Linear Algebra*

William McCallum

1 Equivalence and Canonical Forms in Algebra

1.1 High School Algebra

In the transition from arithmetic to algebra we learn to let symbols stand for unknown
numbers. This gives rise to the important new ideas of variables, algebraic expressions and
algebraic equations.

Algebraic expressions are built up from numbers, variables, and the basic operations of
multiplication, division, addition and subtraction. We have rules for transforming expres-
sions into equivalent forms (expanding, factoring, collecting like terms), which give rise
to identities such a& + y)? = x2 + 2xy + y2. These rules are rooted in the basic laws
satisfied by the basic operations. We tend to think of identities as giving diffmensof
some underlying thing, but what that thing is exactly is never made explicit in high school
algebra. In fact, from a more advanced point of view, there are at least two sensible answers
to the question: the thing could be a function or it could be an element of some abstract
algebraic structure, such as a polynomial ring.

Different equivalent forms of algebraic expressions have different uses. For example,
a quadratic expression can be put into completed square form

ax® +bx+c=a(x+ b )2+ (¢ bz)
o 2a da
in order to see its maximum or minimum, or in factored form
ax’ +bx+c=ax —a)(x — B)

in order to see its roots. A useful idea is the idea of a canonical form: a standardized form,
preferably simple, such that there is exactly one such form in each equivalence class. For
example, the canonical form of an quadratic expressiamis+ bx + ¢, and we might test
whether two quadratic expressions are equivalent by reducing both to this canonical form.
For canonical forms to be useful in detecting equivalence, we need to have some systematic
way of reducing any object to its canonical form, preferably by an explicit algorithm.

1.2 Abstract Algebra

In the transition from algebra to abstract algebra, the operations themselves become un-
known, no longer standing for multiplication and addition of numbers, but for abstract
operations of various sorts, subject to certain rules. Correspondingly, the symbols them-
selves no longer stand necessarily for numbers, but for elements of the domain on which
the operations are defined. We need letters for the domains themselves in addition to their
elementsK for a field, G for a group,R for a ring,V for a vector space.

What's left after all this abstraction? The basicidea of an algebraic expression remains—
indeed, the different sorts of algebraic objects are distinguished by what sorts of expressions
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we are allowed to write: monomials in groups, polynomials in rings, linear combinations
in modules and vector spaces.

At the same time, we introduce a higher level of algebraic operation: operations on
algebraic structures themselves. We have quotients, direct products and sums, tensor prod-
ucts. We also have various identities between these: fundamental isomorphism theorems
like

V+Ww VvV
W T VnW’
Again at this level, we seek for canonical forms of objects that make it possible to detect
whether they are isomorphic. We also have the new notion of a homomorphism between
two objects, a map that preserves some structure but loses or misses some.

There is a possibility of confusion between isomorphism and equality. For example,
for vector spaces, it is true thet® Wy >~ V & W, implies thatW; ~ W,. But, supposing
thatV, Wy, andW; all lie in some larger vector space, so that the question makes sense, is
it true thatV & Wy = V @ W, implies thatW, = W5?

2 Vector Spaces and Linear Transformations

We consider a vector spabkover a fieldK , with the two operations of vector addition and
scalar multiplication. The laws governing these operations are such that every expression
in a vector space can be reduced to one of the form

Avi+ -+ Anvn, A € K,y € V.

We call this basic form a linear combination of the vectgrsind the\; are the coefficients.
In fact, using the distributive law, we can arrange thatithare distinct, so we could also
write this more compactly as

vau, Ay € K,SC V.
veS
We want to know how to tell if two such expressions represent the same eleménsof
we distinguish those se&for which this question is easy to answer: we &ig linearly
independent if the only circumstances under which two such expressions are equivalent are
when the coefficients are equal. The set of all linear combinations of the elemedis of
the set generated Iy, and it is in fact a subspace ¥f. A linearly independent set which
generates all o¥/ is abasisfor V. Another way of saying thaB is a basis is to say that
the map
(Av)veB = Z)\UU
veB

is an isomorphism betweevi and the subspace &8 = [],.g K consisting of vectors
that have zero component at all but finitely many positions. It turns out this provides a
canonical form forK -vector spaces. That is, every vector space has a basis, any two bases
have the same cardinality, and two vector spaces are isomorphic if and only if they have
bases of the same cardinality. Properly speaking we should choose a set of each cardinality
to represent our canonical form: for denumerable cardinals we cHapse ,n} c N,
allowing n = oo as a possibility. This amounts to choosing an ordering on the IBasis
The cardinah is called thedimensiorof the vector space. H is finite, thenvV ~ K",

From now on we generally assumas finite. The operations in the vector spacé
are defined in terms of the ordinary field operation&inThus the question posed above,
of how to tell when two linear combinations give the same vector, is reduced by means of a
basis to a question iK. The utility of this depends, of course, an being able to find a basis.
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2.1 How do We Find a Basis?

Although every vector space has a basis, there is no one basis in generalhibbabisis—
there are many choices of basis. On the other hand, although we know these bases exist,
finding even one basis can be a problem in general.

In practice, many vector spaces come equipped with at least one Basias the basis
{a}, whereg is then-tuple with a 1 in the-th place and 0 elsewhere. The vector space of
polynomials inx over a field (or polynomials of degree less than or equal to a fixed number)
has the basis, X, x2, ... (although there are other natural choices). However, the vector
space of solutions to an ordinary linear differential equation does not come equipped with
any natural basis.

Suppose we have a finite dimensional vector spaegquipped with an ordered bafis
and letW be the subspace generated by vectorg = 1, ..., m, explicitly given in terms
of the basisB. We want to find a basis fdV. Using the isomorphisiy ~ K" (wheren
is now a non-negative integer) we can reduce this question towtas& ", and

vj =(@jj), 1<i<nl<j=<m

The columns of the matrivM = (1jj) are the vectors; represented with respect to the
basisB of V. Suppose first thaM is in row echelon form. Then the subset of vectors
corresponding to columns where the echelon form steps down forms a bagis 16rM

is not in row echelon form, we can make it so by elementary row operations. You might
wonder, don’t these change the vectoy8 That's one way of looking at it. Another way is
that the vectors; remain unchanged, but the bagiss changed. For example, swapping
rows corresponds to swapping the corresponding elements of the basis. Multiplying the
i-th row by corresponds to multiplying thieth basis element by 1, since

a1vr + - + Aai) A o) 4 - + anvn.

Adding thei-th row to thej-th row corresponds to subtracting theh basis vector from
thei-th, since

a1v1+ -+ v + -+ anvn =
o1vy + - +oi (v —vj) + -+ (e +ai)v) + -+ anon.

2.2 Linear Transformations

Alinear transformatiom : W — V is afunction that preserves the vector space operations,
e, T(v+w) =T()+ T(w) andT (Av) = AT (v). The kernel and the image @f are
defined in the usual way:

kerT = {veW:T(v)=0}
imT = {wev:IweV, Th) =w}l

Examples: on column vectorsiY, we can define linear maps by matrix multiplication;
in fact, every linear map is defined this way (why?). On polynomials, the translation
p(X) — p(ax+ b) is a linear map. O functions onR, differentiation is a linear map
b
(also ;).
If W= KMandV = K" thenT can be defined by am x m matrix. By means of the
canonical form, we can represent any linear transformation by a matrix once we have chosen
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bases foiv andW. Explicitly, if {w1, ..., wm} is an ordered basis f& and{vy, ..., vn}
is an ordered basis fof, then the matridM = (1) is given by

n
T(wj) = Z)\ijvi-
i=1

Row and column reduction on the matiik = (%jj) puts it in the form

(k|0
- (449)
for somek x k identity matrixlx. We can record the row and column operations by starting

out with identity matrices,, and I, positioned next tM like so:

0| Im
In | M

We record every row operation dd by also performing it on the matrix to the left, and
every column operation by also performing it on the matrix above, until we have

0|B
Al

ABM=J.

Then

This follows from the following basic fact:

LEMMA 2.1 If we perform a series of elementary row operations (multiplying rows by
scalars, permuting rows, and adding one row to another) on an identity matrix to get a
matrix E, the left multiplication byE performs the same sequence of operations on any
matrix M. A similar statement holds true for column operations and right multiplication.

It is important to remember that the matdxrepresents exactly the same linear map as
the original matrixM, with respect to different basés)) and(w} ). We have already seen
how the row operations can be interpreted as corresponding to operations on the basis, and
in fact theA above is the inverse of the change-of-basis matrix feemto (v), that is, the
matrix A’ such that
W) A = (v)),

regardingvj ) as arow of vectors and multiplying it in# in the obvious way. The situation
is simpler forB, since the column operations &h correspond to the same operations on
the basigwi), soB is the the change of basis matrix from;) to (wy).

Thus the canonical form of a linear transformation between vector spaces is a matrix of
the form (1). From (1) it is easy to read off the dimensions of the kernel and the image of
T. In particular, we can deduce

dimV = dimkerT +dimimT. (2)

The linear transformations from to W themselves form a vector space. What are the
operations and what is its dimension?
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2.3 Products, Quotients and Sums
The product of two vector spac®é andW. is

Wi x Wo = {(w1, wz) : wi € Wi}
It comes equipped with projection maps

pi W1 xWo — W,

(w1, w2) = wj

In fact, strictly speaking, the direct product is the triplgy x Wh, p1, p2).
We can also viewV; andW; as being contained i, x Wh, via the maps

i1: W1 — Wi xW i2:Wo — Wiy xW,
w1 = (w1,0) w2 = (0, wz)

Furthermore, under these identifications, every elemeWpfx W, can be expressed
uniquely as a sunw1 + w, with w; € Wi. When viewed this wayw; x W, is denoted
W1 @ W, and called the direct sum (again, strictly speaking the direct sum is the triple
(W1 x Wa, i1, 12)).

If W c V, the quotient is the same as the quotient as abelian groups, with scalar
multiplication on the coset®/ + v defined byA(W + v) = W + Av. For example, if
V = R? andW is a line inV (through the origin, so it's a subspace), thépW may be
visualized as the family of lines parallel Yo.

Short Exact Sequences We frequently break algebraic objects up into simpler pieces
by considering a sub-object and the corresponding quotient. A useful way of describing
this procedure is by means of sequences:

O-W—-=V->U-=0.

Each arrow represents a homomorphism, and “exact” means that at each location the image
of the arrow on the left is the kernel of the arrow on the right. Thus, the 0 on the left makes
the next map injective, and the 0 on the right makes the previous arrow surjectiVé c&o
be identified with a subspace ¥f, and then the fundamental isomorphism theorem gives
an isomorphisntJ ~ V/W. Thus the essential content of this representation is no more
than the idea of taking a subspagtkand considering the quotiekt/ W. But representing
things this way is useful.

We say that a short exact sequence splits if there is aunap V which is the identity
onU when composed with the projectidh— U. This gives a direct sum decomposition
V =WaU (how?).

2.4 Endomorphisms and Invariant Subspaces.

An endomorphism o¥ is a linear transformation frori’ to itself. These have a richer
structure than maps froi to W because we can compose them with each other, giving
a multiplication law. Thus the endomorphisms\bfform a ring EndV), which is also a
vector space oveK (such a structure is called an algebra).

Our canonical formfor linear transformations depended on being able to choose different
bases fov andW. WhenV = W we cannot necessarily assume that there is a basis for
with respect to whicH is even diagonal, let alone diagonal with 1s and 0s. Thus the theory
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of canonical forms for endomorphisms is much more interesting. In terms of ma&ices
andB above, we must havA = B~1, we are looking for the simplest matrix of the form
B~1M B, rather than of the forrAM B. The restriction that the change of basis matrix be
the same on both sides leads to a richer theory of canonical forms.

Given a vector spacé with an endomorphisiifi, an invariant subspace with respect to
T is asubspac®/ C V such thail (W) c W. If we choose a basis adaptedab(that is, a
basis forV the firstk members of which form a basis f@¥), then the corresponding matrix
for T has an upper diagonal block structure which reflects the invariance (what exactly is
this structure?).

We can go further and try to expre¥sas a direct sum of two invariant subspatés
andW,. This means that; + W, = V andWi; NW, = {0}, so that every vectar € V has
a unique expression; + wo, w; € Wi. Then we can choose a basis Yoconsisting of the
concatenation of bases féf; andW, (why?), and the corresponding matrix has a diagonal
block structure. The most extreme example if this is if we can expfessa direct sum of
one-dimensional invariant subspaces: in that case the corresponding matrix is diagonal.

So as afirst step towards finding a canonical form for the matrix wk seek invariant
subspaces, and try to decompasas a direct sum of such subspaces that are as small as
possible. One way to find such a space is to start with a vectamnd keep adding vectors
Tv, T2y, ..., until we find a vectofl kv which is a linear combination of the ones already
added:

Ty = aov + ATo+ -+ + a1 TH Lo, (3)

Then the vector§iv, 0 < i < k — 1, clearly generate an invariant subspace. How do we
decide if there isn’t a smaller such subspace contain®d1rAnd how do we know if there

is a complementary subspaceng or find one if there is? The equation (3) tells us that

can be regarded as a module over the polynomiallKfig, by lettingt act asT. Studying

the structure of this module for different invariant subspaces, and particuldrifeelf, is

the key to answering our questions. So next we look at the structure of modules over rings.

3 Rings and Modules

Aring has the same operations as afield, addition and multiplication, but does not necessarily
have multiplicative inverses and is not necessarily commutative.

Examples of ringsZ, K[t], K[t1, ..., ta], Mn(K). Having mentioned the last example,
let us assume from now on that all rings are commutative.

A module is just a vector space over a ring.

Examples:Zy, any abelian group, ideals (modules that are contained in the ring), a
vector spac&/ is a module over the ring Eigél). Of course, just as with vector spaces,
can be regarded as a module ofRer

We say a module is free (of finite rank) if it is isomorphicR8 or, equivalently, it has
a basis: asety, ..., X, such that every element of the module can be uniquely expressed
inthe formrq, ..., ry.

Is it true that modules behave just like vector spaces, i.e., that every module is free?
ConsideiZ/NZ. If we take{x;} = {1}, then certainly every element can be writtemag.
But this not uniquei(n+ N) - 1 is the same element. The problem here is the phenomenon
of torsiont the existence of elements € M, r € R, both not zero, such that- m = 0.
Why does this phenomenon not arise in the theory of vector spaces?

The problem of torsion is unavoidable.Rfis a ring that contains a non-zero non-unit
(i.e., not a field) therR/x Ris a torsion module oveR. But maybe if we get rid of torsion,
things would be alright. Does every torsion-free module have a basis? No. Consider the
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ideal(x, y) C K[x, y]. It has generators andy, which are not linearly independent (since

y - X — X -y = 0), but we cannot eliminate either of them. (This does not prove that there
isn't some other basis, but it gives you an idea of the problem. Exercise: provetlyat

is not a freeK [x, y]-module.)

So maybe the problem is that we need to restrict to riRgshich don’t have ideals
like (x, y) in them (again, the problem is unavoidable otherwise). For example, we could
restrict to principal ideal domains. Is it true that every torsion-free module over a principal
ideal domain is free? No. Think abottoverZ.

However, in the case of finitely generated modules over principal ideal domains, we
have something approaching the theory of vector spaces. For example, it is true that a
submoduleN of a finitely generated free moduM is itself free. To prove this we need
the following lemma.

LEMMA 3.1 If
o-NLSMBEPoo

is an exact sequence of (finitely generatBenodules, and iP and N are free, therM is
free.

PROOF.  Let(Xq,..., %) be a basis foN and(y1, ..., Ys) be a basis foP. Choose
Y € M such thatp(yy) = yk. Then(i(x1), ...,i(X), Yy, ..., Ys) is a basis foM (check
this!). m

THEOREM 3.2 Let R be a principal ideal domain, and léd be a submodule of a finitely
generated free modul®l. ThenN is free.

PROOF. SupposeM ~ R", so we may regardl as a submodule dR". Consider the
diagram

0 R R g1 0
0—>RAN N p(N) 0

where p is projection onto the lagt — 1 factors. TherRN N is an R-submodule ofR
itself, which is nothing more or less than an ideal. 0 N = x Rfor somex € R, since
R is a principal ideal domain. Hend¢ N R is free. Andp(N) is free by induction om
(where the base case= 1 again follows from the fact thaR is a principal ideal domain).
By Lemma 3.1N is free.n

Now, let M be an arbitrary finitely generated module over a principal ideal doiRain
with n generatorxg, ..., Xo. Then there is a surjective mag' — M. The kernel is a
submodule, hence free by Theorem 3.2. So we get an exact sequence

0>R"AR L5 MO (4)

Here A is ann x m matrix with coefficients inR. Just as in the case of vector spaces,

we can use row and column operations to put this matrix in a simple form. Exactly which
operations do we use? We use operations that correspond to change of basis: thus, we do not
include multiplying a row or column by an arbitrary elemen&yfsince that corresponds to
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either multiplying or dividing the corresponding basis element by that constant (depending
on whether we are talking about columns or rows). First, we can't divide in general,
and second, multiplying a basis element by a non-uniRioould render it a non-basis.
Specifically, the operations we allow are interchanging rows and columns, and adding a
multiple of one row or column to another (we could, in fact, also allow multiplying a row
or column by aunit).

THEOREM 3.3 Let R be a principal ideal domain, and leA be ann x m matrix with
coefficients irR. Then, by elementary row and column operatiolsan be put in the form

E|O
0|0
whereE is a diagonal matrix whose entries, ..., & satisfyg |11, 1 <i <k —-1.

We give the main idea of the proof in the case tRas K[t] for some fieldK. First
we find a non-zero element in the matrix and move it to the top left. Then we divide it
successively into every entry of the matrix. Any time we get a nonzero remainder, we
move it to the top left. Since the degrees of the remainders are strictly decreasing positive
integers, we must eventually have a situation where the top left element divides every other
entry of the matrix. Then subtract appropriate multiples of the top row and the left column
to get Os in the top row and left column at all positions other than the top left. Then we
apply the same procedure inductively to the remaining bottom right sub-matrix.

Applying this to (4), we get the fundamental structure theorem for modules over prin-
cipal ideal domains.

THEOREM 3.4 Let R be a principal ideal domain, and Ie¥l be a finitely generatedr-
module. Then there exists an intedérand elementsy, ..., & € R, satisfyinge |6 11,
1<i <k-—1,suchthat

M~RN®R/(e)® - ® R/(&).

The elements; are called the invariant factors of the matrix, or of the module, and the
integerN is called the rank. They constitute a basic set of invariants for finitely generated
modules over PIDs, and the theorem gives us a canonical form for such modules. To qualify
as a canonical form, it must be unique in some sense. It turns outlttsatinique (that is,
two isomorphic modules have the sal and that they are unique up to multiplication
by a unitinR. (Exercise: prove this.)

As an application of this theorem we have the basic structure theorem for finitely gen-
erated abelian groups. An abelian group is jugtaodule, and every finitely generated
abelian group is isomorphic to

7"eZ/e7®- - ®L/al. (5)

There is another standard way of writing an abelian group.dfZ factors into primes

ase = plfl . p", then
7/e7 ~7/pi x - x Z/p". (6)

To prove this, we consider the obvious map from the left side to the right (the natural
projection onto each factor is a quotient map by a subgroup) and show it is injective and
surjective, using the Chinese Remainder Theorem.

Applying the decomposition in (6) to each torsion factor in (5), we get an alternative
structure theorem.



August 27, 2003 William McCallum 9

THEOREM 3.5 Let R be a principal ideal domain, and lé¥l be a finitely generatedr-
module. Then there exists an intedérand prime powerspif‘, i =1,...,r, where the
pi are (not necessarily distinct) irreducible elementdRimand thef; are positive integers,
such that

r
M=~ RN e PR/(pM.

i=1

4 Canonical Forms of Matrices

Let K be a field,V a finite dimensional vector space o€t andT : V — V a linear
transformation. We giv¥® the structure of a module ovét[t] by settingtv = Tv.

Let W be another vector space with a linear transformaBotww — W, and regardV
as aK [t]-module in the same way as above. Thris isomorphic tov as aK[t]-module
if and only if there is a vector space isomorphigmV — W such thatAT = SA (Prove
this!)

Now letV = W = K" and letT andSbe the linear transformations given by matrices
M, N € Mp(K). Then the twoK[t]-module structures oW arising fromT and S are
isomorphic to each other if and only if the matriddsandN are similar.

Thus, canonical forms of matrices correspond to canonical forrddgfmodules. So
now let’s look at the latter and see what natural bases they have, and what the corresponding
matrices are.

First, consider the case wheve= K[t]/(f) for some polynomial

f=ag+at+-- -+t

(Notice that we have assumdds monic. We can do this without loss of generality, since
multiplying f by the inverse of its leading coefficient does not change the ideal it generates
in K[t].) A basis forV as a vector space 4, t, - - - , t"™1). Indeed, if an element of is
represented by a polynomig| then we can dividd into g and find a remainderof degree

less tham. Sinceg — r is a multiple of f, r represents the same elemendoés f does,

and since has degree less thanit is a linear combination of the basis vectors. Thus the
basis span¥. To see that it is linearly independent, consider a linear dependence relation

ao—}—alt—i----—}—an_ltn*l =0 inV.

A polynomial represents the 0 element 6fif and only if it is divisible by f, but a
polynomial of degree less tharcannot be divisible byf unless itis zero. Thug; = 0 for
1 <i <n-1. Soourbasisisindeed a basis.

Now, multiplication byt gives a linear transformatioh of V. What is its matrix?

T =t = 0-141-t40-t°+..-+0-t"1
Tt)=t> = 0-140-t+1-t°>4...4+0-t"1
T2 =t"1 = 0.140-t40-t24...+1.t"?

TA"H=t" = —ag-l-a-t—ap-t2— ... —ap_qt" L
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Hence the matrix fot in this basis is

0 0 - 0 -—a
10 0 —-a

A=]0 1 0 —bx | @)
0 0 --- 1 —ay

In general, ifV is isomorphic to a direct sum of cyclic modules as in Theorem 3.4 (there is
no free part becaud€[t] is infinite dimensional as a vector space o¥€r, we get a block
structure for the matrix, with blocks as in (7). This is known as the rational canonical form
of the matrix. A pleasant exercise verifies that the characteristic polynomial of (7) is
so the characteristic polynomial of a general matrix is the product of its invariant factors.
Furthermore, since |g 41, itis clear that the minimal polynomial is the last invariant factor
&.

Now suppose thaK is algebraically closed. The second form of the fundamental
structure theorem, Theorem 3.5, leads to the Jordan canonical form.kSisetebraically
closed, the prime powers afe— 1)K. We consider again just a single component of the
form V = K[t]/((t — 1)%) and choose the basig, (t — A), ..., (t — )K" 1). Then

T =t = A 1+1-(t-1+0 t—n>+-+0- -0
Tt-M=tt-2 = 0-1+r-t-A)+1 C-n>+- +0- -k
T=—T=tt—T = 0140 t—)+0-t =12+ -+ At —nk1

where in the last line we have used the fact thath )% represents 0il. The corresponding
matrix is the (slightly un-)usual Jordan block

A 0 - 00
1 - 00
A=]0 1 0
R
00 --- 1 A

(If you want the completely usual form, you need to use this basis in reverse order, which
puts the 1s above the diagonal.)

5 Duality Pairings, and Determinants

We saw how the leap from high-school algebrato abstract algebra was to make the operations
themselves unknowns, which led to us introducing operations on algebraic structures. The
next leap is to regard the structures themselves as variables. We have already done this to
certain extent: we le¥ stand for an unknown vector space, but so far it has been in some
sense fixed. Now we want to tredtas a true variable.

For example, we have seen that HdmW) is a vector space. We think of this as a two-
variable function from vector spaces to vector spaces, and we want to study the properties
of this function. Let’s fix one of the variables, say pit= K, then we get the dual vector
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spaceV*. The mapV — V* is what we call a functor on vector spaces. Given a linear
mapT : V — W, we get a dual map going in the other direction

T :WwW* — V*
f — foT.

Thus the functor not only maps vector spaces to vector spaces, but it maps vector space ho-
momorphisms to vector space homomorphisms. Moreover, this map respects the algebraic
structure of homomorphisms, in the sense t&atT)* = T* o S*. (The reversal of order is
necessary because the direction of the maps is reversed. We call the fiordtavariant
in this case: we also hawevariantfunctors, which preserve the direction of maps and the
order of composition.)

More generally, HorV, W) is a functor in bothv andW, contravariant in the first
variable and covariant in the second variable.

What is a basis fo/*? Given a basigvs, ..., vy) for v, every linear mapy — K
(linear functional) is determined by its value on the If we definev;" to be the functional
that takes the value 1 an and 0 on the other basis elements, then the functional that takes
the valuexj onv; can be written .

Z oy,

Thus(v}") is a basis foV*. Now, given a basisws, . .., wn) for W, (v;wj), 1 <i <n,
1 < j < m,is a basis for HorfV, W). So the dimension of Hot, W) is nm (which
makes sense, since it is isomorphic to the space gfn matrices).

Now, V is isomorphic tovV* since they have the same dimension. However, there is
no natural isomorphism: one is as good as another. On the other hand,isteereatural
isomorphism

Vo~ (VH* (8)

which takesv to the functionalV* that mapsf to f (v). Notice that the description of this
isomorphism makes no mention of a basis.

Why do we care about natural isomorphisms? There are situations where you consider
families of vector spaces, and even though each one has a basis, there is no sensible universal
choice of a basis. For example, if we attach a series of one-dimensional vector spaces to a
circle in such a way that they form a Mébius strip, there is no continuous choice of basis.
In general, if we have two vector spacésandW, and a linear map : V — W, and we
have chosen isomorphisnys ~ V* andW ~ W*, so thatT* can be regarded as a map
W — V we have no guarantee that there is any sensible relationship betwaedT *.

On the other hand, if we use the isomorphism (8) to iden{l®¥)* with a mapV — W,

then we find(T*)* = T. Another way of saying this is that there is an isomorphism of
functorsbetween the double duality functor and the identity functor, whereas the duality
functor is not isomorphic to the identity functor.

So if we want an isomorphisM — V*, then, we have to choose one: itis not naturally
determined by what we already have in hand. Therefore, it makes sense to want to know
the nature of the domain from which we are making a choice—to consider the entire vector
space HomvV, V*).

Given an element € Hom(V, V*), we can define a pairing) : V x V — K by

(v, w) = T)(w). )
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A pairing isamap/ x W — K which is separately linear in each variable when you hold
the other variable fixed. (Note that this implies that in@t linear as mapy x W — K.)
Example: inner product oR". Pairings form a vector space in a natural way. Let’s call
it L2(V, K). Conversely, any pairing defines a linear nigpby (9). Thus we have an
isomorphism

L2(V) ~ Hom(V, V*).

Thisis a naturalisomorphism: itis defined without any reference to a basis. Thus, choosing
apairing orV is the same thing as choosing améap> V*. The pairings which correspond
to isomorphisms under this identification are called non-degenerate pairings.

The moral of the story is that when dealing with abstract vector spaces, it's important
to know when you are making a choice and when you are getting something for free. This
is hard to do if you think abolR" always, since it comes equipped with a basis, and with
an isomorphisniR" — (R")*.

As anillustration of this functorial point of view, consider the determinant. The determi-
nant of a matrix has a well-known formula. The question arises: is the formula something
we are choosing, or does it arise naturally? Are there other determinants? We’'ll look now
for a coordinate-free definition of the determinant. So, since a square matrix is a map
K" — K", we are looking at some way of defining @&} for an arbitrary endomorphism
T :V — V. Does it depend on the choice of a basisWoor not?

A hint to get us started is to notice that the determinant is characterized by its properties
under row and column operations, and by the fact thatigdet 1. We can summarize these
properties by saying that the determinant is a multilinear, alternating map on its columns
or rows. Consider, for a moment, the case 2, where we have a bilinear pairing.

There is yet another way of looking at bilinear pairings. We noticed before that bilinear
pairings are not linear o x W: a bilinear pairingisamap oB : V x W — K which
satisfies the “wrong rules” for linearity, for example:

B(vy + v2, w) = B(vy, w) + B(v2, w).

If we define a vector space structure on pdirsw) that satisfies these rules, we get the
tensor producY ® W, consisting of symbols ® w such that

M1+ 1)Qw=v1Qw+v2Qw,etc

Then
L2V, K) = Hom(V ® V, K).

More generallyL."(V, K) = Hom(V ® - - ® V, K) = Hom(V®", K).

There is an analogous construction for alternating multilinear forms, the wedge product.
Itis generated (in the case= 2) by symbols A w subject to the same conditions as tensors,
and the extra condition A w = —w A v. The space of alternatingmultilinear forms on
V is then isomorphic to Hofv A --- A V, K), where the wedge is takentimes. Now
suppose than is the dimension of the vector spa¥e so thatV has a basisy, ..., v.
Thenitis not hard to see that everfold wedge product is a linear multiple of A - - - A vp,.
ThusV A---AV is at most one-dimensional. Furthermore, the existence of the determinant
shows that there is a hon-triviatlinear alternating form o, hence the space is in fact
one-dimensional. Given this, we define @€Y, for a linear transformatiom : V — V, to
be the functorially induced mapA---AV — V A---AV. Since thisis an endomorphism
of a one-dimensional vector space, itis multiplication by a scalar. We call that scalay det
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(The key here is that the matrix of an endomorphism of a one-dimensional vector space is
independent of the choice of a basis!)

Note that, although this is a definition of the determinant that does not depend on the
the choice of a basis, we needed to choose a basis to prove, for example, (haisiaot
always zero. This is often the case: we need coordinates to do actual computations, but it
is useful to know when things can be defined in a coordinate-free manner.



