _i(A) =D ™
i>0 i=1
and

Balt) i= (1- 1Qa(0) = Y p(A)f = Y17
=1

>0

are polynomials with non-negative integral coefficients satisfying the condition
tTIWA (1) = Da(L),
i.e., ©;(A) =41-4(A) (0 <i<d+1). Moreover, we have

r=Ux(l sz = Vol(A).

This example explicitly illustrate the Ehrhart reciprocity law which holds for arbitrary
lattice polytopes A [16]:
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Theorem 2.21. Let A an arbitrary d-dimensional convex polytope A C My with vertices in
M. Then Pa(t) and Qa(t) are rational functions such that

TA(t) := (1 — 1) Pa(2)
and
Da(t) == (1 - )1Qa(t)

are polynomials of with nonnegative coefficients satisfying the condition
tTH WA (171 = DA(2),

or equivalently
Qalt) = (=)™ Pa(t™).
The polynomial W(t) has degree < d and

= Z ¢z( Z 901 = ) VOI(A)

Proof. Consider a triangulation 7 of A into simplices {7;} with vertices in A. Some of such
triangulations will be important in the sequel (see 3.13). Using inclusion-exclusion formula,
we reduce the counting of lattice points in kA and in the interior of kA to the case of

simplices (see 2.20).
Z QT _ Z )d1m7+1p ( ) _

TeT TeT
(_1)d+1 (Z(—l)d_dimTPT(t_l)> _ (—1)d+1PA(t_1),

where the sum runs over all simplices in 7 which are not contained in the boundary 0A of
A. Since for any simplex 7 € 7 the polynomial (1 — ¢)4m7+1 P (¢) has degree < dim 7, we
obtain that

Ualt) = (1 - )1 Pa(t) = (1 - )"+ (Z(—m“imfa(t)) = 3 ()

oeT T€T

is a polynomial of degree < d. The nonnegativity of the coefficients 1;(A) of WA (t) follows
from the fact that ;(A) is the dimension of the homogeneous component S} of the Artinian
ring Sy. Moreover, we have

= 2 U

T€T(d)
where the sum runs over the set ’T(d) all d-dimensional simplices in 7. Therefore,
Z Vol(1) = Vol(A).
TeT(d
U

Corollary 2.22. The homogeneous components S} of the Artinian ring Sy are zero for
1 >d+ 1.
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Remark 2.23. The Ehrhart reciprocity law can be interpreted from view-point of commuta-

tive algebra. Let us denote by Ia the ideal in So generated as K-vector space by monomials

zkz™ € Sa such that m is an interior lattice point of kA. Then Qa(t) is a generating

function for dimensions of homogeneous components [ Z of In. It turns out that I is the
dualising module for Sp. In particular, a regular sequence Fy, Fi,..., Fy in Sa will be
also regular for I, i.e., the multiplication by F; induces an injective endomorphism of the
Sa-module
In/{Fy, Fy, ..., Fi_1)IA
for all ¢ (1 <14 <d). The Artinian Sy-module
If = [A/<F0,F1, Ce ,Fd>IA

is a finite dimensional K-vector space. The generating function for dimensions of homo-
geneous components of [y is exactly the polynomial ®A(t) from the above theorem. The
multiplication Sy x Iy — I induces a perfect pairing between the homogeneous components
of Sy and Iy:

Sy x I > I =2 K,

where the canonical isomorphism I}Hl = K is defined by toric residue [14]. The isomor-
phism

implies already known equations
Vi(A) = par1-i(A), 0<i<d.
Here is one more general statement about E(f):

Theorem 2.24. Let f be a Laurent polynomial with the Newton polytope A. The principal
A-determinant EA(f) is a homogeneous polynomial of the coefficients {am, }mea of degree

(d+ 1)Vol(A).

Proof. We remark that the differentials in the complexes C®)I.(f) are defined by matrices
whose coefficients are homogeneous polynomials of degree 1. If rz(k) denotes the rank of
C-(k)(f) (0 <i < d+1), then it follows from the computation of det C.(k)(f) as alternating

()

product of minors that the degree of det C.(k)( f) for k > d+ 1 equals
k k k k k k k k k k
g = 8= 9 = ) 4 08—+ ) — () ) 4
o (DA = e (C)) = (@ ) —dn (- D = ()
If we set Ga(t) := ;5 git’, then we obtain

Galt) = (d+ (1L~ 1y pafr) = LHDT2E,

) _ (‘”. )l((k — A

since

1
and

Z(—Ui(d +1—1) (dJ,r 1)#“’ =((t— )" = (d+1)(t - 1),
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ie.,

d
> (-1)i(d+1—1i) (dj 1)# =tld+ Dt -1 =d+ 11—t
Therefore, -

gr = (d+1)Ua(1) = (d+ 1)Vol(A) Vk>d+ 1.

3. THE SECONDARY POLYTOPE

We start this section with the classical topic.
Let f(x) = ap+ a1z + - - - + a,x" be a general polynomial of degree n and p,..., p, its
roots. Recall that the classical discriminant D(f) of f can be also defined by the formula

D(f) = a* [ (o = )"
i<j
Using the main theorem about symmetric functions, one can write D(f) as polynomial
function D(ayg, ..., a,) of ag,...,a,.

Example 3.1. For n = 2, one has

ai

2
D(ag+ a1z +a0?) = a3(p1— p2)? = a3|(p1+p2)* —4pips) = a3 [(a_> — 4—] = a? —4aga,.
2

With a little bit more work one obtains for n = 3

D(ag + a1 + agx”® + agz®) = az(p1 — p2)*(p2 — p3)*(pr — ps)* =
= ala3 — 4adas — 4agal — 27ada? + 18apa,azas.
The case n = 4 is much more complicated for the computation, because the polynomial
D(ay, . ..,a4) contains already 16 monomials.

Let us write
D(f) = D(ao,...,a,) = Z cpagtalt - - - akn,

ke=(ko, . kin)

It is very interesting to determine the monomials a¥* - - - a*» which appear in D(f) with the
nonzero coefficient ¢, as well as the value ¢, itself.

As we have seen the formula for D(f) implies that D(f) is a homogeneous polynomial of
degree 2n — 2, i.e.,
(2) D(Af) = A*""*D(f)

There exists another homogeneous condition for D(f). If py,..., p, are roots of g(x) =
YoioaN @', then Apy, ..., Ap, are roots of f(z) =3 " ,a;x’. So we obtain

D(g) = (X\"an)" [ [(pi — )%, D(f) = a2 X" T (pi — p))?
1<J 1<J
and therefore

(3) D(g) = A"V D(f).
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Two equations (2) and (3) imply that in the polynomial expression
D(f) = chagoallﬂ cahn,
k
one has

iki =2n — 2 and iﬁ% =n(n—1)
i=0 i=0

for all k = (ko, k1, ..., k,) such that ¢, # 0. One says that the homogeneous polynomial
D(f) of degree 2n — 2 is also quasihomogeneous of degree n(n — 1) if one puts dega; = i
(0 < i < n). We remark that D(f) = D(g) if g(z) = 2"f(1/x). Therefore D(f) does
not change if we replace each a; by a,_; (i = 0,...,n). So one can write the above two
homogeneous conditions for D(f) in the more symmetric equivalent way:
Zz’ki =n(n —1) and Z(n —i)k; =n(n —1).

i=0 1=0
Using these homogeneous conditions it is easy to show that aj *a”~! is the only possible
monomial of type aja’, which may appear in D(f) with a nonzero coefficient. In order
to compute the coefficient of this monomial we need to set a; = --- = a,_1 = 0 in the
polynomial expression for D(f). Using (1) or the formula 1 for D(f) via the resultant of f
and f":

(1) D(f) = (1" VP Resf, £) = (<17 Ve ] fa
oz f!(a)=0
we immediately obtain

(5) D(ag + apz™) = (—1)”(" 1)/271"(13 Tt

Definition 3.2. Newton polytope A(D(f)) of the classical discriminant D(f) is the
convex hull of all k = (kg, ky,...,k,) € R"™! such that the monomial aoo ak .. -af" appears
in D(f) with a nonzero coefficient cy.

We are now ready to formulate a theorem of Gelfand, Kapranov and Zelevinsky [27].

Theorem 3.3. The Newton polytope A(D(f)) C R™ is combinatorially equivalent to an
(n — 1)-dimensional cube, it contains 2"~ vertices which are in a bijection with all possible
subsets

[c{1,2,...,n—1}

If we set iy := 0, is41 = n, then the vertex k(I) € A(D(f)) corresponding to the subset
I'={iy<iyg<---<is} (1 <s<n-—1) has the following n+ 1 coordinates:

kOZil_iO_Lkn:is-‘rl_is_lv
kip = ip+1 _ip—l for ip c I,

k; =0 for ¢ IU{0,n}.
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FIGURE 1. The Newton polytope A(D(f)) for a cubic polynomial

If we set 1, == 1,11 — 1, (0 < p <), then the monomial

k‘([) lo—lal1+loa12+ll . al~9—1+l3—2al5+15—1a/ls_1

a ) i ia is—1 is n

appears in D(f) with the coefficient

s

p=0

Let us illustrate the theorem in the cases n = 2, 3.

Example 3.4. If n = 2, then there exist two subsets [ C {1} : Iy =0, I; = {1}. Then
k(ly) = (1,0,1), k(I;) = (0,2,0). The corresponding monomials in D(ag, a, az) are —4apaz
and a?.

Example 3.5. If n = 3 we obtain 4 possibilities for I C {1,2} :
Iy=0, L ={1}, I ={2}, I; = {1,2}.
The corresponding monomials in D(f) are
—27aga3, —4asas, —4agas, atas.

The monomial 18aga;asas corresponds to the interior lattice point (1,1,1,1) € A(D(f)) (see
Figure 1)

Let us first explain the main idea for finding vertices of A(D(f)) and the coefficients ¢
of the corresponding monomials in D(f).
In order to distinguish a vertex of A(D(f)) we consider a linear function

o : R SR, o(z) = Zmixi
i=0

and find the minimum g of ¢ on A(D(f)). We use the following basic principle from the
linear programming: if ¢ attains the minimum g exactly at one point v € A(D(f)), then v
is a vertex of A(D(f)).

Example 3.6. Consider the linear function ¢g(x) := 3.~ #;. Since the monomials in

A(D(f)) correspond to lattice points with nonegative integral coordinates in R"™!| we obtain
that o > 0 on A(D(f)). As we have seen above the point vg = (n — 1,0,...,0,n — 1)
belongs to A(D(f)) and ¢o(vg) = 0. Moreover, we have shown that vy is the only lattice
point k£ in A(D(f)) with ky = -+ = k,—1 = 0 . Therefore vy is a vertex of A(D(f)).
The coefficient (—1)""~1/2p" of the corresponding monomial af 'a?~! is exactly cx) as
predicted by Theorem 3.3.

We will always choose the linear function ¢ to be ¢(z) := Y, m;x; where m; are non-

negative integers. Then

min k) = min deg(t="™*), D(f) = cpa®
cmnin (k) = mindeg( ), D(f) zk: i
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FIGURE 2. The Newton diagrams of t™0 + t™ig + t™2g2

where 2:™i*: can be obtained by the substitution a; := ¢™ (i = 0,...,n) into the monomial
agoal - - - ak» which appear in D(f).

Assume that ¢ is choosen in such a way that the minimum p = mingea(p(s)) ¢ () attains
exactly at one vertex k = (ko, ..., k,) of A(D(f)).
In this case one can compute the corresponding coefficient ¢, as

. Dot Lt
(6) ¢ = lim ” :

Consider the polynomial
filz) =t"0 +t™Mx 4 - 2",

We observe that the polynomial D(¢™0 ¢ ... t") in the formula (6) is the classical dis-
criminant of f;(x) with respect to the variable x.

Definition 3.7. For the polynomial
fe(z) =t ™Mz 4 o 4 2"

we define the Newton diagram New(f;) as the convex hull of |J;_, P;, where P; (i =
0,...,n) is the vertical ray in R? which consists of all points (i,y) with y > m;. Let

{(0,m0), (i1, m4y), ..., (is,mi,), (n,my)} be the set of vertices of New(f;). For our conve-
nience we set iy := 0, 4541 :=n and [, = i,41 — i, (0 < p < s). Then the rational numbers
p = —2 " (j=0,...,5),

lp
Oy < ap < .- < Oy
are called slopes of New(f;). We call the polynomial f;(¢) generic if no 3 points from the
set {(0,mg), (1,m1), (2, ms),...,(n,m,)} C R? are on the same line.

Our main tool is the following classical Newton-Puiseux theorem on the Puiseux solutions
of polynomial equations:

Theorem 3.8. Let New(f;) be the Newton diagram of a generic f;(x) as above and o, avq, . . ., g
its slopes. Then for any p = 0,...,s and for any complex root ¢ of the polynomial 1 + t'»
there exists a unique root p(t) of the polynomial f; which can be expressed as the Puiseux
series

p(t) = et~ (1 + o(t)) € C[[t7]].

Example 3.9. Let us illustrate the statement of Theorem 3.8 in the case n = 2. The
polynomial f;(x) = t™ + t™z + t™22? has two roots

_+m1 2my1 _ A4mo+me __4mi—mz 2(m1—ma
pralt) = ™ 4/t 4 _ i\/ﬂ )
2tm2 2 4
fi(z) is generic if and only if 2my # my+my. In the cases 2my > my+mgy and 2m; < mo+my
we have the two possibilities for the Newton diagram New(f;) (see Figure 2).
In the case 2m; > mg + my, one has a;, = +£y/—1tM0~™2)/2(1 4 o(¢)). In the case

2my < mgy+mg, one has p;(t) = —t"™ ""2(140(t)) and py(t) = —t™ "™ (14 0(t)). Therefore

— tmo—ma2
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D(f) = t*™2(py(t) —p2(t))? is equal to —4t™0+™2(14-0(t)) in the first case and to t*™ (1+o0(t))
in the second one.

Proof of Theorem 3.3. We generalize arguments in the last example. In order to compute
the maximal power y of ¢ which divides D(f;) for a generic f;(x) we apply Theorem 3.8 and
subdivide the set R = {p(t)} of all roots of f(x) into s+1 subsets Ro, R1, ..., Rs (|Ry| =1,)
such that for all p(t) € R, we have

pl(t) = =7 (1 + o(t))C[t™ ]

for some root ¢ of 1 + z'». If we choose a root p(t) € R, and another root p'(t) from R, for
some ¢ < p, then we obtain [,i, factors of the discriminant

D(f) = a2 [[(oi = ps)
1<j
of type (p(t) — p/(t))* = 2t~ (1 4 o(t)) (&, is a root of 1+ ') .
If we choose both roots p(t), p'(t) in R,, then we obtain [,(l, — 1)/2 factors in D(f;) of
type (p(t) — p'(t))* = (g, — €,)*t>*» (1 4 o(t)), where &, ¢, are two distinct roots of 14 z'r.
This implies that the maximal power p of ¢ which divides D(f;) is

w=m,(2n —2)—2 Zozplpip - le(lp — 1oy, =
p=1 p=0

S

= mn(2n - 2) —2 Z(mipﬂ - mip)ip - Z(mip-H - mip)(lp - 1) =

p=1 p=0

=mo(lo — 1)+ > mi, (lp + lp—1) + ma(ls — 1).
p=1
Since the product of squares of all complex roots of 1+ z* is 1 and the product (¢ — &’)?
over all pairs {e, &'} of roots of 14 z* is D(1 + 2*) = (=1)¥*+=1/2kF we obtain that
At ) L(lp—1)/2]1
lg% L - H(_l) o Ly

p=0

where [, = i,11 — 1.

Now we return to the case of arbitrary Laurent polynomials

f(x) = Z amx™,
meA

for some finite subset A C M. We consider the coefficients of f as independent variables
{am }mea and denote by A the convex hull of A in Mg.

Definition 3.10. Let
EA(f) = Z ckak
kezA
be the principal A-determinant of f. Then the Newton polytope of E4(f), i.e., the convex

hull of lattice points k& € R4 such that ¢; # 0, is called secondary polytope of A and will
be denoted by Sec(A).
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Example 3.11. If A = {vg,...,v4} is a set of vertices of a d-dimensional simplex A, then
Ea(f) = Ex(agz® + a1z + - - 4 aqz") = (Vol(A)agay - - - aq) ") .
In this case Sec(A) is a single lattice point
Vol(A)(1,...,1) € R

Example 3.12. Let d =1, A={0,1,...,n} CZ and f = ag+ a1z + - - - + a,z™. Since

Ea(f) = aoanD(f)
the Newton polytope of E4(f) is simply a shift by (1,0,...,0,1) of the Newton polytope
of D(f), we obtain that all nonzero monomials ckalgo ---aka in the principal A-determinant
EA(f) satisfy the following two homogenity conditions:

ko +ki+--+k,=2n, ki +2ky+---nk, =n’

By 3.3, the secondary polytope Sec(A) C R™! is combinatorially equivalent to an (n — 1)-
dimensional cube, it contains 2"~ ! vertices which are in a bijection with all possible subsets

Ic{1,2,...,n—1}
If we set 79 = 0, is41 = n, then the vertex k(I) corresponding to the subset I = {i; < iy <
- <igt (1 <s<n-—1)is the sum
Sec({io, i1}) + Sec({i1,ia}) + - - - + Sec({is, is41})-

If we set [, == i,41 — iy (0 < p < s), ie. [, is the length of the interval [i,,4,41], then the
monomial

S
Ck([)ak(I) _ (H(_l)lp(lp—l)/lel?p> aéoag-&-loag-i-h . aéz:i+1572@§z+1571a%

p=0
corresponding to I C {1,2,...,n—1} can be written also in the following more elegant form

S
Ck(l)ak(l) = H E{ip:ierl}(aip:Eip _'_ &ip+1$ip+1)'
p=0

Definition 3.13. Let A C Mg be a d-dimensional polytope with vertices in M and A a finite
subset in A N M which includes all vertices of A. By a triangulation 7 of A associated
with A we mean a decomposition of A into a union of simplices 71, . .., 7, having vertices in
A such that any nonempty intersection 7; N 7; is a common face of 7; and 7;. A triangulation
T associated with A is called convex if there exists a convex piecewise-linear function

/ /
pranm p(THT) 5 Bl Lel)

whose domains of linearity are precisely the d-dimensional simplices in 7.

<A

Remark 3.14. If ¢ : A — 7Z is a convex piecewise-linear function as above, then we define
a one-parameter family f;(z) of Laurent polynomials as follows:

fi(z) = Z P g, ™.
meA

Denote by New(f;) the Newton diagram of f;. Then the projection of simplices in the
low boundary ONew(f;) of the Newton diagram are exactly simplices of the corresponding
convex triangulation 7 of A.
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Here is the main theorem of Gelfand, Kapranov and Zelevinsky about the secondary
polytope (see [[28], Chapter 10]):

Theorem 3.15. There is a natural bijection between the set of all convex triangulations T
of A and the set of vertices of the secondary polytope Sec(A) C RA:

T Y Sec(V(r)),
TeT(d)

where the sum runs over all d-dimensinal simplices T € T. In this sum V(1) C A denotes
the set of vertices of T and the lattice point Sec(V (7)) € RV is considered as element of R*
with respect to the natural embedding RV — RA. If T an arbitrary convex triangulation
of A, then the corresponding monomial in Ea(f) has form

H EV(T) (fT)?

T€T(d)
where
fr(x) = Z a,x’.
veV(T)
In particular, the coefficient of this monomial equals
cr == H Vol (7) Vel
T€T(d)

It follows from this theorem, that E4(f) satifies d + 1 homogeneity conditions. One

condition we have seen already in 2.24. In order to describe d more homogeneity conditions

we choose a Z-basis uq,...,uq of the dual lattice and define a lattice vector Sn € M by
equations

<6A7ul>:(d+1)'A<y7ul>dy7 izlv"'7d7

where dy is the standard Haar measure on Mg normalized by 1 on Mg/M. The element
B € M equals to the barycenter of A times (d + 1)Vol(A).

Assume that A = Conv(A) is a d-dimensional polytope, where A = {vy,...,v,}. Denote
by R(A) the subgroup in Z* consisting of all vectors (A1, ..., \,) such that >°°  A\v; = 0.
Then we have the following short exact sequence

OHR(A)R%RALMRHO

Corollary 3.16. The secondary polytope Sec(A) is a (|A| — d — 1)-dimensional polytope
which lies on the affine subspace 71 (Ba) C RA, where

Ba = ((d+ 1)Vol(A), Ba) € M = Z & M.

In the case |A| = d + 2 the secondary polytope is 1-dimensional. It contains two vertices
corresponding to 2 convex triangulations with respect to A.

Example 3.17. Take A = {vg,v1,...,v4,v441} C Z , where vy,...,v4 is a standard basis
of Z¢, vy = 0 and v44q = —v; — - - — vg. Then

a
f(x):a0+alx1+"'+adl'd+L-
xl...xd
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We obtain two monomials
(d+ 1) ay - age)™, aft(ar-- - ager)"
corresponding to two different convex A-triangulations of the simplex A. In fact, one can

show that
Ex(f) = (a1 age) (ad™ — (d+ 1) ay - agyq).

4. HODGE-DELIGNE NUMBERS

Let H be a finite-dimensional vector space over Q. A pure Hodge structure of weight k
on H is a direct sum decomposition

He=H®oC= @ H
p+q=k

such that HP? is complex conjugate to H%P. This defines a descreasing Hodge filtration F"
on H@Z

FPHp = @ Hik=i R —

i>p

such that

H(C = FpH(C @Fr_p'i'lH(c, Vp > 0.
Such a structure appears in cohomology of projective algebraic manifolds [33].

A mixed Hodge structure on a Q-vector space H consists of an ascending weight
filtration W. on H and a descending Hodge filtration F" on H¢ which induces a pure Hodge
structure on of weight k on Gr,‘:VH = WyH/Wy_1H for all £ > 0. In particular, one has a
decomposition

(WiH/ Wi H)e = @5 H.
p+a=k
The dimension of the C-space HP? is called the Hodge-Deligne number of H and is
denoted by h?4(H).

In [15] Deligne has shown that the cohomology groups H*(X,Q) and H(X,Q) of any
complex algebraic variety carries a natural mixed Hodge structure. For d-dimensional smooth
irreducible algebraic varieties X one has a duality between H*(X, Q) and H?*(X,Q) Vi > 0
defined by the Poincaré pairing

H'(X,Q) x H2*{(X,Q) — H(X,Q) = Q(—d),

where Q(—d) a 1-dimensional Q-vector space of Hodge type (d, d). This duality is compatible
with the Hodge structures in H(X,Q) and H?*~/(X,Q). In particular, we have a duality
between the weight filtrations

0= W, 1 H'(X,Q) C W;H'(X,Q) C - - C WyH'(X,Q) = H(X,Q)
0=W_ H**X,Q) C WoH*(X,Q) C -+ C Way;H*(X,Q) = H* (X, Q).
Definition 4.1. Define a (p, ¢)-analog of the Euler characteristic as

() = S (~ D) WP HE (X)),

k>0
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Since one has a long exact sequence of Hodge structures
- — HYX\Y) - HYX) — H*Y) - H*Y(X\Y)---

for any closed subvariety Y C X, the numbers e”4(X) have good behavior with respect to
stratifications. If X is a disjoint union of locally closed subvarieties X, ..., Xy, then

S

(X)) =) eI(X).

i=1
It is more convenient to introduce some polynomials

E(X)=E(X;27%) = Zef’q )2PZ.

Then
E(X;z,2) ZEXl,zz

if X is a disjoint union of locally closed Subvarletles Xi,...,X,. Moreover, one has
E(X x X';2,Z) = BE(X;2,2)E(X'; 2,2).

Example 4.2. One has the following E-polynomials for simplest algebraic varieties:

E(pt)=1, E(PY)=1+2z, A'=2z A= (22)"
Since T' = A\ {0} we obtain

E(T)=2z—-1, E(T% = (22— 1)~
Moreover, one has
H{(TY =0, if i <d,
dim HIT(T?) = h*(HS(T?)) = (f) 0<i<d.

We will be interested in cohomology of a nondegenerate affine hypersurface Z; C T?
defined by an equation
flz) = Z amx™ = 0.

meA
On has the following Lefschetz type theorem ([17], 3.9):
Theorem 4.3. The Gysin homomorphism
H;(Z;, Q) — H™(T*,Q)

is an 1somorphism for i > d —1 and an epimorphism for i = d — 1. Since Zy is an affine
smooth algbraic variety, one has H.(Zy, Q) fori < d— 1.

This theorem implies:

Corollary 4.4. If p+q>d— 1, then e"?(Zs) =0 for p # q and
d d—1
PP( 7.\ — ePTLp+lpdy — (_1)d+p+1 v '
@r(Zg) = (DY) = (1 L) > S

Thus, the only interesting cohomology groups of Z¢ are in degree 7 = d—1. The dimension
dim H=Y(Z;) = dim H4"*(Z;) can be computed using the following result of Khovansky:
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Theorem 4.5. The Euler number of a A-nondegenerate hypersurface Zy C T equals
(=1 Vol(A).

Corollary 4.6. If Z; C T? is A-nondegenerate hypersurface, then one has
dim H*Y(Z;) = dim H*(Z;) = Vol(A) +d — 1.
Using Morse theory, one can obtain the Lefschetz-type theorem for cohomology groups of

Z; over Z (see [43]). Using the duality and the canonical isomorphism A*(M) = H*(T9,7Z),
we obtain:

Theorem 4.7. Fori < d—1, one has a canonical isomorphism
H'(Z;,7) = AN'M.

vk H (Z;,7) = (d)

]

In particular, one has

Moreover, the natural homomorphism HY(T,Z) — HY(Z;,Z) is injective and it defines
the exact sequence

0— A"'M — H"Y(Z;,2) - PH" ' (Z;,Z) — 0,

where
vk PHY(Z;,7) = Vol(A) — 1.

Remark 4.8. It will be convenient to identify PH?'(Zy, Q) with the maximal ideal S} in
the graded Artinian ring
Sf - SA/(F(], F17 ey Fd>SA

which we call the Jacobian ring of f.

It is important to stress the following general observation:

Cohomology groups of Z; are combined from cohomology groups of the torus
T? and from homology groups of the Koszul complex C.(f). The first ingredient
is simply the exterior algebra A*(M) which does not depend on the choice of
the Laurent polynomial f. The second one, i.e., the Koszul complex C.(f), does
depend on f. Its single nonzero homology group H°(C.(f)) = S; will be of main
interest.

One can show that the Hodge-Deligne number h4~10(H"1(Z})) is a birational invariant
of Z;. In particular, one has e?~10(Z;) = e?"10(Z}) for any compactification Z; of Z;. An
explicit formula for e”?(Z;) for all p > 0 has been found by Danilov and Khovansky [17]:

Theorem 4.9. For arbitrary lattice polytope A C Mg and for arbitrary p > 0, one has
PZp) = (=) Y (),
dim f=p+1
where 0 runs over the set of all (p + 1)-dimensional faces of A. In particular, we obtain

WHHTH(Zy)) = 17(A) = ¢a(A).
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Example 4.10. Let A C R* be an arbitrary 2-dimensional polytope with vertices in Z?
(d = 2). Consider a toric compactification Z; of the affine algebraic curve Z; C T?. Then
Zy is a smooth projective algebraic curve of genus g = [*(A) and

E(Zp)=1-1"(A)z —I*(A)z + 2=
Let B(A) is the number of lattice points on the boundary OA. Then Z; \ Z; consists of
B(A) points and so we obtain
E(Z;) =1—B(A) =1I"(A)z = I"(A)Z + 2Z.
Therefore the tables of Hodge numbers for H}(Z;) and H'(Z;) have forms

F(AY [ 0 F(A)TBA) — 1
B(A) — 1| F(A) 0 | (A

By 4.5, we have
(—1)Vol(A) = E(Z;1,1) =2 — B(A) — 21" (A),

or
1(A B(A
VIR oy -1+ 22
The latter equation is the well-known as Pick’s theorem.

There is also a general statement about e*°(Z;) [17]:

Proposition 4.11. Let B(A) denotes the number of lattice points lying in the 1-dimensional
skeleton of A. Then
™(Zs) = (=) H(B(A) - 1),

One of the most important statement about the connection between the dimensions 1;(A)
(¢ > 0) of the homogeneous components of Sy and Hodge-Deligne numbers is the following
(see [17]):

Theorem 4.12. The p-th homogeneous component FPHYY(Z;)/FPTYHI=Y(Z;) of the Hodge
filtration in HIY(Z;) has dimension
WPOHE ™ (Zy)) + WP (HTNZg) 4 -+ WP P (HETH(Z5)) = 0a-p(D) = i (D).
By duality, we obtain

Corollary 4.13. The p-th homogeneous component FP H*=Y(Z;)/FPT H=Y(Z;) of the Hodge
filtration in H*Y(Z;) has dimension

WP (Z)) 4+ BN (Z) o B HENZ)) = a () = gy (A)

Example 4.14. Let A C R® be a 3-dimensional polytope. Then Z; C T? is an affine surface
and the tables for the Hodge-Deligne numbers in H2(Z;) and H?*(Z;) have forms

F(A) 0 0 (A [ S, 0) | B(A) — 1
Dl (0) | A 0 0 R 13,0 0) |,
BIA) —1|55,0(0) [IF(A) 0 0 *(A)

where

W= pa(8) = ST 1(0)

and all sums are taken over all 2-dimensional faces 6 C A.
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In order to describe the cohomology group H% !(Z;) as vector space we use the surjective

Poincaré residue mapping
HY(T'\ Zy) = H'(Zy).
Denote by QF(T¢\ Z;)(log D) the space of algebraic differential p-forms on D = T?\ Z;
which have at worst logarithmic singularities on Pa \ T¢. Then the cohomology groups of
the complex
Q*(T*\ Zy)(log D)

are exactly H*(T¢\ Z;). The filtration by order of poles along Z; determines the Hodge
filtration on H*(T?\ Z;) [36, 9]. A natural isomorphism
-1
St =@ FPH" (Z;)/F'PH(Zy)

i

s9

Il
=)

is induced by the C-linear map
L SL—QUT*\ Z;)(log D)
which sends a monomial zf2™ (m € kA N M) to the rational differential d-form
(—1)*(k — 1)lz™ dx
fr T

Analogously one obtains a natural isomorphism

d
P = @FlPHdl 1)/ FTPHTY(Z)).
=1

Example 4.15. Let Z; C T? be a A-nondegenerate affine algebraic curve Then the space
of holomorphic differential 1-forms on Z; can be identified with the space of 2-forms

" dxy  dxo
- /\ —_
[ o T2

where m is an interior lattice point in A. This agree with the classical description of holo-
morphic differential 1-forms on plane curves of degree n in P? and on hyperelliptic curves.

There exist a twisted version of mixed Hodge structures associated with toric hypersurfaces
Z; C Te. A twisted version of the theorems of Danilov and Khovanski was obtained by
Terasoma [?, 57].

Let us consider an element ﬁ € M@ and denote by M M’ a sublattice in MQ generated by 6
and M. The dual lattice N’ is a sublattice of finite index in N. We can identify the lattice
N with the homology group H; (T?\ Z;). Therefore, the sublattice N’ C N defines a cyclic
unramified Galois cover X of T?\ Z;. The finite cyclic group G := N / N’ acts on cohomology
groups of X. The G-action on H*(X) splits over C into a direct sum

X)=@p H"(X

xeG*

where x runs over all characters of G*. The element 5 € MQ modulo M can be naturally
identified with a particular generator yo € G*. It is easy to show that for all nontrivial
elements y € G* one has H(X), = 0 for all i # d and

dim H(X), = Vol(A).
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We call HY(X),, a twisted cohomology group associated with B and denote it for

simplicity by

X0

H*(Zs)5-

Example 4.16. Consider A = [0,n] C Mr = R, where n = 2¢ is an even number.

We identify M with Z* and take 8 = (1/2,1/2) € Mg. The element 3 defines a double
cover X of T'\ Z; ( i.e., C* minus 2g points) and the twisted cohomology group H'(X),,
(dimH'(X),, = 2g) can be naturally identified with the cohomology group of the hyperel-
liptic curve X of genus g.

For computing Hodge numbers in the twisted cohomology group H%(Z;) 5 Terasoma in-
troduces the notion of twisted Ehrhart polynomaial.

Definition 4.17. Denote by A the convex hull of (1,A) C M and 0 € M. Take an element
(8 € Mg and define the twisted Ehrhart polynomial U(A,t,3) by

WAL () = (1—t)"2> I(kA, ),

k>0

where l(k:z, 6) denotes the number of points in §+ M which are contained in kA. If B € M,
then we come to our previous definition since in this case we have

1(kA,0) sz

Analogously, we define the polynomial

(AL, ) = — )2 I (kA, ),

k>0

where l*(k’ﬁ, 5) denotes the number of points in B + M which are contained in the interior
of kA.

Definition 4.18. An element Z} € MR is called nonresonant if
kA, 5) = (KA, B)
holds for all £ > 0.

It is easy to see that nonresonant elements form an open dense subset in Mg /M.

Example 4.19. Let A = [0,n] C R and A = Conv((0,0),(1,0),(1,n)). Then the set of
nonresonant elements in Mg /M consists of n+ 1 connected components parametrized by the
following possibilities for the twisted Ehrhart polynomial

V(A B) =k+(n—k)t, 0<k<n.
There exists the following twisted version of the Ehrhart reciprocity law:

Theorem 4.20. Let A C Mg be an arbitrary d-dimensional polytope with vertices in M.
Then for any element 6 € MR one has

O(A,t,B) = WA, =),
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We remark that instead of Z; C T? one can consider the family of equations

flx) =t=0,

where t is sufficiently large complex number. In this way we obtain a 1-parameter family
of affine hypersurfaces Z;, C T¢ which are fibers of a locally trivial fibration defined by
f : T4 — C over the open set U, := {t € C : |t| > r} which does not contain any critical
value of f.

The cohomology H*(Zy, together with the natural action of the monodromy around ¢ = oo
can be described in terms of the lattice polytope A, (f) := Conv({0} U A) which is called
Newton polytope of f at infinity.

Definition 4.21. [37] A Laurent polynomial f is called to be nondegenerate with respect
to A (f) if for any face 8 C A, (f) which does not contain 0 the polynomial system

0 0
xla—xlf0<x> == Ida_xdf@(x) =0

has no solutions in T¢ for any extension of the base field K.
If f is nondegenerate with respect to Ay (f) and dim A, (f) = d, then the Euler number
of Zy, (t € U,) is equal to
(=) 'Vol(AL).
If 0 is face of A, of codimension one which does not contain 0, then there exists a unique
primitive lattice point ug € N such that 6 is the intersection of A, with the affine hyperplane

(*,ug) = g for some positive integer pyg.
The following theorem is due to Libgober and Sperber [39].

Theorem 4.22. Assume that f is nondegenerate with respect to Ao (f) and dim A (f) = d,
then zeta function of monodromy at t = oo equals

Z(fi,s) = H (1— 3“9)(*1)‘1_1\/01(9)7
dim 0=d—1
where the product is taked over all faces 6 of A which do not contain 0. We note that
I[I rovol(®) = Vol(A,).

dim f=d—1

5. GKZ-HYPERGEOMETRIC SYSTEM

Let A= {vy,...,v,} be a finite subset in M = Z2.
In order to motivate the definition of the generalized hypergeometric system introduced
by Gelfand, Kapranov and Zelevinsky we start with the consideration of the integrals

= d
I, B) == /xﬁ exp (Z CLM”) %},
Y =1

where 3 is an element of Mg = M ®; C and v is a d-dimensional cycle in T = (C*)? such
that 0y = 0.
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Example 5.1. A simplest example of such an integral for d = 1 is the Hankel formula for
the classical I'-function

11
L(6+1) 2mi

where C' goes along the boundary of the cut of C along the real ray from —oo to 0. More
generally, one has

/ 2P exp(z)%, Ref < —1
C z

1 5 ( )dz a®
b z explag)— = ————.
omi o S N CEY)

By the formal differentiation under the integral sign we obtain

0
D (a,0) =1(a,f+v;) V 1<j<n.
j

Ifl = (ll, RN ln) S R(A), then Z?:l liv; =0, ie.,

1;>0 1;<0
so we have
0 \" 5\l
11 (a%) I(a,8) = I(a, 8+ > L) = I(a, B+ Y _(—l)v;) = [ [ <87j> I(a, B).
;>0 1,>0 1,<0 ;<0

If we introduce the differential operator

o L ) —Ij
w-1G) -IGs)

;>0

then we obtain
O(a,5) =0 VIe R(A).

A choice of a Z-basis uy, ..., ug of N determines an isomorphism T = (C*)? and the coordi-
nates x1,...,xqs on T together with d vector fields on T
0 0
xla—xl, e xdﬁ_xd
such that
xkaixkxm = (m,up)x™, 1<k <d.

We define d first order differential operators

Dy = Zm,ukﬂlz’i —(Bu), 1<k<d

i=1 Oa;
Then for all 1 < k < d we have

Dfl(a,ﬁ) = /%aixk (l‘_’g exp (Z aix“)) d?x =0.

v i=1
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Definition 5.2. [26] The GKZ-hypergeometric system with the parameter § € Mc is the
system of differential equations for functions ®(a)

O0,®(a) =0, V1 € R(A),
Di®(a) =0, 1<k <d.

Remark 5.3. The first part of equations in the GKZ-hypergeometric system consists of
infinitely many equations parametrized by elements [ of the lattice R(A). One can show
that this system is equivalent to a finite system

O,®(a) =0, [ € B

for some finite subset B in R(A). However, a priori there is no canonical choice of the subset
B C R(l).

The differential operators D,f (1 <k < d) depend on the choice of a Z-basis ui, ..., uq of
N, but solutions of the system

Di®(a)=0,1<k<d
are independent of this basis.

Example 5.4. Let d =2, n =3, v; = (1,0), va = (1,1), v3 = (1,2). Then the lattice R(A)
is generated by (1,—2,1) (v; + v3 = 2vy). The GKZ-hypergeometric system reduces to the

following 3 equations
o 0 9\’
— b =(—) @
8(11 8a3 (8@2) ’

0 0 0
(ala_(zl+a28 +a38_ag_ﬁl) =0,

0 0
<a28—2 + 2@36—3 - ﬁg) = 0.

Theorem 5.5. Let d =2, M = 7Z? and A be the set of n + 1 vectors
vo = (1,0),v1 = (1,1), vo = (1,2),...,v, = (1,n).
Denote by p1, ..., pn the roots of a general equation
f(2)=ao+ a1z +az> + - +a,2z" =0
of degree n. Then for any nonzero complex number p the functions

PLy- s P
form a basis for the solution space of the A-hypergeometric system with the parameter [ =

Proof. Consider the integral

1) = 51 [ (st = gy [#500= L Z“(szpi)dz‘

If 7 is choosen as small circle containing p; and no other roots p; j # i, then I(f,v) equals

pi. On the other hand,
1 kzk1 B zkf’(z))
00 =5 [ (G = 7 )
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o 0 1 —EkHRLEN () ML (2) H(f(2))?
Das 0 ) = 27@/2( T I B <15 )dz‘
Therefore, we have 5 9 P
6_al(9_akl(f’7) = 8@1»87”]“’7)

if k+1 =1+ j. Two homogeneity conditions are abviously satisfied, because f and Af have
the same roots and roots of f(Az) are obtained from roots of f through division by .
OJ

Corollary 5.6. (MAYER) [45] The roots py,...,pn of a general equation
f(Z) :a0+a12+a2z2+...+anzn20

of degree n form a basis for the solution space of the A-hypergeometric system with the
parameter 3 = (0, —1).

Example 5.7. Let p;, p2 be two roots of f(x) = ag + a1x + axx®.

_ag > 1 2m apas \"
pr= ap A= m+1\m a?

a; g w—= 1 (2m> <a0a2)m
pr=——+4+— S —5
as  ap m:Om—i—l m ay

For small values of z = %032 the ratio p1/p; is small
1

Applying the same arguments to log z instead of z*.

Theorem 5.8. (SKARKE) [52] If one considers the previous A-hypergeometric system with
the parameter = (0,0), then

17 111(P1/P2)7 LR ln(pnfl/pn)
form a basis of the solution space.

Remark 5.9. All 2" ! distinct Puiseux series for the roots py, . . ., p, were found by Sturmfels
([55], Theorem 3.2).

Example 5.10. The integral

dz dz
[(a,) == = .
~ \/z(al + asz + azz?) S Varz + agz? + azz?
is a solution of the GKZ-hypergeometric system for
A={vo=(1,0),v, = (1,1),ve = (1,2)}, B=(-1/2,1/2).

o 0 9\ 3 2324
a_ala_agj(a) = (6_GQ> ]<a) = Z/’y (alz+a2z2+a3z3)5/2

2
( 0 0 0 )](a) 1 (a1 + asz + azz?)dz 1

Indeed we have

a1 — +as— +az— =—3 = —5l(a),
"da; ?Das ® Das 2 Jy \/2(a1 + agz + az2?)3 2 (a)

1 2 d
<a1i+2a2i+3a3i) I() = — % [Hat 20zt daz)d:
day das Odas 2/, \/(Zal T ax2? + a323)?
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The integral I(a) describes periods of the elliptic curve

w? = z(a1 + asz + as2?), ajas(ai — 4ajay) # 0.

Remark 5.11. In [26] the finite subset A = {vq,...,v,} C M was assumed to generate M
and satisfy (v;,m4) = 1 (1 < i < n) for some element n4 of the dual lattice N. The last
condition imply that the GKZ-hypergeometric system has only regular singularties and its
solutions are generalized hypergeometric functions of nonconfluent type. The singular locus
of this A-hypergeometric system is described by the condition E4(f) = 0. A more general
situation in which vectors vy, ..., v, need not to be on an affine hyperplane was considered
by Dwork-Loeser [22, 23] and Adolphson [1]. In general, one obtains a holonomic system
whose solutions are generalized hypergeometric functions of confluent type.

Example 5.12. Let A={—1,1} CZ = M. Then

1
F(B+1,a1,az) =

a2> dz
- 271'2 C

exp <a1z + <)< (a1)? o F1 (B + 1, (a1az)),

where
= T 1/A t
F\ME) =Y —— 2 b= = "V
oF1 (A1) %k!F(AJﬂﬂ omi )0 P\ )@

is the classical confluent hypergeometric series. We remark that

1 Y\ dz
Jo(QZ) = %/CGXP (Z — E) ?

is the classical Bessel function.

Definition 5.13. Let A, = A (A) be the convex hull in Mg of 0 and A = {vy,...,v,}. If
f(z) = Z ™,
meA

then we call A, the Newton polytope of f at infinity.

Remark 5.14. If all elements of A belong to an affine hyperplane (x,n4) = 1 for some

element ny4 of the dual lattice N, then A, can be identified with the polytope A from our
previus consideration, where A is the convex hull of A (we assume that dim A = d — 1).

One can prove that GKZ-hypergeometric system is holonomic and its space of solutions
has dimension d!Vol(A). In the regular case, one can sometimes constract explicitly a basis
for solutions. For this purpose we introduce some new definitions.

Definition 5.15. Let A = (\1,...,\,) be an arbitrary element of C". We consider the

formal series
1 Y = dz
NOESS (2mi) /C = e (; “) e

_ Z (ﬁF(Ai+li+1)1> at!

leR(A) \i=1
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Let e,...,e, be a standard basis of C". Using the property I'(z + 1) = 2I'(2), we obtain
%(I),\( a) = Py_¢,(a), 1<5<n.
It follows immediately from the definition ®,(a) that
Py(a) = Py(a), if X=X e R(A).
These properties imply that
Oi®@y(a) =0, VI e R(A).
On the other hand, for any | = (Iy,...,l,) € R(A) we have

<Z<U“uk>alﬁi> A (ZO‘Z + li)<vi,uk>> a Mt =

i=1 i=1

/\+l /\+l A+l
5 )\kuk E lvuuk E )\Uuuk‘ )

since > i lv; = O. ThlS shows that CID,\( ) formally Satlsﬁes the GKZ-system with the
parameter 5= )., \jv; € Mc.

Definition 5.16. A subset I C {1,...,n} such that |I| = d is called a base if the element
{vi}ier € M a linearly independent, i.e. they form a basis of M.

Every base I C {1,...,n} defines a Q-splitting of the exact sequence
0—RA) —-Z"—>M—0

Using the isomorphisms -
Ql = MQ> QI = R<A)Q?
where I = {1,...,n}\ I, and the standard lattices Z' C Qf, Z! C Q!, we obtain a sublattice

M; of finite index r([) in M generated by {v;}ic; and a lattice A(I) C R(A)g containing
R(A) together with a natural isomorphism

M/M; = A(I)/R(A).
Using the splitting of
0—RA)c—C"—> Mc—0
defined by a base I, we can define the canonical ¢-lifting 7 of an element 3 € Mc.
Let 01,...,0,) € A(J) be representatives of all elements in the finite group A(Z)/R(A).
Then r(I) power series
(I)tsj*ﬂI(O‘)’ 1<j< T([>
are solutions of the GKZ-system with the parameter 3. Moreover, they can be written as
%P Z qal.
IER(A)NC;(B)
for some (n — d) dimensional cone C;((3) in R(A)g.
Definition 5.17. Let 7 be a convex triangulation of A. An element § € Mc¢ is called

7 -nonresonant if the lattices 5y + A(I) and fp + A(I") have empty intersection for any two
different d-dimensional simplices I,I" € T.
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Theorem 5.18. [26] Assume that A belong to an affine hyperplane (x,n4) = 1 for some
element na of the dual lattice N. Let T be a convex triangulation of A = Conv(A) corre-
sponding to a vertex of the secondary polytope Sec(A). If 5 is T -nonresonant, then the power
series

(I)5j+/31(a)7 1 S] S T(‘[)v I € T

have common convergency domain and form a C-basis of the space of solutions which has
dimension Vol(A) = Vol(A).

Example 5.19. Let A be a simplex. Consider a convex triangulation 7 of A consisting
of the single simplex A. Then every # € Mc is 7-nonresonance. So we can find a basis of
solutions for any 3. Take [ = 0 for our previous example. The lattice A(/) is generated
by (1/2,—1,1/2). We obtain two representatives for A(I)/R(A): §; = (0,0,0) and Jy =
(1/2,—1,1/2). Then two independent solutions are

l

l
9 -1 4143
¢(51 — Z F(l + 1) F(—2l + 1) (a2)2l = ].7
I€Z
aag \ -2 L aag -2 -1 0%
s = ( > T+ 14 1/2)7°T(-21) (a)s = > T+ 14 1/2)7°T(-21) (@)

leZ <0

Definition 5.20. Let 6,,...,65 be the codimension-1 faces of A that contain the origin
0 € M. Each 0; is the intersection of the hyperplane defined by the equation (x,[;) = 0 with
A, where [; is a primitive element of N such that (x,/;) > 0 on A. Am element 3 € M¢
is called semi-nonresonant if (x,[;) is not 0 or a negative integer for all : = 1,...,s. Am
element (3 € M is called nonresonant, if (3,1;) € Z foralli=1,... s

The following result was proved by Adolphson [1]:

Theorem 5.21. Assume that A generates M and 3 is a semi-nonresonant. Then the solu-
tion of the A-hypergeometric system form a vector space of dimension Vol(Ay).

Remark 5.22. For arbitrary 3 one has Vol(A,,) only as a low estimate for the dimension of
the solution space [50, 51]. The resonant case = 0 is especially interesting from view-point
of toric mirror symmetry [54].

6. EXPONENTIAL SUMS AND THE METHOD OF DWORK

Let p be a prime number, ¢ = p", and F, the finite field with ¢ elements. Consider a
Laurent polynomial

f(z) = Z Ama™ € By [M] 2 F [, ... 25
meA

as a regular function on the d-dimensional algebraic torus T and choose a nontrivial additive
character ¥: F, — C*. The polynomial f and the character ¥ determine for any k& > 1 the
exponential sum

Se(V, f) = Z U (Trg,. v, f (21, .. Ta))
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and the corresponding L-function
LV, ft)= Sk(U, f)— ).
( 7fa) eXp(; k( 7f)k)

Dwork attached to f and ¥ a complex DK?®, of p-adic Banach spaces, so called p-adic
Dwork-Koszul complex, such that its cohomology groups H*(DK*®) are vector spaces over
a finite extension of Q, endowed with a Frobenius automorphism F', and one has

L(V, f,) = [ [ det(1d — tF|HI(DK*)"D"™",
i=0
The following result is due to Adolphson and Sperber [2]:
Theorem 6.1. If f is nondegenerate with respect to Ao (f) and dim A (f) = d, then
L(¥, f,1) 0"

is a polynomial of degree Vol(Au(f)), where Ax(f) is convez hull of 0 and all lattice points
which occur as exponents in monomaials of f.

Remark 6.2. If A is contained in affine hyperplane (x, u) for some u € N and dim A (f) =
d, then DK is a p-adic completion of the Koszul complex C,(f) considered in section 2. In
this case, we have Vol(Aw(f)) = Vol(A), where A is the convex hull of A. Moreover, the
L-function L(W, f,t) is equal to nontrivial factor in the the Weil zeta-function of the affine
(d — 2)-dimensional hypersurface Z; C T¢! (see [20, 21, 38]).

Example 6.3. Let ¢ € C* be a primitive p-th root of unity. One defines an additive character
F, — C* using the homomorphism

Z — C*, awre”

The integral is analogous to the sum

> e N (1)

where N is the number of solutions of the equation f(z) =0 in (Fj)?.

Let us discuss combinatorial aspects of the complex DK?*.
We denote by C(A,) cone the union of all rays in Mg emanating from the origin and
passing through A, (f). Define a piecewise linear weight function:

w: C(Ay) — R

a— w(a)
where w(a) is the smallest positive real number A such that o € AA(f). One has the
following properties of the weight function:
(1) w(Aa) = Aw(a) VA € Ry,
(2) w(a) =0 & a=0,
(3) w(ag + az) < w(ay) +w(as) and the equality holds if and only if the rays from 0 to
ap and am,
(4) w(M N C(f)) is contained in (1/k)Z for some positive integer k.
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The weight function defines an increasing filtration on the ring K[M N C(A)] by finite
dimensional subspaces generated by monomials of weight < i/k for some positive i € Z. We
denote by S(A.) the associated graded ring (it is graded by nonnegative rational numbers
from (1/k)Z). Since the Laurent polynomial f has weight 1 it defines an element F' €
S (AL). Denote

OF
Bt i=1,....d
x o i
If f is nondegenerate with respect to Ay (f) and dim A (f) = d, then Fi,..., F; form a
regular sequence in S(A) [37]. The Koszul complex associated with Fi, ..., Fy is acyclic

except in degree 0. One can show that the dimension of the Artinian ring
equals Vol(Ay). This ring is analogous to the Jacobian ring S; in our previous considera-

tions.

Remark 6.4. There exists a twisted version of exponential sums. Given a k-regular function
fon (T)% anontrivial additive character ¥: F, — C*, and a multiplicative character x € Mg
x: T4(F,) — C*, one can form exponential sums

Sk, )= D (xoNg,m,(@)(¥o Tre , r, (f(2)))
xE'H‘d(Fqk)

(where k,, is the extension of k of degree m) and an associated L-function

00 k
L(W, X, f;t) = exp <ZSk(‘I&X, f)%)-

k=1
For general results see [4, 5].

Example 6.5. If ¢ is nontrivial additive character of IF,, then

S(q,b) = Z WP (t + lg) = 2,/qcosb(q,b) (0<60(qg,b) <)

z€lY

is a classical Kloosterman sum. If x is a multiplicative character of [}, then

K(b,x,v) ==Y x(t)y (t + %)

z€Fy

is called twisted Kloosterman sum.

7. TOPOLOGY OF REAL AND COMPLEX TORIC HYPERSURFACES

Let K =R, or K = C. We are interested in topology of the set Z;(K) of solutions of the
equation f(x) =0 in T(K) (& (R*)¢ or C*)?).

First we start with the case K = R.

The algebraic torus T¢(R) has 2¢ connected components which are isomorphic as topolog-
ical groups to R?%. Tt is enough to understand the topology of Z;(R) in only one connected
component of T¢(R). In the case d = 1 the latter is equivalent to counting positive real roots
of a polynomial

flx)=ay+a1x+ -+ aa” € Rlz].
The following classical theorem is well-known:
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Theorem 7.1. (DESCART) The number of positive real roots of f is not greater than the
number of changes of sign in the sequence

{ag,a1,...,an}.

In order to get more precise information about positive roots we consider a one-parameter
family of polynomials
fi(z) = agt™ + ajxt™ + - - - + @t
for some generic sequence of integers (mg, m1, ..., my). Let New(f;) be the Newton diagram
of fi(z). Then the low boundary of New(f;) induces a subdivision of the interval [0, n] into
subintervals

[i077:1]7 [ilviQ]a ’[7;87is+1])

where 10 =0, i, =nand 0 < iy <ip < -+ < ig < n.

Theorem 7.2. For sufficiently small positive values of t, the number of positive real roots
of the polynomial fi(z) is equal to the number of changes of sign in the sequence

{aio,ail, P ,(IZ'SJrl}.

Proof. The statement follows again from the classical Newton-Puiseux theorem if we remark
that the polynomial

t"wa;, + " gy,
has a unique positive real root if a;, > 0.
O

A higher dimensional generalization of the last theorem is due to Viro [58, 47] (see also
28], Chapter 11, §5).

Let A be a finite subset in M such that the convex hull of A is a d-dimensional polytope in
Mpg. Take a convex piecewise linear function ¢ on A which defines a convex triangulation 7°
of A associated with A. For any simplex 7 € 7 of positive dimension which is not contained
in the boundary 0A define a subset 7(R) as follows. Let vq,...,vs be vertices of 7 and we
assume without loss of generality that

a;,., < 0 and has no positive real roots if a;, a;, , ,

(yyy s Qg s - - - 5 Ay, > 0
and
Qs Qyy o+ oy gy <0,

Then we define 7(R) to be the intersection of the relative interior of 7 with the affine
hyperplane [(y) = 0, where [ : Mg — R is an arbitrary affine linear function such that

() =1U(vy) ==l v,) =1, Wvpy1) =Uvpy2) =+ =1 vs) = —1.
Define

TEOA
where the union runs over all simplices 7 € 7 of positive dimension which are not contained
in the boundary 0A.
The theorem of Viro claims:

Theorem 7.3. For sufficiently small positive values of t, the set of real solutions of fi(x) in
the connected component of unity of T(R) is topologically equivalent to T (R).
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Example 7.4. Take A = {vg, vy, ...,vq, Vas1} C Z% , where vy, ..., v, is a standard basis of
Z4, vy =0 and vgy; = —v; — --- — v4. Consider a one-parameter family of hypersurfaces

t
file)==14z1+- +a4+—.
xl...xd

Then for sufficiently small positive ¢, the set of positive real solutions of the equation f;(x) =0
is topologically equivalent to a (d — 1)-dimensional unit sphere y? + -+ + 42 =1 (y € RY).

The method of Viro can be extended for the study of topology of Z¢(C) using so called
tropical geometry [40]. We illustrate this method for the case d = 2.

Example 7.5. Assume that a 2-dimensional lattice polytope A is triangulated into a union
of basic triangles {7y, ..., 7}, i.e. Vol(r;) = 1. We associate with every basic triangle 7'1 eT
a 2-dimensional topological manifold X (7;) which is homeomorphic to S? '\ {p1 ,p2 ,p3)}
(we establish a bijection between 3 points pgi), pg), p;(f) in S? and 3 sides of the triangle 7;).
We remark that X (7;) is isomorphic to the algebraic curve in (C*)? defined by the equation
14+ 2 +29 = 0. It is clear that X; homeomeorphic to S? minus 3 small closed discs
D(pgi)), D(pg)), D(pgz)) around the points pgi), pgl), p3 . If a 1-dimensional side o of 7'z is not
contained in the boundary of A then we modify X (7;) by adding X (o;) := (9D( 2 ) ~ Gl

to X(7;) as boundary. By this procedure we obtain a partial compactification X (7;) of
X (7;) The topological model of a complex A-nondegenerate hypersurface Z;(C) C T?(C) is
obtained by glueing

X(11)y.o o, X(11)
along 1-dimensional boundaries X (o;): if 0 is a common side of two triangles 7; and 7;, then
we identify X (7;) and X (7;) along the circle X (oy).

Unfortunately, in higher dimensions one can not expect that a d-dimensional lattice poly-
tope A admits a convex triangulation 7 by basic simplices (such a triangulation is called
unimodular). Therefore one needs to consider more general building blocks for topological
models of Z;(C). Consider an arbitrary k-dimensional simplex 7 € 7 (k> 0, 7 ¢ 0A). We
denote by M(7) the k-dimensional lattice obtained as intersection of M with the minimal
affine subspace in Mg containing all vertices vy, v1,. .., v, of 7. We associate with every such
k-dimensional simplex 7 € 7 a (k + d — 2)-dimensional variety X (7) which is isomorphic to
the product

Z(t) x T(7),
where T'(1) = (§1)?* is a (d — k)-dimensional topological torus whose lattice of characters
is M/M(7) and Z(7) C T, affine hypersurface in the algebraic torus T, = (C*)* (M (1) is
the lattice of algebraic characters of T,) defined by the equation

k
E % = 0.
i=0

The topological model of a A-nondegenerated affine hypersurface Z;(C) is obtained as dis-
joint union

HT¢3AX (T )
This description defines a natural topological filtration Z(C) by closed subsets corresponding

to union of X (7) over all simplices 7 of dimension < k. This filtration induces a filtration
Fr in the cohomology HY™1(Z;).
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Theorem 7.6. Assume that a convex triangulation T is defined by a piecewise linear convex
function ¢ : A — R such that p(A) C Z and define

fi(z) = Z AP ™,
meA

Then the filtration Fr in H*'(Z;) coincides with the monodromy filtration around t = 0 for
the 1-parameter family of hypersurfaces defined by the equation f,(x). If T is a unimodular
conex triangulation then the filtration Fr is opposite to the Hodge filtration in H¥'(Z}).

Example 7.7. In the previous example 7.5, the dual classes of 1-dimensional cycles X (o)
generate a [*(A)-dimensional subspace in H'(Z;) which is complementary to the Hodge
subspace

F'HY(Z;) = HY @ HY' Cc H'(Z;)
of dimension I*(A) + B(A) — 1.

8. TORIC MIRROR SYMMETRY

We start with one version of toric mirror symmetry which is called local mirror sym-
metry.

Let A = {vy,...,v,} be a finite subset in M such that (v;,u) =1 (i =1,...,n) for some
lattice point uw € N. We assume that the convex hull of A is a (d — 1)-dimensional polytope
A. Then we have a short exact sequence

0— R(A)gr — R" — Mg — 0.
Consider the dual exact sequence
0— Ng — R" % R(A); — 0.

Then the secondary polytope Sec(A) as a polytope in R(A)r defines a secondary fan ¥(A)
in the dual space R(A)x. A cone o of maximal dimension in X(A) is the set of all linear
functions on R(A)g which attain minimum at the same vertex of the secondary polytope

Sec(A).
Let C* — R"™ be the smooth map

(21, .. z0) = (25 2] ?).
Its composition with the linear map a : R™ — R(A)j will be denoted by 4.

Theorem 8.1. Let p be an arbitrary point in the (n — d)-dimensional space R(A)y. The
subset 1" (p) C C™ is a smooth real subvariety if and only if p is an interior point of a
(n — d)-dimensional cone o € 3(A). If we consider

H(z) = |zl
i=1
as a Hamilton function on C", then
pa : C"— R(A)g

is the moment mapping corresponding to a Hamiltonian action of the (n — d)-dimensional
compact torus T(A) C (SY)™ whose lattice of characters is dual to R(A). In particular,
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R(A) can be identified with the dual space to Lie algebra of T(A). If u*(p) is smooth, then
the torus action of T(A) on u,'(p) has at most finite stabilizer and the quotient space

X(p) = px' (p)/T(A)
is a symplectic variety with at worst orbifold singularities. The variety X (p) is smooth if and

only if p is an interior lattice point of a (n — d)-dimensional cone o € 3(A) corresponding
to a convex unimodular triangulation of A.

Let 1o(A), 1(A), ..., s_1(A) (resp. ©1(A), p2(A), ..., 0a(A)) be the coefficients of the
polynomial WA (t) (resp. ®a(t)). Recall that

tA () = Pa(t).
A starting point of local toric mirror symmetry could be the following important observation:

Theorem 8.2. Assume that X(p) is smooth, then X (p) is a quasi-projective smooth toric
variety of dimension d over C and its cohomology groups H' (X (p),Z) and H:(X (p),Z) are
free abelian groups of whose rank is defined by the following formulas

H(X(p),Z) = H(X(p),Z) =0, if i # 2k,
rk H*(X (p),Z) = Yp(A), k=0,1,...,d -1,
tk H*(X (p),Z) = pp(A), k=1,2,....d.

Example 8.3. Let A = {(1,0),...,(1,n)} C Z2 Then the polytope A = Conv(A) admits
a single unimodular triangulation. The corresponding smooth variety X (p) is a minimal
desingularization of the cyclic quotient singularity z{f — z1z2 = 0.

Theorem 8.2 suggests that there should be some relation between the pair of cohomol-
ogy groups (H*(X(p),Z), H}(X(p),Z)) and the pair (Sf, ;) for A-nodegenerate Laurent
polynomials f. The second pair depends on the coefficients of f, but the first one has no
parameters. One can make the pair (H*(X(p),Z), H:(X(p),Z)) to be dependent on param-
eters corresponding to the choice of the point p. The choice of p determines the symplectic
structure on X (p). Using Gromov-Witten invariants of maps of pseudo-holomorphic curves
to X(p), one can define a deformation of the pair (H*(X(p),Z), H*(X(p),Z)) parametrized
by the symplectic structure. Such a deformation is called (small) quantum cohomology
of X(p).

In physical literature the last construction is called gauged linear sigma-model asso-
ciated with X (p). On the other hand, a A-nondegenerate Laurent polynomial f determines
so called Landau-Ginzburg theory which depends on coefficients of f (only (n — d) of
these coefficients can be considered as independent).

In fact, there exist a deformation of pairs (H*(X(p),Z), H:(X(p),Z)) and (Sy, I;) which
depend on Vol(A) independent parameters. For the first pair such a deformation is deter-
mined by a big quantum cohomology of X (p). For the second pair, the corresponding
deformation defined by Barannikov-Kontsevich is determined by the Lie algebra of polyvec-
tor fileds. Both deformations can be formalized in the language of Frobenius manifolds [34].
The identification of two Frobenius structures coming from f and X (p) is a very nontrivial
problem. This identification is called toric mirror symmetry. The first step in this identi-
fication is so called monomial-divisor mirror correspondence [6]: the set A parametrize
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simultaneously the set of monomials a;z% (i = 1,...,n) in the polynomial f and the set of
divisors z; =0 (i =1,...,n) on X (p).

Originally, toric mirror symmetry was formulated for Calabi-Yau hypersurfaces in toric
varieties Pa corresponding to reflexive polytopes [10]. It was observed in [11] that periods
of such hypersurfaces are GKZ-hypergeometric functions.

Definition 8.4. A d-dimensional lattice polytope A C My is called reflexive if 0 is con-
tained in the interior of A and the polytope

A" :={ye Ng : (z,y) > —1 Vo € A}
has vertices in V.

If A is reflexive, then A* is also reflexive and (A*)* = A. Both toric varieties P and Pa+
are Fano varieties with at worst Gorenstein singularities. The combinatorial duality between
A and A* is a basis of toric mirror symmetry for Calabi-Yau hypersurfaces in Gerenstein
toric Fano varieties [10].

Example 8.5. Let v1,...,v4 be a standard basis of the lattice Z¢. Define A to be the
convex hull of vy,...,vy and vg;1 = —v; — --- — vg. Then A is a simplest example of a
d-dimensionale polytope. The dual reflexive polytope is the simplex

A*:{(y17"'7yd) : yla"'7yd2_17 y1++yd§1}

These two reflexive polytopes define families of Calabi-Yau hypersurfaces of degree (d + 1)
in P? and their mirrors.

If A is a d-dimensional reflexive polytope then I; is isomorphic to S;(—1) as homogeneous

S¢-module. In particular, we have

QZJZ(A) = Q01'+1(A), 1= O, 1, e ,d.
The ring Sy can be considered as a deformation of the (orbifold) cohomology ring of the
toric Fano variety Pax.

Mirror symmetry for Calabi-Yau manifolds exchange the deformation of complex structure
and with the deformation of symplectic structure. In particular, both deformations are
described by regular holonomic differential systems.

The Gromov-Witten deformations in the quantum cohomology of Fano varieties are ex-
pected to be descibed by holonomic differential systems corresponding to oscillating integrals.
Singularities of these differential systems are not regular anymore.

Example 8.6. Let A = {—1,1}. Consider the integral

1 AYE 11 / Lt " dz
— explz+—-) — = —— z2+—-) —=
271 S - P z) z kK'2mi J ., _ z z

|z|=1 k>0 |z|=1

Sl - Sy

This series is known to be the solution of the differential equation

)
2 _ R
OB (1) = 10(t), © =t

corresponding to the small quantum cohomology of P! [30]. This equation has irregular
singularities.



38 VICTOR V. BATYREV

Remark 8.7. As we have already mentioned, Gromov-Witten invariants obtained from inter-
section theory for maps of genus-0 pseudo-holomorphic curves to a given compact symplectic
manifold X define a structure of Frobenius manifold on the cohomology of X. However, it
is not much known about the structure behind the Gromov-Witten invariants obtained from
intersection theory for maps of higher genus pseudo-holomorphic curves to X. Only the
following two cases have been investigated in details:

Case 1: A = {—1,1}. The higher genus Gromov-Witten theory on P! has an elegant
description in terms of integrable systems (Toda-hierarchy). This case was investigated
recently by Getzler, Okounkov and Pandharipande [46, 44, 29]

Case 2: A= {(1,0),...,(1,n)} C Z* It was shown by Givental [31] that the total descen-
dent Gromov-Witten potential for mthe inimal symplectic resolution of A, _;-singularity is
the Witten-Kontsevich 7-function of the integrable nKdV-hierarchy. Similar results hold for
minimal resolutions of arbitrary AD E-singularities [32].

9. SOME STUDENT PROJECTS

1. Is it possible to generalize the notions of principal A-determinant and secondary poly-
tope for nonregular holonomic (confluent) A-hypergeometric systems? One would like to
find different power series expansions of generalized hypergeometric functions parametrized
by “vertices of the secondary polytope” as in the regular case.

2. Find a combinatorial formula for all twisted Hodge-Deligne numbers of toric hypersur-
faces Zy. The complete combinatorial formulas in the nontwisted case were obtained [12].
Does there exist a twisted version of toric mirror duality.

3. One could use the classical formulas for I'-function

g = /000 28 exp(—z)%,

L) = /OOO P exp(—az)d—;

ab

and define a formal solution to GKZ-hypergeometric system in the form

= dz
* (z+N) . 2 Z ) de =
A / / z exXp E a;z; €T =
iR(A)r ( 5 ( i=1 ) z )

>0

= CL_I_)\ F(J?z + )\Z)dl’
/iR(A)R H

i=1
This integral is analogous to Mellin-Barnes integral for classical hyprgeometric functions.
Is it possible to compute these integrals using multidimensional residues (corresponding to
poles of I'-functions) and write down them as as explicit powers series?

4. Let Z; C T? be a A-nondegenerate hypersurface. Consider a convex triangulation 7~ of
A corresponding to a vertex of the secondary polytope. Find explicit power series expansion
of periods of holomorphic forms on Z on (d—1)-dimensional cycles represented by connected
components of Z¢(R) (real solutions of the equation f = 0. For example, one knows that
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the integral of the holomorphic 3-form on a Calabi-Yau quintic 3-fold V' over p-adic points
V(Q,) is connected to counting of rational points modulo p and to the hypergeometric series

Z 571' Zn
= (nl)>~

Is this series related to the integral of the holomorphic 3-form over V(R)? May be it would
be easier to start with the case of elliptic curves [13].

5. Find confirmations of the toric (local) mirror symmetry for Gorenstein toric singu-
larties from view-point of monodromy groups. The case of 2-dimensional Gorenstein toric
singularities was considered by Skarke [52].

6. Find confirmations of the toric (global) mirror symmetry for new examples of toric
Fano varieties. The main motivation is the paper of Barannikov [7] about mirror of P". The
corresponding oscillating integrals are analogous to hyper-Kloosterman sums [53]. Similar
ideas related to Frobenius manifolds are contained in the recent papers of Douai and Sabbah
(18, 19]
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