
1. Due 09/05

(1) What is the discriminant of Q(
√
d)?

(2) Using the fact that the ring of integers in Q(ζn) is Z[ζn], compute the discriminant of Q(ζn).

(3) Which of the following are Dedekind domains? Why or why not?

C[x, y], Z[ζn + ζ−1n ], C[x2, x3], Z[
√
−3].

2. Due 09/12

(1) Complete the argument in the finiteness of the class group.

(2) Let S be a finite set of prime ideals in a number field K. We say that an element α ∈ K×

is an S-integer if α = β/γ where β, γ ∈ oK and the only prime ideals in the factorization of

(γ) are those in S. The ring of S-integers is denoted by oK,S . Determine the structure of

the unit group o×K,S . (Hint: ask Google about it)

3. Due 09/18

(1) Finish the discussion of the ramification of primes in the quadratic field Q(
√
d).

(2) Let K be a number field. Suppose that α1, · · · , αn is a Q-basis of K and put

d(α1, · · · , αn) = det(TrK/Q αiαj).

Show that d(α1, · · · , αn) and dK differ by a square of an integer. Conclude from this that

if either dK = d(α1, · · · , αn) or d(α1, · · · , αn) is square-free, then

oK = Zα1 ⊕ · · · ⊕ Zαn.

(3) Let θ be a root of X3−X−1. Find the class number of Q(θ). Determine the decomposition

of 2, 3 and 31 in Q(θ). (Hint: you may want to use the previous problem to find out the

ring of integers of Q(θ).)

(4) Find the class number of Q(
√
−14).

4. Due 09/25

The goal of this series of exercises is to work out the ring of integers of Q(ζpn) in detail.

(1) As explained in the class, a number field K is called of Eisenstein type (for the prime p)

is there is an element α ∈ K such that K = Q(α) and the minimal polynomial of α is an

Eisenstein polynomial for some prime p. Show that if K is of Eisenstein type for p, then

(a) p - [oK : Z[α]],

(b) p ramifies completely in K, indeed we have (p) = (p, α)degK .

(2) Show that for any integers a and b which are coprime to p, show that (1− ζapn)(1− ζbpn)−1

is a unit in Q(ζpn).

(3) Show that Q(ζpn) is of Eisenstein type for p by considering α = 1 − ζpn . Show that

p = (1− ζpn) is a prime ideal and (p) = pp
n−1(p−1).
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(4) For any integer m, what is the exact power of p = (1− ζpn) that divides the ideal (1− ζmpn)?

(5) Compute d(1, ζpn , · · · , ζp
n−1(p−1)
pn ) by first showing that it is a power of p and then analyzing

the exact power of p = (1− ζpn) which divides it.

(6) Show that the ring of integers of Q(ζpn) is Z[ζpn ].

For the last three problems, you may refer to Washington’s book on cyclotomic fields Chapter 2.

5. Due 10/5

(1) Find the 5-adic expansion of 1/6.

(2) Suppose p 6= 2. We define the exponential map

exp : pZp → 1 + pZp, exp(x) =
∑
n≥0

xn

n!
,

and the logarithmic map

log : 1 + pZp → pZp, log(1 + x) = −
∑
n≥1

xn

n
.

Show that both power series converge and exp and log are group isomorphisms. Does the

defining power series of the exponential map converge on Qp?

(3) Use the above theorem to show that there is an isomorphism (when p 6= 2)

Q×p ' Z⊕ Z/(p− 1)Z⊕ Zp,

where the left hand side is the multiplicative group and the right hand side is the additive

group.

(4) Use the problem above to determine the structure of Q×p /(Q×p )2 (p 6= 2).

(5) (optional) What happens when p = 2? Maybe the first question to ask is: why there is a

difference for p = 2 and p 6= 2?

6. Due 10/10

(1) Show that a DVR is a Dedekind domain.

(2) Show that an integral domain of dimension one is a Dedekind domain if all its localizations

other than at (0) are DVRs.

7. Due 10/17

(1) Show that Norm dK/Q = |dK |.
(2) Show that a prime p ramifies in K if and only if p | dK .

(3) Show that if L/M/K is a tower of extensions of number fields, then

dL/K = dL/MdM/K .

(4) Let L = K(α) where L/K are either number fields or local fields. Suppose that oL = oK [α]

and its characteristic polynomial φ ∈ oK [X]. Then dL/K = (φ′(α)).
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(5) Show that if L/K is an extension of local fields (remember the residue fields are finite!).

Then we can find an α ∈ oL such that oL = oK [α]. In particular, we can always use the

previous problem to compute the different for extensions of local fields.

For the last two problems, you may refer to Serre Local fields III §6

8. Due 10/24

(1) Define the following map

AK → R, x = (xv) 7→
∏
v

|xv|.

Show that this is well-defined, i.e. the infinite product is convergent or equals zero. Show

that it is not continuous.

(2) Define the map A×K → R× in the same way. Show that it is continuous. In particular, A1
K

is closed in A×K .

(3) For n ≥ 1, let an ∈ A×Q be the element whose Qp component is n! + 1 for every p and whose

R component is 1. Show that an is convergent to 1 in AK but not in A×K .

(4) Let ψ =
∏
v ψv : AQ → C× be the following map

ψv(xv) =

 e2π
√
−1xv , v =∞;

e−2π
√
−1〈xv〉, v is finite.

Here 〈xv〉 is the principal part of xv. Show that ψ(x+ y) = ψ(x) if y ∈ Q.

9. Due 10/31

(1) Consider the Schwartz function φ =
∏
φv ∈ S(AQ) given by φp = 1Zp and φ∞ = e−πx

2
.

What does Poisson summation formula say for this function?

(2) The goal of this exercise is to familiarize yourself with integration and the Fourier transform

on Qp. We always use the standard additive character on Qp and the self-dual measure.

Compute the Fourier transform of the following functions: 1pnZp , 1pnZ×
p

, 11+pnZp , 11+pnZ×
p

.

10. Not due

(1) Do the proof of analytic continuation and functional equation of Z(s, χ, f) again.

(2) Do the explicit calculation of local gamma factors as in Tate thesis.
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