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1 Introduction

This is a continuation of [Xue14, Xue16], which are devoted to the study the Gan–Gross–Prasad

conjecture about the Fourier–Jacobi periods on U(n) × U(n) and their relation with the central

value of certain Rankin–Selberg L-functions. In those papers, we proved the Gan–Gross–Prasad

conjecture and its refinement for U(n)×U(n) under certain local conditions on the representations.

The main tool is the relative trace formulae developed in [Liu14,Xue14]. It is observed in [Xue16]

that this relative trace formula and the Jacquet–Rallis trace formulae often reduce to local harmonic

analysis problems which can be tackled by similar techniques, though this similarity does not show
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up in the global setup. In this paper, by adapting some recent developments in the Jacquet–

Rallis relative trace formulae [BPc, Xue] to our current situation, we improve our previous results

from [Xue14,Xue16].

1.1 The main results

We state our main results in this subsection. We also take this opportunity to fix some notation

which will be used throughout this paper.

Let E/F be a quadratic extension of number fields, AF , AE their ring of adeles. The Galois

involution of an element g ∈ E is denoted by g. Let E− be the set of purely imaginary elements,

viewed as an additive group over F . We fix a nonzero element τ ∈ E− throughout. Let AF,f
and AF,∞ be the ring of finite adeles and infinite adeles respectively. We fix a nontrivial additive

character ψ = ⊗ψv : F\AF → C×. We use Fn (resp. Fn) to denote the space of n dimension

vector space over F consisting of column (resp. row) vectors. Similarly, we have En, En etc.

Let ψE = ψ ◦ 1
2 TrE/F be an additive character of AE . Then ψE(x) = ψ(x) if x ∈ AF . Let

η = ⊗ηv : F×\A×F → {±1} be the quadratic character attached to the extension E/F via the class

field theory. We fix a character µ = ⊗µv : E×\A×E → C× so that µ|A×F = η.

Let W be a hermitian space over E, with skew-hermitian form 〈−,−〉. Let W/F be the symplec-

tic space over F whose underlying vector space is W , viewed as a vector space over F and whose

symplectic pairing is given by [−,−] = 1
2 TrE/F 〈−,−〉. Let W∨/F be the dual symplectic space of

W/F and L,L∨ ⊂ W∨/F be maximal isotropic subspaces of W∨/F so that the pairing [−,−]|L×L∨ is

nondegenerate. Recall that we have fixed the additive character ψ and multiplicative character µ.

Thus we have a Weil representation ωψ,µ of U(W )(AF ) , realized on S(L(AF )), and we may form

the theta function θψ,µ(g, φ) on the unitary group U(W )(AF ) where φ ∈ S(L(AF )) is a Schwartz

function on L(AF ).

Let H = U(W ) and G = U(W ) × U(W ) and H embeds in G diagonally. Let π = π1 � π2 be

an irreducible cuspidal automorphic representation of G(AF ) where π1, π2 are irreducible cuspidal

automorphic representations of H(AF ). Let ϕ ∈ π and φ ∈ S(L). We define the Fourier–Jacobi

period

FJ ψ,µ(ϕ, φ) =

∫
[H]

ϕ(h)θψ,µ(h, φ)dh.

Here for any reduction group R, we put [R] = R(F )\R(AF ).

The first main result of this paper is the following, which improves [Xue14, Theorem 1.1.1]. It

proves the Gan–Gross–Prasad conjecture for U(n)×U(n) under some very mild local hypothesis.

Theorem 1.1.1. Let π = π1 � π2 be irreducible cuspidal automorphic representations of G(AF ).

Assume that there are two nonarchimedean place v1, v2 of F , so that BC(πv1) is supercuspidal and
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πv2 is tempered. Then the following are equivalent.

1. L(1
2 ,BC(π1)× BC(π2)⊗ µ−1) 6= 0, where BC(πi) stands for the base change of πi (i = 1, 2).

2. There is an n-dimensional skew-hermitian space and an irreducible cuspidal automorphic

representation π′ of U(W ′)(AF ) × U(W ′)(AF ) that is nearly equivalent to π, so that FJ ψ,µ
is not identically zero on π′.

Here for almost all place v of F , we fix an isomorphism W ′v ' Wv which identifies U(W ′)(Fv)

and U(W )(Fv). By π′ being nearly equivalent to π, we mean that for almost all place v of F , the

local components π′v and πv are isomorphic under this identification.

Compared with [Xue14, Theorem 1.1.1], the most significant improvement is that the assump-

tion that E/F splits at all archimedean places are dropped. This is crucial for almost all arithmetic

applications.

To state the second result, we need more notation. We take the Tamagawa measure on G(AF )

and on H(AF ) and use them to define the Petersson inner product 〈−,−〉Pet on π and the Fourier–

Jacobi periods FJ ψ,µ. We use the self-dual measure with respect to ψ (resp. ψE) on AF,n (resp.

AE,n). Note that this gives a measure on A−E,n. Similarly for each place v of F , we have the self-dual

measure on Fv,n etc. We normalize the norm |−|AF (resp. |−|AE ) so that d(ax) = |a|AF dx (resp.

d(ax) = |a|AEdx) where dx is the self-dual measure on AF (resp. AE). Note that if a ∈ AF , then

|a|AE = |a|2AF . Similarly for each place v of F , we have the norm |−|Fv , etc.

We fix a decomposition dh =
∏
v dhv of the Tamagawa measure on H(AF ) where dhv is a

measure on H(Fv). We also fix a decomposition 〈−,−〉Pet =
∏
v〈−,−〉v where 〈−,−〉v is an inner

product on πv. Let v be a place of F . The inner product on S(L(Fv)) is given by 〈φv, φ∨v 〉v =∫
L(Fv) φv(x)φ∨v (x)dx. We put

αv(ϕv, ϕ
∨
v , φv, φ

∨
v ) =

∫
H(Fv)

〈πv(h)ϕv, ϕ
∨
v 〉v〈ωψ,µ(h)φv, φ∨v 〉dh, ϕv, ϕ

∨
v ∈ πv, φv, φ∨v ∈ S(L(Fv)),

and αv(ϕv, φv) = αv(ϕv, ϕv, φv, φv). We have shown in [Xue16, Proposition 1.1.1] that the defining

integral of αv is convergent if πv is tempered. Moreover, for almost all places v, we have

αv(ϕv, φv) = L(1, ηv)ζFv(2) · · ·L(n, ηnv )
L(1

2 ,BC(π1,v)× BC(π2,v)⊗ µ−1
v )

L(1, π1,v,Ad)L(1, π2,v,Ad)
.

Thus we define

α\v(ϕv, φv) =

(
L(1, ηv)ζFv(2) · · ·L(n, ηnv )

L(1
2 ,BC(π1,v)× BC(π2,v)⊗ µ−1

v )

L(1, π1,v,Ad)L(1, π2,v,Ad)

)−1

αv(ϕv, φv).

We now state the second main result of this paper.
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Theorem 1.1.2. Let the notation be as above. Assume that E/F is split at all archimedean places,

π is tempered, and there is a place v of F so that BC(πv) is supercuspidal. Let ϕ = ⊗ϕv ∈ π and

φ = ⊗φv ∈ S(L(AF )). Then

|FJ ψ,µ(ϕ, φ)|2 =
1

4
L(1, η)L(2, η2) · · ·L(n, ηn)

L(1
2 ,BC(π1)× BC(π2)⊗ µ−1)

L(1, π1,Ad)L(1, π2,Ad)

∏
v

α\v(ϕv, φv). (1.1)

The conditions in [Xue16, Theorem 1.2.3] essentially require that πv is either supercuspidal or

unramified, which is a very strong assumption. Theorem 1.1.2 is an improvement to [Xue16, Theo-

rem 1.2.3] to a large extend. It proves [Xue16, Conjecture 1.1.2] in many cases. One unsatisfactory

point in this theorem is that it requires that E/F is split at all archimedean places. The author

is working on removing such a hypothesis. As observed by Michael Harris, without this hypothe-

sis, using the technique in this paper, one can proves a weaker statement that the identity in the

theorem holds up to some nonzero constant c∞ depending only on the archimedean components

of π. In some situations, e.g. W is definite at all archimedean places, it can be proved that c∞ is

an algebraic number with some additional work (of course conjecturally c∞ = 1). This result then

might have some arithmetic applications.

1.2 The main ingredients

The proof of Theorem 1.1.1 and 1.1.2 is an adaption of the arguments from [Xue, BPb]. There

are two main ingredients: a weak form of the existence of smooth transfer, cf. Proposition 2.4.2,

and a local spherical character identity, cf. Theorem 4.1.2. The smooth transfer is relatively easy

to obtain. It follows directly from the main results of [Xue]. As in [Xue], Theorem 1.1.1 follows

from the existence of smooth transfer under the stronger hypothesis that v1 and v2 are both split.

However, to remove this additional hypothesis needs the second ingredient: the local spherical

character identity. This is an identity which relates the spherical character attached to πv on the

unitary groups to the spherical character attached to BC(πv) on the general linear groups. The

proof of this identity is more involved and proceeds in the following three steps.

1. First we prove that if πv is a local component of an irreducible cuspidal automorphic rep-

resentations with nonzero Fourier–Jacobi periods, then the spherical character holds up to

some constant depending only on πv. Note that here we need to make use of the weak smooth

transfer and weak version of Theorem 1.1.1 that we have just established.

2. The second step is to prove that the spherical character holds up to a constant for all πv which

admits a Fourier–Jacobi model. Here we use a global-to-local argument. The hard part is

to prove that we can always globalize a dense part of the space of tempered representations
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with nontrivial Fourier–Jacobi models to cuspidal automorphic representations with nonzero

Fourier–Jacobi periods. This requires some work as we need to control the support of the

Fourier transform of Schwartz functions of a certain special type.

3. The third step is to use a local relative trace formula to deduce the desired local spherical

character identity.

This local spherical character identity together with the local relative trace formula will in turn

provide a spectral criterion for the matching of test functions. It also yields information on the

support of the local spherical character on the general linear groups. With all these ingredients,

we will get Theorem 1.1.1 and 1.1.2. The above line of the argument can be summarized in the

following diagram.

Smooth Transfer +3

��

Character Identities +3 Theorem 1.1.1 and 1.1.2

Weak Theorem 1.1.1

/7

Local Relative Trace Formulae

/7KS

So even if we are only interested in Theorem 1.1.1, we still need the local spherical character identity.

Even if we are only interested in Theorem 1.1.2 where the archimedean places are assumed to be

split, we still need the “smooth transfer” at the nonsplit archimedean places!

1.3 Measures

We gather in this subsection our convention for the measures.

Let v be a place of F and Ev = E ⊗F Fv. Let f be a Schwartz function on Ev. Let

f̂(y) =

∫
Ev

f(x)ψ(xy)dx,

be its Fourier transform. Let dx be the self-dual measure on Ev for this Fourier transform. We

define the measures on Fv in a similar way. We take the product measure dx =
∏
v dxv on AE

where dxv is the self-dual measure on Ev. Similarly we define the self-dual measures on AF .

Let v be a place of F . Define the normalized multiplicative measure on F×v by

d×x = ζFv(1)
dx

|x|Fv
,

where dx is the self-dual measure on Fv. We also define the unnormalized one by

d∗x =
dx

|x|Fv
.
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Similarly we define the normalized and unnormalized multiplicative measures on E×v . On GLn(Fv),

we take the measure

dg = ζFv(1)

∏
ij dxij

|det g|nFv
, g = (xij) ∈ GLn(Fv),

and similarly on GLn(Ev). We take the product measure

dg =
∏
v

dgv

on GLn(AF ) where dgv is the measure on GLn(Fv) defined above. Similarly we take the product

measure on GLn(AE).

Let V be a skew-hermitian space over E. Let U(V ) be the corresponding unitary group and

u(V ) its Lie algebra. Let dX on u(V )(AF ) be the self-dual measure for the Fourier transform

f̂(Y ) =

∫
u(V )(AF )

f(X)ψ(TrXY )dX,

where f is a Schwartz function on u(V )(AF ). Similarly we can define the self-dual measure dXv

on u(V )(Fv) for any place v of F . Define the Cayley transform c : u(V ) → U(V ) by X 7→
(1 + X)(1 −X)−1 whenever it makes sense. Let ω be the top invariant differential form on U(V )

so that its pullback c∗ω via the Caylay transform gives rise to the self-dual measure on u(V ). We

choose the measure on U(V )(Fv) as |ω|Fv . It is the unique Haar measure on U(V )(Fv) such that the

Caylay transform is measure preserving when restricted to a small neighborhood of 0 ∈ u(V )(Fv).

We define the measure on U(V )(AF ) by

dg =
∏
v

L(1, ηv)|ω|Fv .

The Tamagawa measure on U(V )(AF ) is L(1, η)−1dg.

1.4 Spaces of test functions

We will be using the following spaces of test functions.

Let F be a local field of characteristic zero. Let G be a reductive group over F . Then we fix a

(logarithmic) height function σ : G(F ) → [1,∞) on G. We it as follows. Let us fix an embedding

ι : G→ GLN and put ‖g‖ = max{1, ι(g)ij , ι(g
−1)ij}. Then we define σ(g) = 1 + log‖g‖. We let ΞG

or Ξ when there is no confusion about the group G be the Harish-Chandra Ξ function of G.

1. Let M be an locally compact totally disconnected space if F is nonarchimedean and a Nash

manifold if F is real. We denote by S(M) the space of Schwartz functions on M . If F is

nonarchimedean, this is the space of locally constant and compactly supported functions on
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M . If F is archimedean, this is the space of functions such that itself and all its derivatives

are of fast decay. We refer the readers to [AG08] for the notion of Schwartz functions on Nash

manifolds.

2. Let G be a reductive group. We denote by C(G(F )) the Harish-Chandra Schwartz space. If

F is nonarchimedean, then this is the space of locally constant functions f on G(F ) so that

|f(g)| � ΞG(g)σ(g)−d for all d > 0. If F is archimedean, then this is the space of functions

f on G(F ) so that |X.f(g)| � ΞG(g)σ(g)−d for all d > 0 and all differential operators X in

the enveloping algebra of the Lie algebra of G. Note that S(G) is dense in C(G).

Let F be a number field. Let V be a vector space over F . We denote by S(V (AF )) be the

usual space of Schwartz–Bruhat functions on V (AF ). Let G be a reductive group over F and we fix

a hyperspecial maximal compact subgroup Kv of G(Fv) for almost all v. We define S(G(AF )) =

⊗′S(G(Fv)), where the restricted tensor product is taken with respect to the characteristic function

of Kv for almost all v.

1.5 Additional notation and conventions

Here is some additional notation and conventions.

– Let G be a group. Let f be a function on G and g ∈ G. We put L(g)f(x) = f(g−1x) and

R(g)f(x) = f(xg).

– We will speak of the hermitian pairings on vectors space. By this, we always mean a pairing

which is linear in the first variable and anti-linear in the second variable.

– We will write ω for ωψ,µ. The characters ψ and µ will be fixed throughout this paper. Similarly

we write FJ , θ, etc.

Acknowledgement. The author is grateful to Beuzart-Plessis for many helpful discussions and to

Michael Harris for letting him know the potential arithmetic application of Theorem 1.1.2.

2 Simple relative trace formulae

In this section, we first state and prove the simple relative trace formulae. They are slightly more

general than the ones in [Xue14]. We give complete proofs for the simple relative trace formula

on the general linear groups since the treatment in [Xue14] is rather ad hoc with the issue arising

from the centers of the groups. The nice test functions that we choose here are slightly different

from the ones in [Xue14]. The other proofs are only sketched, as once the statements are correctly

formulated, their proofs are almost identical to the ones in [Xue14].
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2.1 Group actions and norms

Let us recall some notion from group actions. Let F be a number field. Let A be a reductive group

and V an affine variety over F on which A acts. We say an element v ∈ V is regular semisimple if

the following two conditions are satisfied.

– The orbit of v is closed.

– The stablizer of v is of minimal dimension.

In this case, we also say that the orbit of v is regular semisimple. If V is a vector space, then we say

that v ∈ V is nilpotent if the closure of its orbit contains zero. We denote by V → V//A or simply

V//A the categorical quotient (if exists). We denote by V (F )rs the regular semisimple element in

V (F ) and V (F )/A(F ) (resp. V (F )rs/A(F )) the set of (resp. regular semisimple) orbits.

For any algebraic variety X over F , we fix a (equivalence class of) norm on X(AF ) as in [BPc,

Appendix A.1], denoted by ‖−‖X or ‖·‖ when there is no confusion with the variety X. We refer the

readers to [BPc, Proposition A.1.1] for various properties of the norm. We will need the following

lemma, which is a slight improvement of [BPc, Proposition A.1.1 (v) (vii)], which corresponds to

s = 0.

Lemma 2.1.1. Suppose that G is an affine algebraic group and X is an affine algebraic varieties

which carries a G-action and that the quotient map p : X → Y is a G-torsor. Let S ⊂ C be

a bounded vertical strip. Assume that the natural map G(F )\X(F ) → Y (F ) is injective. Let

α : G→ F× be a character. Fix a right invariant Haar measure dg on G(AF ). Then for sufficiently

large d, we have ∑
x∈G(F )\X(F )

∫
G(AF )

‖g.x‖−dX |α(g)|sdg

is absolutely convergent uniformly for s ∈ S.

Proof. The lemma is clear if the cover X → Y splits, i.e. X ' Y ×G. In general, let us cover Y by

a finite number of open subsets {Ui} so that for each Ui, the cover p−1(Ui)→ Ui splits. Moreover

by [BPc, Proposition A.1.1 (iv)], if x ∈ p−1(Ui)(F ), then ‖g.x‖X ' ‖g.x‖p−1(Ui) since p(x) ∈ Y (F ).

We are then reduce to the split case.

2.2 General linear groups

Let H ′ = ResE/F GLn, G′ = H ′ ×H ′. Let H ′1 = H ′ viewed as a subgroup of G′ via the diagonal

embedding, H ′2 = GLn×GLn (over F ), viewed as a subgroup of G′ as embedded componentwise.

If R is a group, we denote by ZR its center and AR its split center. Thus R/AR is anisotropic. Put

G̃′ = G′/AG′ , H̃
′
1 = H ′1/AH′1 and H̃ ′2 = H ′2/AH′2 . Note that AG′ = AH′2 = ZH′2 .
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The group H ′(AE) acts on S(AE,n) by

Ωµ(g)Φ(x) = µ(det g)|det g|
1
2 Φ(xg). (2.1)

Let Φ ∈ S(AE,n) be a Schwartz function and we define the mirabolic Eisenstein series by

E(g, µ,Φ, s) = |det g|s−
1
2

∑
x∈En

∫
a∈AH′1

(AF )
Ωµ(ag)Φ(x)|a|n(s− 1

2
)da.

This is absolutely convergent if <s� 0 and has a meromorphic continuation to the complex plane.

It is holomorphic at s = 1
2 (c.f. [JS81]).

We define a character ηn : H ′2 → {±1} by ηn(h1, h2) = ηn+1(deth1 deth2). Let Π = Π1 � Π2

be the irreducible cuspidal automorphic representations of G′(AF ), where Π1,Π2 are irreducible

cuspidal automorphic representations of H ′(AF ). We assume that the central character of Π is

trivial on ZH′2(AF ). Let ϕ ∈ Π and Φ ∈ S(AE,n). Define the following linear forms

λ(ϕ,Φ, s) =

∫
[H̃′1]

ϕ(h)E(h, µ−1,Φ, s)dh, β(ϕ) =

∫
[H̃′2]

ϕ(h)ηn(h)dh.

Let Sn = {γ ∈ ResE/F GLn | γγ = 1} and Xn = Sn × Fn × E−,n. This is an algebraic variety

over F and the group GLn acts on it via

h.[γ, x, y] = [h−1γh, xh, h−1y].

The invariant of [γ, x, y] is the following 2n-tuple

Tr∧iγ, xγjy, i = 1, · · · , n, j = 0, · · · , n− 1.

We define a partial Fourier transform

S(AE,n)→ S(AF,n × A−,nE ), Φ 7→ Φ† (2.2)

where

Φ†(x, y) =

∫
A−E,n

Φ(x+ x−)ψ(x−y)dx−, x ∈ AF,n, y ∈ A−,nE .

We define a map

S(G′(AF )× AE,n)→ S(Xn(AF )), (f ′,Φ) 7→ Υf ′,Φ

by

Υf ′,Φ(γ, x, y) =


∫

GLn(AF )

∫
GLn(AE)

f ′(g−1, g−1ah)(Ωµ(g)Φ)†(x, y)dgdh, n is odd,∫
GLn(AF )

∫
GLn(AE)

f ′(g−1, g−1ah)µ(det ah)(Ωµ(g)Φ)†(x, y)dgdh, n is even,

(2.3)

9



and γ = aaτ,−1 ∈ Sn(AF ), a ∈ GLn(AE).

Let [γ, x, y] ∈ Xn(F ) be a regular semisimple element, f ′ ∈ S(G′(AF )) and Φ ∈ S(AE,n). Define

O([γ, x, y], f ′,Φ, s) =

∫
GLn(AF )

Υf ′,Φ(h.[γ, x, y])η(deth)|deth|sdh,

and put O([γ, x, y], f ′,Φ) = O([γ, x, y], f ′,Φ, 1
2). Note that since [γ, x, y] is regular semisimple, this

integral is absolutely convergent and defines a holomorphic function in s.

Let v be a place of F . Then we have the local counterpart of the Fourier transform S(Ev,n)→
S(Fv,n×E−,n), the map S(G′(Fv)×Ev,n)→ S(Xn(F )), which we denote using the same notation

as in the global case. We define the local orbital integral using the same formula, integrating over

GLn(Fv) instead.

We say that (f ′,Φ) ∈ S(G′(AF )×AE,n) is a nice test function, if the following conditions hold.

1. f ′ = ⊗f ′v, Φ = ⊗Φv are factorizable.

2. There is a nonarchimedean place v1 of F and a finite union of cuspidal Bernstein compo-

nents Ω of G′(Fv1) such that f ′v1 ∈ S(G′(Fv))Ω (c.f. [Ber84]). In concrete terms, this means

that the integral of f ′v1 over AG′(AF ) is a finite linear combination of matrix coefficients of

supercuspidal representation of G̃′(Fv1).

3. There is a place v2 6= v1 of F so that Υf ′v2 ,Φv2
is supported in the regular semisimple locus of

Xn(Fv2).

Let (f ′,Φ) ∈ S(G′(AF )× AE,n) be a test function. Define f̃ ′ ∈ S(G̃′(AF )) by

f̃ ′(g) =

∫
ZH′2

(AF )
f ′(zg)dz.

Let K ′0 ⊂ G′(AF,f) be an open compact subgroup so that f ′ is bi-K ′0-invariant. We define the

automorphic kernel function on G̃′(AF )× G̃′(AF ) as usual

K
f̃ ′

(x, y) =
∑

γ∈G̃′(F )

f̃ ′(x−1γy), x, y ∈ G̃′(AF ).

Define

I(f ′,Φ, s) =

∫
[H̃′1]

∫
[H̃′2]

K
f̃ ′

(g, h)E(g, µ−1,Φ, s)ηn(h)dgdh, (2.4)

and we put I(f ′,Φ) = I(f ′,Φ, 1
2).

Fix a maximal compact subgroup K ′∞ of G′(AF,∞) with the Lie algebras k′∞ and g′∞. Let

CG′ ∈ U(g′∞) and CK′ ∈ U(k′∞) be the Casimir elements of g′∞ and k′∞ respectively. Let Π be an
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irreducible cuspidal automorphic representation of G′(AF ) whose central character is trivial when

restricted to AH′2(AF ). The Petersson inner product on Π is given by

〈ϕ1, ϕ2〉Pet =

∫
ZG′ (AF )G′(F )\G′(AF )

ϕ1(g)ϕ2(g)dg. (2.5)

Here and below, when we say “summing over an orthonormal basis of Π” or “something runs over

an orthonormal basis of Π”, we mean that we choose a sufficiently small open compact subgroup

K ′0 of G′(AF,f) and sum over an orthonormal basis of ΠK′0 consisting of CG′ and CK′ eigenvectors.

Define

IΠ(f ′,Φ) =
∑
ϕ

λ(Π(f ′)ϕ,Φ)β(ϕ), (2.6)

where ϕ runs over an orthonormal basis of Π.

Proposition 2.2.1. Suppose that (f ′,Φ) is a nice test function. Then

1. The sum ∫
[H̃′1]

∫
[H̃′2]

∑
ϕ

|R(f̃ ′)ϕ(g)||ϕ(h)||E(g, µ−1,Φ, s)|dgdh

is absolutely convergent when E(g, µ−1,Φ, s) is holomorphic, where ϕ runs over an orthonor-

mal basis of Π. The convergence is locally uniformly for s. In particular, the sum (2.6) is

absolutely convergent.

2. The integral (2.4) is absolutely convergent and defines a meromorphic function in s. It is

holomorphic when E(g, µ−1,Φ, s) is holomorphic. Moreover

I(f ′,Φ) =
1

4L(1, η)2

∑
Π

IΠ(f ′,Φ).

3. Let X̃ = G′ × Fn × E−,n and the group H ′1 ×H ′2 acts on it as follows. Let [γ1, γ2, x, y] ∈ X̃,

g ∈ H ′1 and (h1, h2) ∈ H ′2. Then (g;h1, h2).[γ1, γ2, x, y] = [g−1γ1h1, g
−1γ2h2, xh1, h

−1
1 y]. The

expression ∑
H′1(F )\X̃(F )rs/H′2(F )

∫
GLn(AF )

∫
GLn(AF )

∫
GLn(AE)

f ′(g−1γ1h1, g
−1γ2h2)

µ(deth1)−1(Ωµ−1(h−1
1 γ−1

1 g)Φ)†(xh1, h
−1
1 y)|det g|s−

1
2 dgdh1dh2,

is absolutely convergent for all s, uniformly for s in any bounded vertical strip. In particular,

it defines a holomorphic function in s.
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4. We have ∑
[γ,x,y]∈Xn(F )rs/GLn(F )

O([γ, x, y], f ′,Φ) =
1

4L(1, η)2

∑
Π

IΠ(f ′,Φ), (2.7)

where the sum on the right hand side ranges over the set of irreducible cuspidal automorphic

representations of G′(AF ). Both sides are absolutely convergent.

Proof. 1. By [BPc, Appendix (7)], we have∑
ϕ∈B
|R(f̃ ′)ϕ(g1)||ϕ(g2)| � ‖g1‖−dG′ ‖g2‖−dG′

for all d > 0. It is well-known (c.f. [JS81, Lemma 4.2]) that E(g, µ−1,Φ, s) is of moderate growth,

i.e. there is a d > 0 so that

|E(g, µ−1,Φ, s)| � ‖g‖dH′ ,

and this estimate is locally uniform in s. Now the first assertion follows from [BPc, Proposi-

tion A.1.1(ix)]. Note that this in particular implies that the sum (2.6) and the sum in the right

hand side of (2.7) are absolutely convergent.

2. We now prove the second assertion. Put

Kcusp

f̃ ′,Φ
(x, y) =

∑
Π

∑
ϕ∈Π

Π(f̃ ′)ϕ(x)ϕ(y), x, y ∈ G′(AF ),

where the outer sum runs over all irreducible cuspidal automorphic representation of G̃′(AF ), and

the inner sum runs over an orthonormal basis of Π. Note that here the inner product on Π is

given by the L2-norm on [G̃′]. Since f ′ is nice, f̃ ′v1 is a sum of matrix coefficients of supercuspidal

representations. Thus K
f̃ ′,Φ

= Kcusp

f̃ ′,Φ
and

I(f ′,Φ, s) =

∫
[H̃′1]

∫
[H̃′2]

∑
Π

∑
ϕ∈Π

Π(f̃ ′)ϕ(h1)ϕ(h2)E(h1, µ
−1,Φ, s)dh1dh2.

By the first assertion, the right hand side is absolutely convergent locally uniformly in s when

E(g, µ−1,Φ, s) is holomorphic. Therefore I(f ′,Φ, s) is holomorphic in s when E(g, µ−1,Φ, s) is

holomorphic. Moreover we can switch the order of integration and summation and conclude that

I(f ′,Φ) =
∑

Π

∑
ϕ∈Π

∫
[H̃′1]

∫
[H̃′2]

Π(f̃ ′)ϕ(h1)ϕ(h2)E(h1, µ
−1,Φ,

1

2
)dh1dh2.

We denote the term on the right hand side indexed by Π by I ′Π(f ′,Φ). Note that the Petersson

inner product on Π when we define IΠ is given by the integral over ZG′(AF )G′(F )\G′(AF ) while

here the inner product is given by the integral over ZH′2(AF )G′(F )\G′(AF ). Therefore we conclude

that

IΠ(f ′,Φ) = 4L(1, η)2I ′Π(f ′,Φ).
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Therefore

I(f ′,Φ) =
1

4L(1, η)2

∑
Π

IΠ(f ′,Φ).

3. For the third assertion, observe that the function

(g1, g2, x, y) 7→ f ′(g1, g2)(Ωµ−1(g1))†(x, y)

is a Schwartz function on X̃(AF ). It follows that

|f ′(g−1γ1h1, g
−1γ2h2)(Ωµ−1(h−1

1 γ−1
1 g)Φ)†(xh1, h

−1
1 y)| � ‖(g;h1, h2).[γ1, γ2, x, y]‖−d

X̃

for all d > 0. We thus only need to prove that for s being in a bounded vertial strip, we may choose

sufficiently large d so that∑
H′1(F )\X̃(F )rs/H′2(F )

∫
GLn(AF )

∫
GLn(AF )

∫
GLn(AE)

‖(g;h1, h2).[γ1, γ2, x, y]‖−d
X̃
|det g|sdgdh1dh2 <∞.

(2.8)

Let Qrs = H ′1\X̃rs/H
′
2 be the geometric quotient. This is again an affine variety over F and the

morphism X̃rs → Qrs is an H ′1 ×H ′2-torsor. By [BPc, Proposition A.1.1(iv)], we have

‖(g;h1, h2).[γ1, γ2, x, y]‖
X̃
∼ ‖(g;h1, h2).[γ1, γ2, x, y]‖

X̃rs
.

Then the convergence of (2.8) follows from Lemma 2.1.1.

4. We now prove the fourth assertion. By definition

E(g, µ−1,Φ, s) = |det g|s−
1
2

∑
x∈En/F×

∫
a∈A×F

Ωµ−1(ag)Φ(x)|a|n(s− 1
2

)da,

if <s � 0. Here the action of F× on En is componentwise multiplication. In this case, we may

switch the order of integration and summation and conclude that

E(g, µ−1,Φ, s) = |det g|s−
1
2

∫
F×\A×F

∑
x∈En

Ωµ−1(ag)Φ(x)|a|n(s− 1
2

)da.

Applying the Poisson summations formula, for any h1 ∈ GLn(AF ) and γ1 ∈ GLn(F ), we have∑
v∈En

Ωµ−1(ag)Φ(v) =
∑

(x,y)∈Fn×E−,n
µ(deth1)−1(Ωµ−1(h−1

1 γ−1
1 g)Φ)†(xh1a, a

−1h−1
1 y).

By definition, if <s� 0, we have

I(f ′,Φ, s) =

∫∫
[H̃′2]

∫
[H̃′1]

∑
(γ1,γ2)∈GLn(E)×GLn(E)

∫
[AH′1

]

∑
(x,y)∈Fn×E−,n

f̃ ′(g−1γ1h1, g
−1γ2h2)

µ(deth1)−1(Ωµ−1(h−1
1 γ−1

1 g)Φ)†(xh1a, a
−1h−1

1 y)|det ag|s−
1
2 dadgdh1dh2.

(2.9)
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If we switch the order of integration and summation, we have

I(f ′,Φ, s) =
∑

[γ1,γ2,x,y]∈H′1(F )\X̃(F )rs/H′2(F )

∫
GLn(AF )

∫
GLn(AF )

∫
GLn(AE)

f ′(g−1γ1h1, g
−1γ2h2)

µ(deth1)−1(Ωµ−1(h−1
1 γ−1

1 g)Φ)†(xh1, h
−1
1 y)|det g|s−

1
2 dgdh1dh2.

(2.10)

Note that what we sum over is noting but X(F )rs/GLn(F ) and the summand is the orbital integral

O([γ, x, y], f ′,Φ, s). By the third assertion, the right hand side of (2.10) is absolutely convergent

and defines a holomorphic function in s. This also shows that the change of order of integration

and summation in (2.10) is legitimate. Since both sides of (2.10) are meromorphic functions in s

and are holomorphic at s = 1
2 , the fourth assertion is then proved by evaluating (2.10) at s = 1

2 .

2.3 Unitary groups

The simple relative trace formulae on the unitary groups can be derived in the same fashion as the

ones on the general linear groups. We only state the results and leave the proof to the interested

reader.

Let f ∈ S(G(AF )) and φ1, φ2 ∈ S(L(AF )). Let Y = U(W )×W∨ and U(W ) acts on Y via

h.[δ, w∨] = [h−1δh, w∨h].

The invariant of [δ, w∨] is defined to be the 2n-tuple

Tr∧iδ, [w∨δj , w∨], i = 1, · · · , n, j = 0 · · · , n− 1.

We define a Fourier transform

(φ1 ⊗ φ2)‡(w∨) =

∫
L(AF )

φ1(x+ z)φ2(x− z)ψ([z, y])dz,

where w∨ = x+ y, x ∈ L, y ∈ L∨. We define a map

S(G(AF )× L(AF )× L(AF ))→ S(Y (AF )), (f, φ1, φ2) 7→ Ψf,φ1,φ2 ,

where

Ψf,φ1,φ2([δ, w∨]) =

∫
U(W )(AF )

f(g−1, g−1δ)(ω(g)φ1 ⊗ φ2)‡(w∨)dg. (2.11)

Let [δ, w∨] ∈ Y (F ), f ∈ S(G(AF )) and φ1, φ2 ∈ S(L(AF )). We define the orbital integral

O([δ, w∨], f, φ1, φ2) =

∫
U(W )(AF )

Ψf,φ1,φ2(h.[δ, w∨])dh.

It is absolutely convergent if [δ, w∨] is regular semisimple. For any place v of F , we also have the

local counterpart of the Fourier transform and the map which we denote using the same notation
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as in the global case. We also define the local orbital integrals using the same formula, integrating

over U(W )(Fv) instead.

We say that (f, φ1, φ2) ∈ S(G(AF ) × L(AF ) × L(AF )) is a nice test function, if the following

conditions hold.

1. f = ⊗fv, φ1 = ⊗φ1,v, φ2 = ⊗φ2,v are factorizable.

2. There is a nonarchimedean place v1 and a finite union of Bernstein components Ω of G(Fv1)

such fv1 ∈ S(G(Fv))Ω.

3. There is a place v2 6= v1 of F so that Ψfv2 ,φ1,v2 ,φ2,v2
is supported in the regular semisimple

locus of Y (Fv2).

Let π be an irreducible cuspidal automorphic representation of G(AF ). The Petersson inner

product on π is given by

〈ϕ1, ϕ2〉Pet =

∫
G(F )\G(AF )

ϕ1(g)ϕ2(g)dg. (2.12)

Define

Jπ(f, φ1, φ2) =
∑
ϕ

FJ (π(f)ϕ, φ1)FJ (ϕ, φ2), (2.13)

where ϕ runs over an orthonormal basis of π (which is interpreted in an analogous way as in the

previous subsection).

Proposition 2.3.1. We have∑
[δ,w∨]∈H(F )\Yrs(F )/H(F )

O([δ, w∨], f, φ1, φ2) =
∑
π

Jπ(f, φ1, φ2).

Both sides are absolutely convergent.

This proposition can be proved in the same way as Proposition 2.2.1.

2.4 Comparison

In this subsection, we are going to vary the skew-hermitian space W . So we denote the objects

from the previous subsection by H(W ), G(W ), Y (W ), fW , φW1 , φW2 etc. to stress the dependance

on W .

For any field F ′ containing F , there is a one-to-one correspondence between the regular semisim-

ple orbits

H ′1(F ′)\Xn(F ′)rs/H
′
2(F ′) '

∐
W

H(W )(F ′)\Y (W )(F ′)rs/H(W )(F ′),
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where on the right hand side, the space W ranges over all isomorphism classes of skew-hermitian

spaces of dimension n. Two elements correspond or match if their invariants are the same.

Let v be a place of F . We define a transfer factor t as follows. Let [γ, x, y] ∈ Xn(Fv). Define

T[γ,x,y] = det

 x
xγ

...
xγn−1

 ,

and define the transfer factor t([γ, x, y]) = µ
(
T[γ,x,y]

)
.

Let (f ′,Φ) ∈ S(Xn(Fv)) and (fW , φW1 , φW2 ) ∈ S(Y (W )(Fv)) for each skew-hermitian space W .

We say that (f ′,Φ) and the collection {(fW , φW1 , φW2 )} match, or they are smooth transfer of each

other, if for all matching [γ, x, y] ∈ Xn(Fv) and [δ, w∨] ∈ Y (W )(Fv), we have

t([γ, x, y])O([γ, x, y], f ′,Φ) = O([δ, w∨], fW , φW1 , φW2 ).

We say that the test functions (f ′,Φ) and (fW , φW1 , φW2 ) match, if for each W ′ 6' W , we can find

(fW
′
, φW

′
1 , φW

′
2 ) such that (f ′,Φ) and the completed collection {(fW , φW1 , φW2 ); (fW

′
, φW

′
1 , φW

′
2 )}

match. We say that (f ′,Φ) is transferable if its smooth transfer exists. We say that (fW , φW1 , φW2 )

is transferable if the smooth transfer of the collection {(fW , φW1 , φW2 ); 0} exits. Here 0 means that

the test function is zero if W ′ 6= W .

We also need the orbital integrals on the Lie algebras. Let sn = {γ ∈ gln(E) | γ + γ = 0}
and xn = sn × Fn × E−,n. This is the “Lie algebra” of Xn. The group GLn,F acts on xn via

h.[γ, x, y] = [h−1γh, xh, h−1y]. We also put y(W ) = u(W ) ×W∨. The group U(W ) acts on y(W )

by h.[δ, w∨] = [h−1δh, w∨h]. We need the orbital integral on the Lie algebras only in the local

situation. So we fix a place v of F . For ϕ′ ∈ S(xn(Fv)) and [γ, x, y] ∈ xn(Fv), we define

O([γ, x, y], ϕ′) =

∫
GLn(Fv)

ϕ′(h.[γ, x, y])η(deth)dh.

Similarly for ϕW ∈ S(y(W )(Fv)) and [δ, w∨] ∈ y(W )(Fv), we define

O([δ, w∨], ϕW ) =

∫
U(W )(Fv)

ϕW (h.[δ, w∨])dh.

We define the transfer factor on the level of Lie algebras as follows. Let [γ, x, y] ∈ xn(Fv). Let

T[γ,x,y] = det

 x
xγ

...
xγn−1

 .

If [γ, x, y] ∈ xn(Fv) and T[γ,x,y] 6= 0, we define the transfer factor t([γ, x, y]) = µ(T[γ,x,y]). We

say that ϕ′ ∈ S(xn(k′)) and a collection of test functions {ϕW ∈ S(y(W )(k′))} match, or they are
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smooth matching of each other if for all matching regular semisimple orbits [γ, x, y] ∈ xn(F ) and

[δ, w∨] ∈ y(W )(F ), we have

t([γ, x, y])O([γ, x, y], ϕ′) = O([δ, w∨], ϕW ).

We need to the understand the relation between the smooth transfer on the level of groups and

on the level of Lie algebras. Define the Cayley transform

c : a→ A, X 7→ (1 +X)(1−X)−1,

whenever it makes sense, where A = Sn or U(W ) and a is its Lie algebra. It induces a map xn → Xn

on the general linear group side or y(W ) → Y (W ) on the unitary group side. We also denote it

by c. Let n ⊂ sn(F ) (resp. nW ⊂ u(W )(F )) be an GLn(F ) (resp. U(W )(F ))-invariant open

neighbourhood of 0 such that it is relatively compact modulo conjugation and that c restricts to an

analytic measure preserving map from n (resp. nW ) to its image. Suppose that ϕ′ ∈ S(Xn(Fv)).

Then we put

ϕ′\(X) =

ϕ′(c(X)), X ∈ n× Fn × E−,n

0, X 6∈ n× Fn × E−,n.

Similarly for ϕW ∈ S(Y (W )(Fv)), we define ϕW\ ∈ S(y(W )(Fv)). The following is [Xue16,

Lemma 6.3.1].

Lemma 2.4.1. Suppose that ϕ′ ∈ S(Xn)(Fv) (resp. {ϕW ∈ S(Y (W )(Fv))}) is a test function

(resp. a collection of test functions) such that it is supported in n (resp. nW ). If ϕ′ and {ϕW }
match, then η(2)

n(n−1)
2 η(−1)[n

2
]ϕ′\ and {ϕW\ } match.

Proposition 2.4.2. We have the following assertions.

1. Suppose that v is a finite place of F . Then any (f ′,Φ) ∈ S(Xn(Fv)) is transferable. The same

holds for the test functions on the unitary groups.

2. Suppose that v is an archimedean place of F . Then the space of transferable test functions in

S(Xn(Fv)) is dense. The same holds for the test functions on the unitary groups.

Proof. The first statement is proved in [Xue14, Proposition 5.2.1]. The second statement can

be proved in the same way as [Xue, Theorem 2.7]. Namely, by using the Cayley transform, the

statement is reduced to an analogous statement on the level of Lie algebras. This analogous

statement on the Lie algebra is precisely [Xue, Theorem 3.3].

We have the following result whose proof is identical to [Xue14, Section 6].
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Proposition 2.4.3. Suppose that (f ′,Φ) and the collection {(fW , φW1 , φW2 )} are matching test

functions. Assume that they are all nice test functions. Let W0 be a skew-hermitian space of

dimension n. Let π0 be an irreducible cuspidal automorphic representation of U(W0)(AF ) and

Assume that BC(π0)i is cuspidal. Then

IBC(π0)(f
′,Φ) = 4L(1, η)2

∑
W

∑
π

Jπ(fW , φW1 , φW2 ), (2.14)

where the out sum ranges over all skew-hermitian spaces of dimension n and the inner sum runs

over all irreducible automorphic cuspidal automorphic representations π of U(W )(AF ) which is

nearly equivalent to π0.

The following proposition improves the main result of [Xue14] by dropping the condition at the

archimedean places. The proof is identical to that in [Xue14, Section 6]. The only difference is that

we use Proposition 2.4.2 to pick up the correct test functions at the archimedean places.

Proposition 2.4.4. Let π = π1�π2 be irreducible cuspidal automorphic representations of G(AF ).

Assume that there are two finite nonarchimedean place v1, v2 of F so that πv1 and πv2 are super-

cuspidal. Then the following are equivalent.

1. L(1
2 ,BC(π1)× BC(π2)⊗ µ−1) 6= 0, where BC(πi) stands for the base change of πi (i = 1, 2).

2. There is an n-dimensional skew-hermitian space and an irreducible cuspidal automorphic

representation π′ of U(W ′)(AF ) × U(W ′)(AF ) that is nearly equivalent to π, so that FJ is

not identically zero on π′.

3 Spherical characters on the general linear groups

3.1 Decomposition

Let Π = Π1 � Π2 be an irreducible cuspidal automorphic representation of G′(AF ) where Π1,Π2

are irreducible cuspidal automorphic representation of GLn(AE). Then Πi = ⊗Πi,v, i = 1, 2 where

Πi,v is an irreducible admissible representation of GLn(Ev). We assume in this subsection that Π

is tempered. We have the Whittaker model W(Π1, ψ) (resp. W(Π2, ψ)) of Π1 (resp. Π2). Let v

be a place of F . Then we have the local Whittaker model W(Π1,v, ψv) (resp. W(Π2,v, ψv)) of Π1,v

(resp. Π2,v). Then Let ϕ1 ∈ Π1. Let Nn be the subgroup of GLn consisting of upper triangular

unipotent matrices. We define

Wϕ1(g) =

∫
Nn(E)\Nn(AE)

ϕ1(ng)ψ(n)dn ∈ W(Π1, ψ).
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Let ϕ2 ∈ Π2 and we define Wϕ2 ∈ W(Π2, ψ) in an analogues way. We fix a decomposition Wϕ1 =

⊗W1,v (resp. Wϕ2 = ⊗W2,v) where W1,v ∈ W(Π1,v, ψv) (resp. W2,v ∈ W(Π2,v, ψv)).

Let v be a place of F . We define the linear form βn : W(Π1,v, ψv) → C and the inner product

θn on W(Π1,v) by

βn(W1,v) =

∫
Nn−1(Fv)\GLn−1(Fv)

W1,v(εn(τ)h)η(deth)n+1dh

θn(W1,v,W
′
1,v) =

∫
Nn−1(Fv)\GLn−1(Fv)

W1,v(h)W ′1,v(h)dh,

where GLn−1 is viewed as a subgroup of GLn via h 7→ diag[h, 1] and εn(τ) = diag[τn−1, · · · , τ ] ∈
GLn−1(Ev). We define the liner form βn and the inner product θn on W(Π2,vψv) by the same

formulae. Put Wv = W(Π1,v, ψv) ⊗ W(Π2,v, ψv), β = βn ⊗ βn, θ = θn ⊗ θn, which is a linear

form on Wv and an inner product on Wv respectively. We moreover define the linear form λv :

Wv × S(Ev,n)→ C by

λv(Wv,Φv) =

∫
Nn(Ev)\H′1(Ev)

Wv(h)Φv(enh)µ−1(deth)|deth|
1
2
Ev

dh.

This integral is absolutely convergent since Πv is tempered.

We define the local linear form on S(G′(Ev))⊗ S(Ev,n) as

IΠv(f
′
v,Φv) =

∑
Wv

λv(Πv(f
′)Wv,Φv)β(Wv).

where the sum is over an orthonormal basis of Πv, as explained before Proposition 2.2.1. In both

cases, the sum is absolutely convergent and is independent of the choices that we made.

We have proved the following proposition in [Xue16, Proposition 3.2.1].

Proposition 3.1.1. Let the notation be as above. Suppose that f ′ = ⊗f ′v ∈ S(G′(AE)) and

Φ = ⊗Φv ∈ S(AE). Then

IΠ(f ′,Φ) = L(1, η)2 L(1
2 ,Π1 ×Π2 ⊗ µ−1)

L(1,Π1,As(−1)n)L(1,Π2,As(−1)n)

∏
v

I\Πv(f
′
v,Φv).

3.2 The partial germ expansion

In this subsection, we fix a nonsplit nonarchimedean place v of F and suppress it from all the

notation. Thus F is a nonarchimedean local field of characteristic zero and E is a quadratic field

extension of F .

Let x̂n(F ) = sn × Fn × E−n . We define a Fourier transform of ϕ′ ∈ S(xn(F )) as a Schwartz

function on x̂n(F ) given by

ϕ̂′(γ′, x′, y′) =

∫
[γ,x,y]∈xn(F )

ϕ′([γ, x, y])ψ(Tr γγ′ + xx′ + y′y)dγdxdy.
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The group GLn acts on x̂n in an analogues way as on xn. For any function ϕ′ ∈ S(x̂n(F )), we define

its regular semisimple orbital integral in the same way as functions on xn(F ). If [γ, x, y] ∈ x̂n(F ),

then we put

T̂([γ, x, y]) = det

( y

...
yγn−1

)
,

and t̂([γ, x, y]) = µ(T̂([γ, x, y])).

Let Q = x̂n//GLn be the categorical quotient. Then Q is isomorphic to the affine space of

dimension 2n. Let

ξ− =

[
τ

( 0
1 0

. . .
. . .
1 0

)
, t(0, · · · , 0), (0, · · · , 0, τ)

]
∈ x̂n(F ).

It is explained in [Zha14b, Lemma 6.9] and [Xue16, Lemma 5.5.3] that for any ϕ′ ∈ S(x̂n(F )), the

following integral, as a function of s∫
GLn(F )

ϕ′(h.ξ−)η(deth)|deth|sFdh,

is holomorphic when <s is large and has a meromorphic continuation to the whole complex plane

and it holomorphic at s = 0. We define O(ξ−, ϕ
′) to be its value at s = 0.

Let r > m2 > m1 > m > 0 be integers. In [Xue16, Section 5], we have defined a space of

test functions (f ′,Φ) which we call “(m,m1,m2, r)-admissible test functions”. These admissible

test functions span a finite dimensional subspace of S(G′(F )) ⊗ S(En). The precise definition of

admissibility, which we will not recall here, is not essentially to us. The important fact is the

following proposition, which is proved in [Xue16, Lemma 5.6.3, Proposition 5.6.1]. We say that

(f ′,Φ) is sufficiently admissible, if it is (m,m1,m2, r)-admissible for r � m2 � m1 � m� 0. The

following proposition is [Xue16, Proposition 5.7.1], which is the main technical result of that paper.

Proposition 3.2.1. Let Y be an open compact neighbourhood of 0 ∈ Q(F ). There is a sufficiently

admissible test function (f ′,Φ), such that the following two statements hold.

1. The function

X 7→ t̂(X)O(X, Υ̂f ′,Φ,\)

is a nonzero constant when restricted to the inverse image of Y in x̂n(F )rs. This constant

equals t̂(ξ−)O(ξ−, Υ̂f ′,Φ,\).

2. We have

IΠ(f ′,Φ) = |τ |dnE χΠ(τ)µ(τ)−
n(n+1)

2 O(ξ−, Υ̂f ′,Φ,\),

where dn =
(
n
3

)
, χΠ is the central character of Π.
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We derive the following consequence of this proposition.

Corollary 3.2.2. Let C ⊂ Temp(G′(F )) be a compact set. Let U and Y be open compact neighbour-

hoods of [0, 0, t(0, · · · , 0, τ)] ∈ Xn(F ) and 0 ∈ Q(F ) respectively. There is a sufficiently admissible

test function (f ′,Φ), such that the following two statements hold.

1. The support of Υf ′,Φ,\ is contained in U .

2. The function

X 7→ t̂(X)O(X, Υ̂f ′,Φ,\)

is a nonzero constant when restricted to the inverse image of Y in xn. This constant equals

t̂(ξ−)O(ξ−, Υ̂f ′,Φ,\).

3. For all Π ∈ C, we have

IΠ(f ′,Φ) = |τ |dnE χΠ(τ)µ(τ)−
n(n+1)

2 O(ξ−, Υ̂f ′,Φ,\),

where dn =
(
n
3

)
, χΠ is the central character of Π.

Proof. The proof is identical to [BPc, Corollary 4.1.4] by making use of Proposition 3.2.1 and the

Baire category theorem.

4 Spherical characters on the unitary groups

4.1 Decomposition

Recall that W is a skew-hermitian space of dimension n and H = U(W ) and G = H × H. The

group H is viewed as a subgroup of G via the diagonal embedding.

We first define the local spherical character on the unitary groups. Let v be a place of F . Let

πv = π1,v � π2,v be an irreducible admissible tempered representation of G(Fv) where π1,v and π2,v

are irreducible admissible tempered representations of H(Fv). Let Πi,v be the base change of πi,v

to GLn(Ev). Let fv ∈ S(G(Fv)) and φ1,v, φ2,v ∈ S(L(Fv)) be Schwartz functions. Define

Jπv(fv, φ1,v, φ2,v) =

∫
H(Fv)

Tr(πv(h)πv(fv))〈ωv(h)φ1,v, φ2,v〉dh.

We have shown in [Xue16, Proposition 1.1.1] the following facts.

1. The defining integral of Jπv is absolutely convergent for any fv ∈ S(G(Fv)) and φ1,v, φ2,v ∈
S(L(Fv)).

2. The space HomH(Fv)(πv ⊗ ωv,C) 6= 0 if and only if Jπv is not identically zero.
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Define a normalized local spherical character (c.f. [Xue16, Proposition 1.1.1 and Definition 1.3.2]

for the explanation)

J \πv(fv, φ1,v, φ2,v) =

(
n∏
i=1

L(i, ηiv)
L(1

2 ,Π1,v ×Π2,v ⊗ µ−1
v )

L(1, π1,v,Ad)L(1, π2,v,Ad)

)−1

Jπv(fv, φ1,v, φ2,v).

We now switch to the global situation. Let π be an irreducible cuspidal tempered automorphic

representation of G(AF ). Recall that we have defined the global spherical character Jπ in Sub-

section 2.3. By [Sun12, SZ12], we know that dimH(AF )(π ⊗ ω,C) ≤ 1. It follows that there is a

constant C(π), depending on π only, such that

Jπ(f, φ1, φ2) = C(π)
∏
v

J \πv(fv, φ1,v, φ2,v). (4.1)

As in [Xue16, Lemma 1.3.5], Theorem 1.1.2 follows directly from the following theorem.

Theorem 4.1.1. Let the notation be as above. Assume the following conditions.

1. E/F is split at all archimedean places;

2. There is a finite place v such that BC(πv) is supercuspidal.

Then

C(π) =
1

4

n∏
i=1

L(i, ηi)
L(1

2 ,Π1 ×Π2 ⊗ µ−1)

L(1, π1,Ad)L(1, π2,Ad)
.

We will deduce this theorem from the following local result.

Theorem 4.1.2. Let v be a place of F . Put

κv = |τ |dnEvε
(

1

2
, ηv, ψv

)n(n+1)
2

χΠ(τ)µv(discW )ηv(2)
n(n−1)

2 ,

where dn =
(
n
3

)
and discWv ∈ E−v is the discriminant of Wv. Suppose that πv is an irreducible

tempered representation of G(Fv) such that Jπv 6= 0. Then for all matching test functions (f ′v,Φv)

and (fv, φ1,v, φ2,v), we have

IΠv(f
′
v,Φv) = L(1, ηv)κvJπv(fv, φ1,v, φ2,v). (4.2)

The proof of these two theorems will be given in Section 6.
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4.2 Elementary properties

From now on till the end of this section, we fix a nonsplit place v of F (could be infinite) and

suppress it from all the notation. If v is nonarchimedean, then we work in the category of smooth

representations of finite length. If v is archimedean, we work in the category of Frechet represen-

tations of finite length and of moderate growth, i.e. the Casselmann–Wallach representations. To

simplify notation, we also write G for G(F ), H for H(F ) etc.

Let us introduce a more general version of Jπ. We denote by Temp(G) the set of isomorphism

classes of irreducible tempered representations of G(F ). We denote by Xtemp(G) the isomorphism

classes of representations of G(F ) of the form iGPσ, where P = MN is a parabolic subgroup with

the Levi subgroup M , σ is a square-integrable representation of M(F ) and iGP is the normalized

induction. Note that the isomorphism class of iGPσ depends only on M and σ, but not on P , so

we sometimes write iGMσ instead. The set Xtemp(G) has a natural structure of a smooth manifold

(with infinitely many connected components), whose components are indexed by the pairs (M,σ)

(up to conjugation) where M is a Levi subgroup of G and σ is a discrete series representation of

M(F ). If λ ∈ ia∗M,R, then we put σλ = σ ⊗ λ and πλ = iGPσλ.

Let π ∈ Xtemp(G). We denote by π−∞ its algebraic dual, i.e. the space of linear forms on π.

Moreover, we denote by End(π) the space of endomorphisms of π. The group G(F ) × G(F ) acts

on End(π). We put End(π)∞ the subspace of smooth endomorphisms and End(π)−∞ be the space

of linear forms on End(π)∞. Then the elements of the form e⊗ e′ (e, e′ ∈ π) span a dense subspace

of End(π)∞, where e⊗ e′(e′′) = 〈e′′, e′〉e. If f ∈ C(G(F )), then π(f) ∈ End(π)∞.

Let T ∈ End(π)∞ and φ1, φ2 ∈ S(L). We define

Lφ1,φ2π (T ) =

∫
H

Tr(π(h)T )〈ω(h)φ1, φ2〉dh.

One can prove, as in [Xue16, Proposition 1.1.1], without much difficulty that the defining integral

of Lφ1,φ2π is absolutely convergent.

The linear form Lφ1,φ2π on End(π)∞, defines a map

Lφ1,φ2π : π 7→ π−∞, e 7→
(
e′ 7→ Lφ1,φ2π (e⊗ e′)

)
.

If T ∈ End(π)∞, then T extends continuously to a map T : π−∞ → π. Thus we have

TLφ1,φ2π : π → π, Lφ1,φ2π : π−∞ → π−∞.

It follows from the definition that

TrTLφ1,φ2π = TrLφ1,φ2π T = Lφ1,φ2π (T ).

Lemma 4.2.1. Let f1, f2 ∈ C(G) and φ1, φ2, φ3, φ4 ∈ S(L).
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1. The maps

π ∈ Xtemp(G) 7→ Lφ1,φ2π ∈ End(π)−∞, π ∈ Xtemp(G) 7→ Lφ1,φ2π ∈ Hom(π, π−∞)

are smooth.

2. Suppose π ∈ Temp(G) or Xtemp(G). If S, T ∈ End(π)∞, then SLφ1,φ2π T ∈ End(π)∞. More-

over,

Lφ1,φ2π (SLφ3,φ4π T ) = Lφ1,φ4π (S)Lφ3,φ2π (T ).

3. Suppose f1, f2 ∈ C(G(F )). There is a function f0 ∈ C(G(F )) (depending on φ1, φ2) so that

π(f1)Lφ1,φ2π π(f2) = π(f0).

Proof. Most part of the proof of this lemma is identical to the proof of [BPc, Lemma 8.2.1]. Only

the second assertion when π ∈ Temp(G) needs a little bit more care. We only prove this part and

leave the rest to the interested reader.

Assume that π ∈ Temp(G) and we now prove the equality

Lφ1,φ2π (SLφ3,φ4π T ) = Lφ1,φ4π (S)Lφ3,φ2π (T ).

Suppose that π ∈ Temp(G). Let e1, e
∨
1 , e2, e

∨
2 ∈ π. By continuity, we only need to prove this

equality for S = e1 ⊗ e∨1 and T = e2 ⊗ e∨2 . Computing both sides directly, we have

Lφ1,φ2π (SLφ3,φ4π T ) = α(e2, e
∨
1 , φ3, φ4)α(e1, e

∨
2 , φ1, φ2),

Lφ1,φ4π (S)Lφ3,φ2π (T ) = α(e1, e
∨
1 , φ1, φ4)α(e2, e

∨
2 , φ3, φ2).

Note that the maps

(e, φ) 7→ α(e, e∨1 , φ, φ4), (e, φ) 7→ α(e, e∨2 , φ, φ2)

belong to the one dimensional space HomH(F )(π ⊗ ω,C), and thus are proportional. The desired

identity then follows.

Lemma 4.2.2. For any π ∈ Xtemp(G), there is at most one subrepresentation π1 so that Jπ1 6= 0.

Proof. Let us assume that there are two distinct subrepresentations π1, π2 such that Jπi 6= 0,

i = 1, 2. Then by [Xue16, Proposition 1.2.1], we may find T1 ∈ End(π1)∞ ⊂ End(π)∞, T2 ∈
End(π2)∞ ⊂ End(π)∞ and φ1, φ2, φ3, φ4 ∈ S(L), such that

Lφ1,φ4π1 (T1) 6= 0, Lφ3,φ2π2 (T2) 6= 0.
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Recall that π is a unitary representation and π1 and π2 are orthogonal to each other. Now by

Lemma 4.2.1 (2), we have

0 6= Lφ1,φ4π1 (T1)Lφ3,φ3π2 (T2) = Lφ1,φ4π (T1)Lφ3,φ3π (T2) = Lφ1,φ2π (T1L
φ3,φ4
π T2).

But it is clear that T1L
φ3,φ4
π T2 = 0 as π1 6' π2. This is a contradiction.

Let π ∈ TempH(G). There is a unique (up to conjugation) pair (M,σ) where M is a Levi

subgroup of G and σ is a discrete series representation of M(F ) so that π is a subrepresentation of

π′ = iGMσ. For f ∈ C(G(F )), φ1, φ2 ∈ S(L), by the lemma above, we have

Jπ(f, φ1, φ2) = Lφ1,φ2π′ (π′(f)).

For fixed f, φ1, φ2, we may regard Jπ(f, φ1, φ2) as a function on Xtemp(G). Then the map π 7→
Jπ(f, φ1, φ2) is smooth by Lemma 4.2.1.

4.3 Induced representations and Fourier–Jacobi models

Let P = MN be a parabolic subgroup of G with the Levi component M . Let σ be a discrete series

representation of M and λ ∈ ia∗M,R. Then iGPσλ ∈ Xtemp(G). The goal of this subsection is to prove

the following lemma.

Lemma 4.3.1. Suppose that σ is a discrete series representation of M(F ). If

dimH Hom(iGPσλ ⊗ ω,C) = 1

for some λ = λ0 ∈ ia∗M,R, then the same holds for all λ ∈ ia∗M,R.

One could mimic the argument in [BPb, Section 8] to prove this lemma. We take a different

approach here which reduces the lemma to what has been proved in [BPb, Section 8]. The main

technique is the local theta correspondence for unitary groups. Let us recall some basic setup of it

before we plunge into the proof of Lemma 4.3.1. For a detailed discussion, the readers may refer

to [GI,GI14].

Let us temporarily denote by W (resp. V ) a skew-hermitian (resp. hermitian) space. We have

a Weil representation ωWV of U(W ) × U(V ). This depends on an additive character of F and a

pair of characters (χW , χV ) of E× such that χW |F× = ηdimV and χV |F× = ηdimW . We always

choose the additive character ψ and the pair of characters (µdimV , µdimW ) in this subsection. For

any irreducible admissible representation π of U(W ), let π � ΘWV (π) be the maximal π-isotypic

component of ωWV and θWV (π) the maximal semisimple quotient of ΘWV (π). It is known that

θ(π) is irreducible by the work of Gan–Takeda and Waldspurger. By [GI14, Theorem 4.1 and 4.4],
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if π is tempered and dimV − dimW = 0 or 1, then ΘWV (π) = θWV (π) if they are not zero, hence

ΘWV (π) is irreducible. We drop the subscripts when the space involved is clear.

We now let W (resp. Vn) be a skew-hermitian (resp. hermitian) space of dimension n (resp.

n). Put Vn+1 = Vn⊕E where E is the one dimensional hermitian space over E with the hermitian

form given by (x, y) 7→ xy. We have the decomposition

ωW,Vn+1 |U(W )×U(Vn) ' ωW,Vn ⊗ ωW,E .

There is a seesaw diagram

U(W )×U(W ) U(Vn+1)

U(W ) U(Vn)×U(E)

and the associated seesaw identity reads

HomU(W )(σ ⊗ΘVn,W (π)⊗ ω,C) = HomU(Vn)(ΘW,Vn+1(σ)⊗ π,C). (4.3)

Proof of Lemma 4.3.1. The group P = MN is of the form P1 × P2 where P1 = M1N1 (resp.

P2 = M2N2) is a parabolic subgroup of H. The representation σ = σ1 � σ2 where σ1, σ2 are

irreducible discrete series representations of M1 and M2 respectively. The groups M1 and M2 are

of the form

M1 ' GLr1,E × · · · ×GLra,E ×U(W1), M2 ' GLs1,E × · · · ×GLsb,E ×U(W2)

where W1 (resp. W2) is a skew-hermitian space of dimension n − 2(r1 + · · · ra) (resp. n − 2(s1 +

· · ·+ sb)). Thus we may further write

σ1 ' ξ1 � σ0
1, σ2 ' ξ2 � σ0

2,

where ξ1 is an irreducible discrete series representation of GLr1(E) × · · · × GLra(E), ξ2 is an

irreducible discrete series representation of GLs1(E)× · · · ×GLsb(E), σ0
1 is an irreducible discrete

series representation of U(W1) and σ0
2 is an irreducible discrete series representation of U(W2). We

assume that σ0
2 is not a theta lift from a unitary group attached to a hermitian space of dimension

dimW2 − 1. Otherwise, we may argue in the similar way, except that we make use of the seesaw

diagram

U(n)×U(n) U(n)

U(n) U(n− 1)×U(1)

We write λ = (λ1, λ2), where λ1 ∈ ia∗M1,R and λ2 ∈ ia∗M2,R.
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Without loss of generality, we may assume that λ0 = 0. Suppose that ρ1 and ρ2 are subrepre-

sentations of iHP1
ξ1 � σ0

1 and iHP2
ξ2 � σ0

2 respectively so that

dim HomH(ρ1 ⊗ ρ2 ⊗ ωψ,µ,C) = 1.

By the theta dichotomy [GI14, Appendix C], we may find a unique hermitian space Vn and an

irreducible tempered representation πn of U(Vn) so that ρ1 = θVn,W (πn). Put Vn+1 = Vn ⊕ E and

πn+1 = θW,Vn+1(ρ2). We now make use of the seesaw identity (4.3) and conclude that

dim HomU(Vn)(πn+1 ⊗ πn,C) = 1.

By the description of the theta lift of tempered representations [GI,GI14], there is a hermitian

subspace V ′n+1 ⊂ Vn+1 with dimV ′n+1 = dimW2 + 1 so that πn+1 is a subrepresentation of

i
U(Vn+1)
Pn+1

ξ2 � π0
n+1,

where Pn+1 = Ln+1Un+1 is a parabolic subgroup of U(Vn+1) whose Levi component Ln+1 is iso-

morphic to

GLs1,E × · · · ×GLsb,E ×U(W2),

and π0
n+1 = θ(σ0

1). Put τn+1 = ξ2�π0
n+1, which is an irreducible discrete representation of Ln+1(F )

since by assumption, σ2 is not a theta lift from a unitary groups attached to a hermitian space of

dimension dimW2 − 1. Similarly there is a hermitian subspace V ′n ⊂ Vn with dimV ′n = dimW1

and an irreducible discrete series representation π0
n of U(V ′n) such that σ0

1 = θ(π0
n) and πn is a

subrepresentation of

i
U(Vn)
Pn

ξ1 � π0
n,

where Pn = LnUn is a parabolic subgroup of U(Vn) whose Levi component Ln is isomorphic to

GLr1,E × · · · ×GLra,E ×U(V ′n).

Put τn = ξ1 � π0
n, which is an irreducible discrete series representation of Ln.

We now apply [BPb, Corollary 8.6.1] to conclude that for any λ1 ∈ a∗Ln,R, λ2 ∈ ia∗Ln+1,R, we

have

dim HomU(Vn)(i
U(Vn+1)
Pn+1 τn+1,λ2 ⊗ i

U(Vn)
Pn

τn,λ1 ,C) = 1.

Let πn+1,λ2 ⊂ i
U(Vn+1)
Pn+1 τn+1,λ2 and πn,λ1 ⊂ i

U(Vn)
Pn

τn,λ1 be the (unique) subrepresentations such that

dim HomU(Vn)(πn+1,λ2 ⊗ πn,λ1 ,C) = 1.
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By the description of theta lift of tempered representations, we ρ1,λ1 = θ(πn,λ1) is a nonzero

irreducible representation of U(W ) and there is an irreducible tempered representation ρ2,λ2 of

U(W ) such that θ(ρ2) = πn+1,λ2 . By the seesaw identity (4.3) again, we have

dim HomH(ρ1,λ1 ⊗ ρ2,λ2 ⊗ ω,C) = 1.

We note that ia∗M1,R and ia∗Ln,R are canonically identified, so are ia∗M2,R and ia∗Ln+1,R. We also

note that ρ1,λ1 is a subrepresentation of iHP1
σ1,λ1 and ρ2,λ2 is a subrepresentation of iHP2

σ2,λ2 . Thus

dim HomH(iHP1
σ1,λ1 ⊗ iHP2

σ2,λ2 ⊗ ω,C) = 1,

for all λ1 ∈ ia∗M1,R and λ2 ∈ ia∗M2,R. This is precisely what we are after.

4.4 A local relative trace formula

Let us denote by dπ the Plancherel measure on Xtemp(G). Let TempH(G) be the subset of Temp(G)

consisting of irreducible tempered representations of G such that HomH(π ⊗ ω,C) 6= 0. By

Lemma 4.2.2, the map TempH(G) → Xtemp(G) which sends π to iGMσ such that π is a subrep-

resentation of iGMσ is injective. By Lemma 4.3.1, the image of TempH(G) is a union of connected

components in Xtemp(G). Let us denote also by dπ the restriction of the Plancherel measure of

Xtemp(G) to TempH(G) via this map.

Lemma 4.4.1. Let (f, φ1, φ2) ∈ S(G× L× L). Suppose that the map

π 7→ π(f) ∈ End(π)∞

is compactly supported. Then

Ψf,φ1,φ2(1, 0) =

∫
H
f(h−1)〈ω(h)φ1, φ2〉dh =

∫
TempH(G)

Jπ(f, φ1, φ2)dπ.

Both integrals are absolutely convergent.

Proof. By the assumption on f , the (vector-valued) function

π ∈ Temp(G) 7→ (g 7→ Tr(π(g−1)π(f))))

is continuous and compactly supported. It follows that this function is absolutely integrable

(c.f. [BPb, Appendix A.2]). By the Plancherel formulae, as explained in [BPb, Theorem 2.6.1],

we have

f∨ =

∫
Xtemp(G)

Tr(π(·)π(f))dπ, f∨(g) = f(g−1)
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as elements in S(G) (⊂ C(G)). Indeed, it is true if we evaluate both side at any g ∈ G. Thus for

any continuous linear form ` on C(G), we have

`(f∨) =

∫
Xtemp(G)

`(Tr(π(·)π(f)))dπ.

Since for φ1, φ2 ∈ S(L), the map

f 7→
∫
H
f(h)〈ω(h)φ1, φ2〉dh

is a continuous linear form, we conclude that∫
H
f(h−1)〈ω(h)φ1, φ2〉dh =

∫
Xtemp(G)

Jπ(f, φ1, φ2)dπ =

∫
TempH(G)

Jπ(f, φ1, φ2)dπ.

This proves the lemma.

Let f1, f2 ∈ S(G) and φ1, φ2, φ3, φ4 ∈ S(L). We consider the integral

T (f1, f2, φ1, φ2, φ3, φ4) =

∫
H

∫
H

∫
G

∫
W∨

f1(h1gh2)f2(g)(ω(g−1
1 )φ3 ⊗ φ4)‡(w∨)

(ω(h−1
2 g−1

1 h−1
1 )φ1 ⊗ φ2)‡(w∨h2)dgdw∨dh1dh2,

(4.4)

where we write g = (g1, g2) ∈ G, g1, g2 ∈ H.

Lemma 4.4.2. This integral is absolutely convergent.

Proof. We note first that the function

(g, w∨) 7→ f2(g)(ω(g−1
1 )φ3 ⊗ φ4)‡(w∨)

is a Schwartz function on G(F ) × V ∨. Since S(G) ⊂ C(G), for all d > 0, there is a nonnegative

Schwartz function Φ2 ∈ S(V ∨) so that

|f2(g)(ω(g−1
1 )φ3 ⊗ φ4)‡(w∨)| � ΞG(g)σ(g)−dΦ2(w∨).

Similarly for all d > 0, there is a nonnegative Schwartz function Φ1 ∈ S(V ∨) so that

|f1(g)(ω(g−1
1 )φ1 ⊗ φ2)‡(w∨)| � ΞG(g)σ(g)−dΦ1(w∨).

Therefore we are reduced to prove that there is a d > 0, so that for all Φ1,Φ2 ∈ S(V ∨), the integral∫
H(F )

∫
H(F )

∫
G(F )

∫
W∨

ΞG(h1gh2)ΞG(g)σ(g)−dσ(h1gh2)−dΦ1(w∨h2)Φ2(w∨)dw∨dgdh1dh2

is convergent.
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We make a change of variables h1 7→ h1h
−1
2 g−1. Then the integrand of the above integral

becomes

ΞH(h1)ΞH(h1h
−1
2 g−1

1 g2h2)ΞH(g1)ΞH(g2)σ(g1)−dσ(g2)−dσ(h1)−dΦ1(w∨h2)Φ2(w∨).

Then we make use of the doubling principle for ΞH and conclude that the integral equals∫
H(F )2

ΞH(g1)2ΞH(g2)2σ(g1)−dσ(g2)−ddg1dg2 ×
∫
H(F )

ΞH(h1)2σ(h1)−ddh1

×
∫
H(F )

∫
W∨

ΞH(h2)2Φ1(w∨h2)Φ2(w∨)dw∨dh2.

The first two integrals are convergent for sufficiently large d. The last integral is convergent for

any Φ1 and Φ2 by [Xue16, Proposition 1.1.1].

Let ϕ ∈ S(y(F )) = S(y(W )(F )). We define its Fourier transform by

ϕ̂([δ, w∨]) =

∫
[δ′,w′∨]∈y(W )(F )

ϕ([δ′, w′∨])ψ(Tr δδ′ + [w∨, w′∨])dδ′dw′∨.

We use the notation qϕ to denote the inverse Fourier transform. The local relative trace formula

alluded in the title of this subsection is the following proposition.

Proposition 4.4.3. Let f1, f2 ∈ S(G(F )) and φ1, φ2, φ3, φ4 ∈ S(L). Assume that the support

of Ψf2,φ3,φ4 is contained in c(n) × W∨ (recall that c is the Cayley transform and n is a small

neighbourhood of 0 ∈ u(W )(F ) we have fixed so that the Cayley transform is analytic and measure

preserving). Assume that the map π 7→ π(f2) is compactly support in Temp(G). Then∫
Xtemp(G)

Jπ(f1, φ1, φ2)Jπ∨(f2, φ3, φ4)dπ =

∫
y(F )

Ψf2,φ3,φ4,\(y)O(y, ̂Ψf1,φ1,φ2,\)dy,

where π∨ stands for the contragredient of π and the Weil representation in the definition of Jπ∨

and Ψf2,φ3,φ4 is ω.

Proof. We compute the expression T (f1, f2, φ1, φ2, φ3, φ4) in two ways.

We first compute it geometrically. Thanks to Lemma 4.4.2, we may change the order of inte-

gration in (4.4) and make change of variables. We make the change of variables in the following

order:

g1 7→ h−1
1 g1, g2 7→ h−1

1 g2, h1 7→ g1h1, g2 7→ g2g1, w∨ 7→ w∨g1, h2 7→ g−1
1 h2.

We then end up with

T (f1, f2, φ1, φ2, φ3, φ4) =

∫
Y (W )(F )

∫
H(F )

Ψf1,φ1,φ2(g1.y)Ψf2,φ3,φ4(y)dg1dy. (4.5)
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By the support condition of Ψf2,φ3,φ4 , it equals∫
y(W )(F )

∫
H(F )

Ψf1,φ1,φ2,\(g1.y)Ψf2,φ3,φ4,\(y)dg1dy.

By [Zha14a, Corollary 4.5] and [Xue, Lemma 5.8], this integral is absolutely convergent and equals∫
y(W )(F )

Ψf1,φ1,φ2(y)O(y, ̂Ψf2,φ3,φ4)dy.

In conclusion, we have proved

T (f1, f2, φ1, φ2, φ3, φ4) =

∫
y(W )(F )

Ψf1,φ1,φ2(y)O(y, ̂Ψf2,φ3,φ4)dy. (4.6)

We now compute T (f1, f2, φ1, φ2, φ3, φ4) spectrally. First of all, since Fourier transform preserves

the L2-norm of Schwartz functions, we have

T (f1, f2, φ1, φ2, φ3, φ4)

=

∫
H(F )

∫
H(F )

∫
G(F )

f1(h1gh2)f2(g)〈ω(h−1
1 )φ1, φ3〉〈ω(h2)φ2, φ4〉dgdh2dh1

=

∫
H(F )

∫
H(F )

(f∨2 ∗ L(h−1
1 )f1)(h2)〈ω(h−1

1 )φ1, φ3〉〈ω(h2)φ2, φ4〉dh2dh1,

where ∗ stands for the convolutions of functions on G(F ). Applying Lemma 4.4.1 to the inner

integral, this equals∫
H(F )

∫
Xtemp(G)

Lφ4,φ2π (π(f∨2 ∗ L(h−1
1 )f1))〈ω(h−1

1 )φ1, φ3〉dπdh1

=

∫
H(F )

∫
Xtemp(G)

Tr(π(h−1
1 )π(f1)Lφ4,φ2π π(f∨2 ))〈ω(h−1

1 )φ1, φ3〉dπdh1.

By Lemma 4.2.1(1), there is a function f ∈ C(G(F )) so that π(f1)Lφ4,φ2π π(f∨2 ) = π(f0). By the

Paley–Wiener theorem, the inner integral equals f0(h1). Apply Lemma 4.4.1 again to f0, the outer

integral then equals ∫
Xtemp(G)

Lφ1,φ3π (π(f1)Lφ4,φ2π π(f∨2 ))dπ.

Then by Lemma 4.2.1(2) the integrand equals Lφ1,φ2π (π(f1))Lφ4,φ3π (π2(f∨2 )). Thus we conclude

T (f1, f2, φ1, φ2, φ3, φ4) =

∫
Xtemp(G)

Jπ(f1, φ1, φ2)Jπ∨(f2, φ3, φ4)dπ. (4.7)

Combining (4.7) and (4.6), we get Proposition 4.4.3.
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5 A globalization result

5.1 Statement of the results

We come back to the global situation in this section. Thus E/F is quadratic extension of number

fields. Let W be a skew-hermitian space over E of dimension n and H = U(W ) and G = H ×H
as before. Throughout this section, we make the following assumption:

W is definite at all archimedean places of E.

We let S be a finite set of nonarchimedean split places of F and we put FS =
∏
v∈S Fv. For

simplicity, for any algebraic group A over F , we write AS for
∏
v∈S A(Fv). We fix a supercuspidal

representation σ of GS . Let v0 be a nonarchimedean nonsplit place of F . Let Irrv0,σ,H(G) be the

subset of Irrunit(Gv0) consisting of representations πv0 such that there is an irreducible cuspidal

automorphic representation π of G(AF ) so that

– the local component of π at v0 is isomorphic to πv0 ;

– the local component of π at S is isomorphic to an unramified twist of σ, i.e. σ ⊗ χ where

χ ∈ ia∗GS ,R.

– π admits nontrivial Fourier–Jacobi periods, i.e. Jπ 6= 0.

Recall that TempHv0 (Gv0) is the space of irreducible tempered representations of Gv0 which admit

Fourier–Jacobi models.

The space Irrunit(Gv0) is equipped with the Fell topology and its subspaces are equipped with the

subspace topology. Recall that this means the following. For any representations (not necessarily

irreducible) π and σ, we say that π is weakly contained in σ if any diagonal matrix coefficient of

π can be approximated by sums of diagonal matrix coefficients of σ uniformly on compact subsets

of G, i.e. for any compact subset K of Gv0 , any v ∈ π and any ε > 0, we can find ξ1, · · · , ξr in σ,

such that ∣∣∣∣∣〈π(g)v, v〉 −
r∑
i=1

〈σ(g)ξi, ξi〉

∣∣∣∣∣ < ε,

for all g ∈ K. The Fell topology is the unique topology on Irrunit(Gv0) such that the closure of any

subset T is the set of irreducible unitary representation of Gv0 that is weakly contained in ⊕σ∈Tσ.

The main result of this section is the following proposition whose proof will be given in subse-

quent subsections.

Proposition 5.1.1. The set Irrv0,σ,H(G) ∩ Temp(Gv0) is dense in TempHv0 (Gv0).
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5.2 Schwartz functions of positive type

In this subsection, we prove some technical lemmas on the Fourier transform of Schwartz functions.

Let us fix a nonarchimedean place v of F and suppress it from all notation. Recall that we

have a skew-hermitian space W and a maximal isotropic subspace L of W/F . We say that a

Schwartz function Ψ ∈ S(L2) is of positive type if Ψ(x, y) = Ψ(y, x) for all x, y ∈ L and for any

x1, · · · , xn ∈ L, the matrix

{Ψ(xi, xj)}1≤i,j≤n

is semipositive-definite.

Lemma 5.2.1. The function Ψ(x, y) is semipositive definite if and only if it can be written in the

form ∑
i

φi(x)φi(y), φi ∈ S(L).

Proof. The “if” part is clear. Now assume that Ψ is of positive type. Then we may find φ1, · · · , φn
so that

Ψ(x, y) =
n∑

i,j=1

λijφi(x)φj(y).

We may further assume that φ1, · · · , φn are linearly independent. The condition that Ψ(x, y) =

Ψ(y, x) implies that λij = λji. We choose s1, · · · , sn so that the matrix

S = {φi(sj)}1≤i,j≤n

is invertible. Let Ψ be the matrix {Ψ(xi, xj)}1≤i,j≤n and Λ = {λij}1≤i,j≤n. Then

Ψ = SΛ
t
S.

The semipositivity of Ψ implies that Λ is semipositive definite. Therefore we may find a matrix P

so that Λ = P
t
P . Put (φ′1, · · · , φ′n) = (φ1, · · · , φn)P . We conclude that

Ψ =
∑
i

φ′i ⊗ φ′i.

This proves the “only if” part.

Lemma 5.2.2. Let N ⊂ L be an open compact neighbourhood of 0 ∈ L such that y ∈ N if and only

if −y ∈ N . Choose a large integer m so that if x, y ∈ $mN , then x± y ∈ $mN . Then the form

Ψ(x, y) = 1$mN (x− y)1N (x+ y)

is of positive type.
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Proof. Let s1, · · · , sn ∈ L. We claim that we can re-label them so that the matrix

{1$mN (si − sj)}1≤i,j≤n

is of the form 
Er1

. . .

Erk

 ,

where Ei stands for the i × i matrix whose entries are all 1. Indeed, if sn − si ∈ $mN for all i,

then we are done. Otherwise, we let S ⊂ {s1, · · · , sn} be the subset of all si’s with sn− si ∈ $mN .

Let T be the complement of S. Then for any s ∈ S and t ∈ T , we have s − t 6∈ $mN . Otherwise

sn − t ∈ $mN since both s− sn, s− t ∈ $mN , which contradicts the choice of S. Then we repeat

this argument for T . This proves the claim.

Let us observe that

1$mN (x− y)1N (x+ y) = 1$mN (x− y)1N (x)1N (y).

Indeed, if x− y ∈ $mN , then x+ y ∈ N if and only if both x, y ∈ $mN . It follows that the matrix

{1$mN (si − sj)1N (si + sj)}1≤i,j≤n

is a blocked diagonal matrix, with the diagonal blocks all of the form t(y1, · · · , yr)(y1, · · · , yr),
which is semipositive definite. This proves the lemma.

Lemma 5.2.3. Let N be an open compact neighbourhood of 0 ∈ W . Then there exist a Schwartz

function Ψ ∈ S(L2) of positive type so that supp Ψ‡ ⊂ N .

Proof. Let us fix an open compact neighbourhood N ′ of 0 in L and a large integer m so that

$mN ′ ⊂ N and the Fourier transform of the characteristic function of 1N ′ is the characteristic

function of an open compact neighbourhood of 0 which is contained in N . Then

Ψ(x, y) = 1$mN ′(x+ y)1N ′(x− y)

is the desired function.

5.3 Approximating matrix coefficients

The goal of this subsection is to prove the following proposition. This is the key to the proof of

Proposition 5.1.1.
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Proposition 5.3.1. Let S be any finite set of finite places of F . Let fS ∈ S(GS) and φS ∈ S(LS)

so that ∫
HS

∫
GS

f(h−1g)f(g)〈ω(h)φS , φS〉dgdh 6= 0.

Then for any ε > 0 and any compact subset KS of GS, there is a finite set of automorphic repre-

sentations πi of G(AF ) with Jπi 6= 0 and ϕi ∈ πi, so that∣∣∣∣∣
∫
HS

∫
GS

f(h−1gy)f(g)〈ω(h)φS , φS〉dgdh−
∑
i

〈πi,S(y)ϕi, ϕi〉

∣∣∣∣∣ ≤ ε, y ∈ KS .

Proof. For any f ∈ S(G(AF )) and φ ∈ S(L(AF ), define

Kf,φ(g) =

∫
[H]

 ∑
γ∈G(F )

f(h−1γg)

 θ(h, φ)dh.

Since [G] is compact, we have∑
γ∈G(F )

f(h−1γg) =
∑
π

∑
ϕ∈π

π(f)ϕ(h)ϕ(g).

where π runs over irreducible cuspidal automorphic representations of G(AF ) and ϕ runs overs an

orthonormal basis of π. Therefore

〈R(y)Kf,φ,Kf,φ〉 =
∑
π

∑
ϕ,ϕ′∈π

FJ (π(f)ϕ, φ)FJ (π(f)ϕ′, φ)〈π(y)ϕ,ϕ′〉, (5.1)

where ϕ and ϕ′ independently run through an orthonormal basis of π. Note that for a fixed f ,

there are only finitely many π’s appearing in the sum.

We may also compute 〈R(y)Kf,φ,Kf,φ〉 geometrically. Indeed, usual unfolding procedure yields

〈R(y)Kf,φ,Kf,φ〉 =
∑

[γ,w]∈((H(F )\G(F ))×W∨(F ))//H(F )

vol[Stab[γ,w]]

∫
Stab[γ,w](AF )\H(AF )

∫
G(AF )

∫
H(AF )

f(h−1
1 h−1

2 γh2gy)f(g)(ω(h1)φ⊗ φ)†(wh2)dh1dgdh2.

(5.2)

Here and below we denote by Stab? the stabilizer of ?. The term corresponding to [γ,w] = [1, 0]

equals

vol[H]

∫
H(AF )

∫
G(AF )

f(h−1gy)f(g)〈ω(h1)φ, φ〉dgdh1.

We fix a nonarchimedean place v1 not in S. We are going to choose the test function f = ⊗fv
and φ(i) = ⊗φ(i)

v , i = 1, · · · , r. At the places v 6= v1, we do the following.

– If v is archimedean, then put fv = (volGv)
− 1

2 1Gv and choose φv to be Gv-invariant and

〈φv, φv〉 = 1. This is possible since Gv is compact.
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– If v ∈ S, then put fv = fS,v and φv = φS,v.

– If v 6∈ S ∪ {v1} ∪ {∞}, then we choose any fv and φv so that∫
Gv

∫
Hv

fv(h
−1
1 g)fv(g)〈ω(h1)φv, φv〉dh1 = 1.

Claim: for any ε > 0, for fixed fv and φv, v 6= v1, we can choose φ
(i)
v1 and fv1 so that the

following conditions hold.

1. For γ ∈ G(F ), there exist y ∈ KS , g ∈ supp f and h1, h2 ∈ H(AF ) so that

f(h−1
1 h−1

2 γh2gy) 6= 0

only if γ = 1.

2. We have ∑
w∈W∨(F )/H(F )

w 6=0

vol[Stabw]

∫
Stabw(AF )\H(AF )

∫
G(AF )

∫
H(AF )∣∣∣∣∣f(h−1

1 gy)f(g)
r∑
i=1

(ω(h1)φ(i) ⊗ φ(i))‡(wh2)

∣∣∣∣∣ dh1dgdh2 ≤ ε

3. We have ω(h1)φ
(i)
v1 = φ

(i)
v1 if there exists g ∈ supp fv1 so that h−1

1 g ∈ supp fv1 .

4. We have ∫
H(Fv)

∫
G(Fv)

fv1(h−1g)fv1(g)dgdh = 1,

r∑
i=1

(φ
(i)
v1 ⊗ φ(i)

v1 )‡(0) = 1.

We identity H\G with H by sending (γ1, γ2), γ1, γ2 ∈ H, to γ−1
1 γ2 ∈ H. The categorical

quotient H//H is identified with the n-dimensional affine space and the natural map H → H//H

is given by sending h to the coefficients of the characteristic polynomial of h − 1n (note that this

is slightly different from the usual choice, which amounts to making some change of coordinates

in the affine space). It sends 1n ∈ H to 0 ∈ H//H. Given the choices fv for all v 6= v1, we have

for each v 6= v1 an open compact subset Ω′v of H(F )\G(F ) so that if g ∈ supp fv, h1, h2 ∈ Hv,

γ ∈ H(F )\G(F ), y ∈ Kv and h−1
1 h−1

2 γh2gy ∈ supp fv, then h−1
2 γh2 ∈ Ω′v. Let Ωv be the image

of Ω′v in (H//H)(Fv) under the natural map as described above. We conclude that the image

of γ in H//H(Fv) lies in Ωv. At the place v1, let us choose a sufficiently small open compact

neighbourhood Ωv1 of 0 ∈ H//H(Fv1) so that∏
v

Ωv ∩ (H//H)(F ) = {0}.
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This is possible. Indeed if γ ∈
∏
v Ωv ∩ (H//H)(F ), we write γ = (x1, · · · , xn), xi ∈ F . Suppose

that some xi 6= 0. Then
∏
v|xi|Fv = 1. But Ωv is compact, thus

∏
v 6=v1 |xi|Fv is bounded from above

and this bound depend on Ωv’s only, which means that there is a positive real number δ such that

|xi|Fv1 ≥ δ. We just need to choose Ωv1 so that there is no such a gamma. Let Ω′v1 be an open

compact subset of G(Fv1) such that if h1, h2 ∈ H(Fv1), g ∈ Ω′v1 and h−1
1 h−1

2 γh2g ∈ Ω′v1 then the

image of γ in H//H(Fv1) lies in Ωv1 . Then for any fv1 supported in Ω′v1 , condition (1) holds. One

should note that since G∞ is compact, every rational orbit is semisimple.

We observe that the categorical quotient W∨//H is isomorphic to the affine line and the mor-

phism W∨ → W∨//H is given by w 7→ [w,w]. To simplify notation, for any place v 6= v1 and any

w ∈W∨v , let us temporarily put

O(w, fv, φv) =

∫
Stabw(Fv)\H(Fv)

∫
G(Fv)

∫
H(Fv)

|fv(h−1
1 gyv)fv(gv)(ωv(h)φv ⊗ φv)‡(wh2)|dh1dgdh2.

Note that w 7→ O(w, fv, φv), as a function on W∨//H(Fv) is compactly supported (resp. of rapid

decay at infinity) if v is nonarchimedean (resp. archimedean). It might have a singularity at w = 0.

For any ε > 0, we can find a enough small neighbourhood Nv1 of W∨v1 so that∑
w∈W∨(F )/H(F )

w 6=0

vol[Stabw]1Nv1 (w)
∏
v 6=v1

O(w, fv, φv) ≤ ε.

In fact, fix any open compact neighbourhood N ′v1 , we can find a large positive number B so that∑
w∈W∨(F )/H(F )
|[w,w]|F∞>B

vol[Stabw]1N ′v1
(w)

∏
v 6=v1

O(w, fv, φv) ≤ ε.

For the fixed choices of fv and φv for nonarchimedean v 6= v1, if w ∈W∨(F ) and O(w, fv, φv) 6= 0,

then |[w,w]|Fv ≤ A−1
v for some fixed positive number Av, almost all being 1. As y varies in a

compact subset, we can take Av’s to be independent of y. We may choose Nv1 ⊂ N ′v1 to be small

enough so that if w ∈W∨(F )∩Nv1 , then
∏
v-∞|[w,w]|Fv < B−1. It follows from the product formula

that, with this choice, 1Nv1 (w)
∏
v 6=v1 O(w, fv, φv) 6= 0 automatically implies that |[w,w]|F∞ > B.

This Nv1 is the desired neighbourhood.

By Lemma 5.2.3, we can choose φ
(i)
v1 ’s so that

∑r
i=1(φ

(i)
v1 ⊗ φ

(i)
v1 )‡(0) = 1 and

∑r
i=1(φ

(i)
v1 ⊗ φ

(i)
v1 )‡

is bounded some multiple of the characteristic function of Nv1 we have just chosen. Let us fix an

fv1 supported in Ω′v1 , such that if h ∈ Hv1 , g, h−1g ∈ supp fv1 , then ω(h)φ
(i)
v1 = φ

(i)
v1 for all i and∫

H(Fv1 )

∫
G(Fv1 )

fv1(h−1g)fv1(g)dgdh = 1.

So condition (3) and (4) are satisfied.
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Finally, with these choices, we have that∑
w∈W∨(F )/H(F )

w 6=0

vol[Stabw]

∫
Stabw(AF )\H(AF )

∫
G(AF )

∫
H(AF )∣∣∣∣∣f(h−1

1 h−1
2 γh2y)f(g)

r∑
i=1

(ω(h1)φ(i) ⊗ φ(i))‡(wh2)

∣∣∣∣∣ dh1dgdh2

equals ∑
w∈W∨(F )/H(F )

w 6=0

vol[Stabw]1Nv1 (w)
∏
v 6=v1

O(w, fv, φv),

which is bounded by ε. Thus condition (2) is satisfied. This proves the claim.

With this choice of the test function, we conclude from (5.1) and (5.2) that the difference

between ∑
π

∑
ϕ,ϕ′∈π

r∑
i=1

FJ (π(f)ϕ, φ(i))FJ (π(f)ϕ′, φ(i))〈π(y)ϕ,ϕ′〉

and

vol[H]

r∑
i=1

∫
H(AF )

∫
G(AF )

f(h−1gy)f(g)〈ω(h1)φ(i), φ(i)〉dgdh1

is bounded by ε. Moreover by our choice

r∑
i=1

∫
H(AF )

∫
G(AF )

f(h−1gy)f(g)〈ω(h1)φ(i), φ(i)〉dgdh1 =

∫
HS

∫
GS

fS(h−1gy)fS(g)〈ω(h)φ1, φ1〉dgdh.

This proves the proposition.

Let GS act on L2(GS) by right translation and on L2(LS) by ω(h1) where (h1, h2) ∈ GS ,

h1, h2 ∈ HS . Let LS ⊂ L2(GS)⊗L2(LS) be the subrepresentation spanned by functions f ⊗φ such

that there exists φ′S ∈ L2(LS) with∫
H(FS)

f(h)〈ωS(h)φS , φ
′
S〉dh 6= 0.

Corollary 5.3.2. The representation LS is weakly contained in ⊕π∈TπS where T is the set of

irreducible automorphic representation π of G(AF ) such that Jπ 6= 0.

This is just a reformulation of the proposition in terms of the notion of weak containment.
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5.4 Globalization

The goal of this subsection is to prove Proposition 5.1.1. We begin with two lemmas.

Let π be a tempered representation of Hv0 . Then π is a subrepresentation of iGPσ where P = MN

is a parabolic subgroup of G and σ is a discrete series representation of M . We say that π is regular

if for any w ∈W (G,M) (the Weyl group), we have wσ 6' σ. Let Tempreg(Hv0) be the isomrphism

classes of regular tempered representations.

Let π be an irreducible representation of Hv0 . Recall that by the Langlands classification, there

exits following data.

– A parabolic subgroup P = MN of Hv0 , where

M ' ResEv0/Fv0 GLn1 × · · · × ResEv0/Fv0 GLnr ×U(W0)

where W0 is a skew-hermitian space of dimension n− 2(n1 + · · ·+ nr).

– Tempered representations τ1, · · · , τr of GLn1(Ev0), · · · , GLnr(Ev0) respectively and a tem-

pered representation σ of U(W0)(Fv0).

– A set of positive real numbers λ1 > λ2 > · · · > λr > 0.

They satisfy the property that π is the unique irreducible quotient of the induced representation

iHP τ1|det|λ1 � · · ·� τr|det|λr � σ.

Put c(π) = λ1 if r ≥ 1 and c(π) = 0 if r = 0, namely, π is tempered. Let c0 ≥ 0 be a real number.

We denote by Irrunit,≤c0(Hv0) be the set of unitary representations π of Hv0 with the property that

c(π) ≤ c0.

The following two lemmas are [BPc, Lemma 3.6.1 and Lemma 3.6.2] respectively.

Lemma 5.4.1. Suppose that 0 ≤ c0 <
1
2 . Then Tempreg(Hv0) is open in Irrunit,≤c0(Hv0).

Lemma 5.4.2. Suppose that π is a local component of an irreducible cuspidal automorphic repre-

sentation of H(AF ) whose base change is also cuspidal. Then π ∈ Irrunit,≤ 1
2
− 1
n2+1

(Hv0).

Proof of Proposition 5.1.1. It follows from Lemma 4.3.1 that the closure of set TempHv0 (Gv0) is

a disjoint union of connected components of Temp(Gv0). Therefore the set TempHv0 ,reg(Gv0) =

TempHv0 (Gv0) ∩ Tempreg(Gv0) is dense in TempHv0 (Gv0). So we only need to prove that any

πv0 ∈ TempHv0 ,reg(Gv0) can be approximated by elements in Irrv0,σ,H(G) ∩ Temp(Gv0).

Put S′ = S ∪ {v0}. Let LS′ be the representation of GS′ defined before Corollary 5.3.2.

Lemma 4.4.1 shows that πv0 ⊗ σ is weakly contained in LS′ . Corollary 5.3.2 implies that LS′
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is weakly contained in ⊕π∈TπS′ where T is the set of irreducible automorphic representations of

G(AF ) so that Jπ 6= 0. Therefore we can find a sequence of automorphic representations πj

such that Jπj 6= 0 and πj,S′ is convergent to πv0 ⊗ σ in the Fell topology. The set {σ ⊗ χ |
χ ∈ ia∗GS} is a open in Irrunit(GS), therefore for n sufficiently large we know that πj,S is an

unramified twist of σ. Thus BC(πj) is a cuspidal automorphic representation of GLn(AF ) and

hence πj,v0 ∈ Irrunit,≤ 1
2
− 1
n2+1

(Gv0) by Lemma 5.4.2. As πv0 is regular and TempHv0 ,reg(Gv0) is open

in Irrunit,≤ 1
2
− 1
n2+1

(Gv0), we conclude that πj,v0 ∈ TempHv0 ,reg(Gv0) if j is sufficiently large. This

proves Proposition 5.1.1.

6 The main theorems

6.1 Weak comparison of local spherical characters

The goal of this subsection is to prove Theorem 4.1.2 up to some constant.

Lemma 6.1.1. Let the notation be as in Theorem 4.1.2. Assume in addition that πv is a local

component of an irreducible cuspidal automorphic representation π of v so that

– Jπ 6= 0;

– there are two split places v1, v2 6= v such that πv1 , πv2 are both supercuspidal,

– π∞ is tempered.

Then there is a nonzero constant cπv , depending only on πv, such that for all matching test functions

(f ′v,Φv) and (fv, φ1,v, φ2,v), we have

cπvIΠv(f
′
v,Φv) = Jπv(fv, φ1,v, φ2,v).

Proof. In the present situation, the local Gan–Gross–Prasad conjecture is known by the work of

Gan–Ichino [GI] and Beuzart-Plessis [BPb]. Note that we only need the multiplicity one part of the

local Gan–Gross–Prasad conjecture and the method of Gan–Ichino applies also to the archimedean

places. Indeed, this case is significantly easier since the hardest part of the proof, i.e. the conjecture

of Prasad, which predicts the behaviour of the Langlands parameters under theta correspondences,

is known. There is only one term on the right hand side of (2.14) being nonzero, namely Jπ by

assumption. Note that we did not assume that π is tempered. So the decomposition (4.1) is not

available. But we have the following alternative. We fix an element `v ∈ HomH(Fv)(πv ⊗ ωv,C) for

all places v. We define for all place v′

J ′πv′ (fv′ , φ1,v′ , φ2,v′) =
∑

ϕv′∈πv′
`v′(πv′(fv′)ϕv′ , φ1,v′)`v′(ϕv′ , φ2,v′).
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At the place v, we may choose `v so that Jπv = Jπv′ . For almost all place v′ we fix `v′ so that

Jπv(fv′ , φ1,v′ , φ2,v′) = 1. Then using the multiplicity one theorem, we again have a decomposition

Jπ(f, φ1, φ2) = C(π)′
∏
v

J ′πv(fv, φ1,v, φ2,v),

where C(π)′ is some constant (depending on the choice of `v’s).

For a matching pair of test functions (f ′v,Φv) and (fv, φ1,v, φ2,v), we claim that

J ′πv(fv, φ1,v, φ2,v) = 0 implies that IΠv(f
′
v,Φv) = 0.

If IΠv(f
′
v,Φv) 6= 0, then for any place w 6= v, choose matching test functions (f ′w,Φw) and

(fw, φ1,w, φ2,w) such that IΠw(f ′w,Φw) 6= 0. Since Jπ 6= 0, we have L(1
2 ,Π1 × Π2) 6= 0 by The-

orem 1.1.1. It follows from Proposition 3.1.1 that I(f ′,Φ) 6= 0 and hence Jπ(f, φ1, φ2) 6= 0. This is

a contradiction.

Let (f ′v,Φv) and (fv, φ1,v, φ2,v) be a matching pair of test functions such that Jπv(fv, φ1,v, φ2,v) 6=
0. We define

c′πv = IΠv(f
′
v,Φv)Jπv(fv, φ1,v, φ2,v)

−1.

This is independent of the choice of (f ′v,Φv) and (fv, φ1,v, φ2,v). To see this, again for any place

w 6= v, choose matching test functions (f ′w,Φw) and (fw, φ1,w, φ2,w) such that IΠw(f ′w,Φw) 6= 0. It

follows that Jπw(fw, φ1,w, φ2,w) 6= 0. Then by the decompositions of IΠv and Jπ, we conclude that

c′πv = C(π)′

∏
w 6=v

IΠw(f ′w,Φw)Jπv(fw, φ1,w, φ2,w)−1 ·
L(1

2 ,Π1 ×Π2)

L(1, π1,Ad)L(1, π2,Ad)

−1

.

This does not depend on the choice of the test functions at v.

Therefore for any matching test functions (f ′v,Φv) and (fv, φ1,v, φ2,v), we have

IΠv(f
′
v,Φv) = c′πvJπv(fv, φ1,v, φ2,v).

It is clear that c′πv 6= 0. Otherwise IΠv = 0 for all test functions. This is not possible. We put

cπv = c′−1
πv . Thus we have proved the lemma.

Lemma 6.1.2. For all πv ∈ TempHv(Gv), there exists a nonzero constant cπv , such that for any

matching test functions (f ′v,Φv) and (fv, φ1,v, φ2,v), we have

cπvIΠv(f
′
v,Φv) = Jπv(fv, φ1,v, φ2,v).

Proof. We use a global-to-local argument to prove this lemma. We may find the following data.

– A totally real number field F and a CM extension E of F and a place v0 of F so that Fv0 = Fv.
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– A skew-hermitian space W over E of dimension n such that Wv0 = Wv. Put H = U(W) and

G = H×H.

– A Weil representation ω of H(AF) such that ω
v0
' ωv.

– Two nonarchimedean split place v1 and v2 of F, and irreducible supercuspidal representations

σv1 , σv2 of Hv1 and Hv2 respectively.

With these choice of data, by Proposition 5.1.1, we can find a sequence of irreducible cuspidal

automorphic representations πj of G(AF) so that πj,v0 is convergent to πv in the Fell topology and

πj,v0 ∈ Irrv0,σv1⊗σv2 ,Hv0 (Gv0) ∩ TempHv0
(Gv0). Note that any of these πj ’s satisfy the properties

that

– Jπj 6= 0;

– πj,v1 (resp. πj,v2) are unramified twists of σv1 and σv2 respectively, and hence are supercusp-

idal;

– πj,∞ is tempered since G∞ is compact.

The constant cσv0 is defined for any element σv0 ∈ Irrv0,σv1⊗σv2 ,Hv0 (Gv0) ∩ TempHv0
(Gv0). We

observe that the map σv0 → cσv0 is continuous on Irrv0,σv1⊗σv2 ,Hv0 (Gv0)∩TempHv0
(Gv0) since both

IBC(σv0 ) and Jσv0 are continuous and we can always choose test functions so that both IBC(σv0 ) and

Jσv0 do not vanish. Therefore we have

cπvIΠv(f
′
v,Φv) = Jπv(fv, φ1,v, φ2,v), cπv = lim

j→∞
cπj,v0 .

This proves the lemma.

6.2 Local spherical character identities

The goal of this subsection is to prove Proposition 4.1.2. Therefore we work in the local situation.

Thus F stands for a nonarchimedean local field. We will assume that E is a quadratic field

extension of F as the case E = F × F has been proved in [Xue16]. We keep the notation from

Proposition 4.1.2.

We change all the measures to the unnormalized ones, i.e. the ones without the normalization

factor ζF (1), L(1, η), etc.. Then as observed in [Xue16, Lemma 4.5.1], we have the following lemma.

Lemma 6.2.1. With this new choice of the measures, the identity (4.2) becomes

IΠ(f ′,Φ) = κJπ(f, φ1, φ2) (6.1)
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We make an identification xn ' x̂n by x = [γ, x, y] 7→ tx = [γ, tx, ty]. A test function f ′ on x̂n(F )

is thus identified with a function on xn(F ). We say that two regular semisimple orbits x ∈ x̂n(F )

and y ∈ y(F ) match if tx ∈ xn(F ) and y ∈ y(F ) match. We say that the test functions ϕ′ on

x̂n(F ) and ϕ on y(F ) match if they match when ϕ′ is viewed as a function on xn(F ) via the above

identification.

Lemma 6.2.2 ([Zha14a, Theorem 4.17]). Suppose that ϕ′ ∈ S(xn(F )) and ϕ ∈ S(y(F )) match.

Then so do ϕ̂′ and ε(1
2 , η, ψ)

n(n+1)
2 ϕ̂.

Proof of Proposition 4.1.2. We denote by Q the categorical quotient of Xn by GLn, or the categori-

cal quotient of Y (W ) by U(W ) for any W . They are all isomorphic and we fix an isomorphism. Let

U ⊂ Xn(F ) be the inverse image of the image of c(nW ×W∨) in Q(F ). We may further assume that

U ⊂ c(n× Fn × E−,n). Let C ⊂ Temp(G) be a compact subset which is contained in the support

of the map π 7→ π(f1). Let C∨ = {π∨ | π ∈ C} and BC(C∨) = {BC(π) | π ∈ C∨} ⊂ Temp(G′).

They are both compact.

Let (f1, φ1, φ2) ∈ S(G(F )× L× L) be a test function and let Y be the image of the support of

Ψf1,φ1,φ2,\ in (y(W )//U(W ))(F ) = (xn//GLn)(F ).

Let us choose a test function (f ′,Φ) ∈ S(G′(F )× En) as in Corollary 3.2.2, namely,

1. The support of Υf ′,Φ is contained in U .

2. The function

X 7→ t̂(X)O(X, Υ̂f ′,Φ,\)

is a nonzero constant when restricted to the inverse image of Y in xn(F )rs. This constant

equals t̂(ξ−)O(ξ−, Υ̂f ′,Φ,\).

3. For all Π ∈ BC(C∨), we have

IΠ(f ′,Φ) = |τ |dnE χΠ(τ)µ(τ)−
n(n+1)

2 O(ξ−, Υ̂f ′,Φ,\),

where dn =
(
n
3

)
, χΠ is the central character of Π.

Let (f2, φ3, φ4) ∈ S(G(F ) × L × L) be a test function which matches (f ′,Φ). By condition 1

above, we may assume that Ψf2,φ3,φ4 is supported in c(nW ×W∨). As in [Xue16, p. 612, Proof of

Theorem 4.4.1(3)], we have for any matching x ∈ x̂n(F ) and y ∈ y(W )(F ),

O(y, ̂Ψf2,φ3,φ4,\) = η(2)
n(n−1)

2 η(−1)[
n
2 ]ε(

1

2
, η, ψ)−

n(n+1)
2 µ(discW )−1µ(τ)−n(n+1)t̂(x)O(x, Υ̂f ′,Φ,\).

Proposition 4.4.3 gives∫
TempH(G)

Jπ(f1, φ1, φ2)Jπ∨(f2, φ3, φ4)dπ =

∫
y(W )(F )

Ψf1,φ1,φ2,\(y)O(y, ̂Ψf2,φ3,φ4,\)dy.
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By our choice of (f2, φ3, φ4), if y ∈ supp Ψf1,φ1,φ2,\, then O(y, ̂Ψf2,φ3,φ4,\) is a constant and equals

η(2)
n(n−1)

2 η(−1)[
n
2 ]ε(

1

2
, η, ψ)−

n(n+1)
2 µ(discW )−1µ(τ)−n(n+1)t̂(ξ−)O(ξ−, Υ̂f ′,Φ,\).

It follows that∫
TempH(G)

Jπ(f1, φ1, φ2)Jπ∨(f2, φ3, φ4)dπ

=η(2)
n(n−1)

2 η(−1)[
n
2 ]ε(

1

2
, η, ψ)−

n(n+1)
2 µ(discW )−1µ(τ)−n(n+1)t̂(ξ−)O(ξ−, Υ̂f ′,Φ,\)Ψf1,φ1,φ2,\(0)

=η(2)
n(n−1)

2 ε(
1

2
, η, ψ)−

n(n+1)
2 µ(discW )−1χΠ(τ)−1|τ |−dnE IΠ(f ′,Φ)Ψf1,φ1,φ2,\(0)

=κ−1IΠ(f ′,Φ)Ψf1,φ1,φ2,\(0).

(6.2)

for any Π ∈ BC(C∨), where the last equality follows from Condition 3.

We apply Lemma 4.4.1 to conclude that

Ψf1,φ1,φ2,\(0) = Ψf1,φ1,φ2(1, 0) =

∫
TempH(G)

Jπ(f1, φ1, φ2)dπ. (6.3)

By Lemma 6.1.2, we have

cπ∨Jπ∨(f2, φ3, φ4) = IΠ(f ′,Φ), (6.4)

where cπ∨ is a constant depending only on π∨. Combining (6.2), (6.3), (6.4) and the fact that

IΠ(f ′,Φ) 6= 0, we finally arrive at∫
TempH(G)

Jπ(f1, φ1, φ2)(κ−1cπ∨ − 1)dπ = 0 (6.5)

for all (f1, φ1, φ2) ∈ S(G(F )× L× L). Since S(G(F )) is dense in C(G(F )), we conclude that (6.5)

holds for all (f1, φ1, φ2) ∈ C(G(F ))⊗ S(L× L).

Let Ztemp be the center of the category of tempered representations of G(F ) [SZ07]. An element

z ∈ Ztemp can be viewed as a function on Temp(G) whose restriction to TempH(G) is separating

and satisfies the condition that z(π) = z(π∨). Moreover Ztemp acts on C(G(F )), the action being

denoted by ∗. It satisfies π(z ∗ f) = z(π)π(f). Thus for all z ∈ Ztemp, we have

Jπ(z ∗ f1, φ1, φ2) = z(π)Jπ(f1, φ1, φ2).

It follows that for all (f1, φ1, φ2) ∈ C(G(F ))⊗ S(L× L),∫
TempHG

Jπ(f1, φ1, φ2)(κ−1cπ∨ − 1)z(π)dπ = 0.

As z(π) is separating, we have Jπ(f1, φ1, φ2)(κ−1cπ∨ − 1) = 0 for all π. For any π ∈ TempH(G), we

may choose (f1, φ1, φ2) so that Jπ(f1, φ1, φ2) 6= 0. We finally conclude that cπ∨ = κ. Finally note

cπ∨ = cπ. This proves Proposition 4.1.2.
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Corollary 6.2.3. Suppose that (f ′,Φ) and (f, φ1, φ2) are test functions. Suppose that

IΠ(f ′,Φ) = κJπ(f, φ1, φ2)

for all π ∈ TempH(G). Then (f ′,Φ) and (f, φ1, φ2) match.

Proof. Let (f̃ , φ̃1, φ̃2) be the smooth transfer of (f ′,Φ). Then it follows from Theorem 4.1.2 that

Jπ(f, φ1, φ2) = Jπ(f̃ , φ̃1, φ̃2).

Therefore for any test function (f2, φ3, φ4), we have∫
TempH(G)

Jπ(f, φ1, φ2)Jπ∨(f2, φ3, φ4)dπ =

∫
TempH(G)

Jπ(f̃ , φ̃1, φ̃2)Jπ∨(f2, φ3, φ4)dπ.

As in the proof of Proposition 4.4.3, we conclude∫
Y (W )(F )

O(y,Ψf,φ1,φ2)Ψf2,φ3,φ4(y)dy =

∫
Y (W )(F )

O(y,Ψ
f̃ ,φ̃1,φ̃2

)Ψf2,φ3,φ4(y)dg1dy.

Let y0 ∈ Y (W )(F ) be a regular semisimple point. We may choose (f2, φ3, φ4) so that Ψf2,φ3,φ4

is the characteristic function of a sufficiently small neighbourhood of y0 so that for any y in this

neighbourhood the functions

y 7→ O(y,Ψf,φ1,φ2), y 7→ O(y,Ψ
f̃ ,φ̃1,φ̃2

)

are both constant, namely O(y0,Ψf,φ1,φ2) and O(y0,Ψf̃ ,φ̃1,φ̃2
). It follows that

O(y,Ψf,φ1,φ2) = O(y,Ψ
f̃ ,φ̃1,φ̃2

).

This proves what we want.

Corollary 6.2.4. Suppose that π is tempered. Then we can find a test functions (f ′,Φ) so that

IBC(π)(f
′,Φ) 6= 0 and Υf ′,Φ is supported in the regular semisimple locus.

Proof. By [Xue16, Appendix C], we can find a test functions (f, φ1, φ2) so that Jπ(f, φ1, φ2) 6= 0

and Ψf,φ1,φ2 is supported in the regular semisimple locus. Let (f ′,Φ) be a test functions that

matches (f, φ1, φ2). By the support condition of (f, φ1, φ2), we can assume that Υf ′,Φ is supported

in the regular seimsimple locus. By Theorem 4.1.2, we have IΠ(f ′,Φ) 6= 0. This proves what we

want.
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6.3 The Gan–Gross–Prasad conjectures

We prove our main theorems, i.e. Theorem 1.1.1, 1.1.2 and 4.1.1 in this subsection.

Proof of Theorem 1.1.1. By assumption, there are finite places v1 and v2 so that BC(πv1) is super-

cuspidal and πv2 is tempered.

Proof of (1) implies (2). Assume that L(1
2 ,Π1×Π2⊗µ−1) 6= 0. Then the Rankin–Selberg period λ

is identically zero. We have shown in [Xue] that under the assumption of the theorem, the Flicker–

Rallis period β is not identically zero (cf. also [Zha14a, Theorem 1.4] the remark after it). Then

we may choose some test function (f ′,Φ) so that IΠ(f ′,Φ) 6= 0. By making use of Proposition 2.4.2

and Corollary 6.2.4, we may assume that (f ′,Φ) is a nice and transferable test function that is

transferable, such that IΠ(f ′,Φ) 6= 0.

Let {(fW , φW1 , φW2 )} be a collection of test functions which is the transfer of (f ′,Φ). However,

there is no a priori reason that this collection of test functions should be nice. The only problem

is at the place v1. By assumption, there is a finite number of cuspidal Bernstein components Ω′ of

G′(Fv1) so that f ′ ∈ S(G(Fv1))Ω′ . Let ΩW be the finite collection of cuspidal Bernstein components

of GW (Fv1) consists of supercuspidal representation of whose base change lies in Ω′. Let eΩW be

the idempotent corresponding to ΩW in the tempered center of GW (Fv1). Let {(f̃W , φW1 , φW2 )} be

the test function obtained by modifying fW by replacing fWv1 by eΩW ∗ fWv1 . Then {(f̃W , φW1 , φW2 )}
and (f ′,Φ) still match by Corollary 6.2.3. Moreover {(f̃W , φW1 , φW2 )} is a good test function. The

second statement of Theorem 1.1.1 then follows from the first one and Proposition 2.4.3.

Proof of (2) implies (1). Now assume that we may find test functions (fW , φW1 , φW2 ) so that

JπW (fW , φW1 , φW2 ) 6= 0 for some W . We may assume that this test function is of positive type,

i.e. f = f0 ∗ f∗0 where f∗0 (g) = f0(g−1) and φW1 = φW2 = φW . It follows that if π1 is an ir-

reducible cuspidal automorphic representation of GW (AF ) and is nearly equivalent to π, then

Jπ1(fW , φW , φW ) ≥ 0. It follows that∑
π1

Jπ1(fW , φW , φW ) > 0,

where π1 runs over all cuspidal automorphic representation of GW (AF ) which is nearly equivalent

to π. We may modify the test function at v1, v2 and infinity so that (fW , φW1 , φW2 ) is a good test

function and is transferable. Let (f ′,Φ) be its smooth transfer. Even though (f ′,Φ) might not be

nice (the problem at v1), we may modify it at the place v1 as in the proof (1)⇒ (2) to get a nice

test function which still matches {fW , φW1 , φW2 }. We then conclude again from Proposition 2.4.3

that IΠ(f ′,Φ) 6= 0. This proves (1).

Proof of Theorem 1.1.2 and Theorem 4.1.1. As we now assume that π is tempered, on the right

hand side of the identity (2.14), all representations are in the same Vogan packet. By assumption,
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π is tempered and E/F splits at all archimedean places. In this case, the local Gan–Gross–Prasad

conjecture is known by the work of Gan–Ichino [GI] and Beuzart-Plessis [BPb]. Therefore there

is at most one π′ appearing on the right hand side of (2.14) such that HomH(AF )(π
′ ⊗ ω,C) 6= 0.

Suppose that π 6= π′. Then we have HomH(AF )(π⊗ω,C) = 0 and thus both sides of (4.1) are zero.

Suppose that π = π′ and π does not have a nonzero Fourier–Jacobi period. Then we conclude

from (2.14) that IΠ is identically zero, which implies that L(1
2 ,Π1 × Π2 ⊗ µ−1) = 0. Thus again

both sides of (4.1) are zero. So we may assume that π has a nonzero Fourier–Jacobi period.

Under this assumption, as argued in the proof of Theorem 1.1.1, we may find nice test functions

(f ′,Φ) and (f, φ1, φ2) so that

IΠ(f ′,Φ) = 4L(1, η)2Jπ(f, φ1, φ2) 6= 0.

Then Theorem 4.1.1 follows immediately from Proposition 3.1.1, the decomposition (4.1) and The-

orem 4.1.2. As we have already observed in [Xue16, Lemma 1.3.5], this implies Theorem 1.1.2.
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