Analysis Qualifying Exam

PLEASE SHOW ALL YOUR WORK

Problem 1. For a measurable function f : [0,1] — IR, let

9(z,y) = f(x) = F(Vy)-
Show that if g(x,y) € L*([0,1] x [0,1]), then f € L([0, 1]).

Problem 2. Let f: [2(IN) — IR™ be defined by

fHxn}) = {yn} where y, = TTp11.

(a) Show that f maps I>(IN) to I*(IN).
(b) Show that f is continuous. (Note that f is not linear.)

Problem 3. Let f, be a sequence in L' (IR) such that

n—oo

lim / fu(x)g(z)dz = g(0) for each g € Co(IR).
R

(Here, Cy(IR) denotes the set of all continuous functions on IR vanishing at infinity.)
Show that f,, is not Cauchy in L!(IR).

Problem 4. Let f : IR — [0, 00] be a Lebesgue measurable extended real valued function. Define
a measure u by

w(B) = [ fd.

Show that u is o-finite if and only if | f(x)| < co Lebesgue a.e.

Problem 5. Consider the function f : (0,00) X (0,00) — IR defined by

> 1

fl@y) =)

2 3,,—24"
e + nexr—y

Find the limit g(y) := mh%rgo f(z,y) for y > 0, with a proof.

Problem 6. For A and B, subsets of IR?, define A+ B={r+y:2z¢€ Aandyc B}.

(a) Let A and B be compact subsets of IR%. Show that A + B is compact.
(b) Let A and B be closed subsets of IR*. Show that A+ B is not necessarily closed.



