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Calculus/Analysis notes

1 Calculus

1.1 Multivariate differential calculus

Definition 1 Let O C R"™ be open and f : O — R™. Let ¢ € O and let € be small
enough that B(c,e) C O. The function f is said to be differentiable at c if there is a linear
function, called the total derivative, T : R™ — R™, such that

fletv) = fle) + T (v) + Ee(|v]) (1)
for |v| < €, where the error term satisfies
E
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We say [ is differentiable on O if it is differentiable at every point in O. We say that f
is continuously differentiable if T is a continuous function of c.

If the total derivative exists, then for all directions the directional derivative exists

fle+ev) = f(e)

D =1
of(e) = i =
and equals T/ (v).
Let eq, e, -+, €, be the standard basis for R”. Then the partial derivatives are the
directional derivative in the directions of the standard basis:
0
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Note that both sides of this equation are vectors in R™. The components are

af;
a—xi - Dek fj
The matrix representation of 7" in this basis is called the Jacobian matriz
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Theorem 1 (Chain rule) Suppose that g - U C R¥ — O and f : O C R* — R™ are
differentiable at p € U and g(p) € O respectively. Then h = f o g is differentable at p and

h _ f
Th=T

9(p)

g
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In matriz form

Dh(p) = Df(g(p)) Dg(p)
Let L(zq,x2) = {Az1 + (1 — AN)z2 : 0 < XA < 1} be the line segment connecting x; and

To in R™.

Theorem 2 (Mean Value Theorem) Let O be an open subset of R™ and assume that
f: O — R™ is continuously differentiable on O. Choose x1 and x4 so that L(xq,x2) C O.
Then for every vector a € R™, there is a point ¢ € L(xq,x3) such that

a-(f(xa) = f(z1)) = a- TS (wy — 1)
We now consider higher order derivatives.

Theorem 3 Let f : R® — R™. Then the following conditions are sufficient for the
equality of the mized partial derivatives

s
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1. Both Of JOx;anddf/0x; exist in an n-ball B(c,0) and are differentiable at c.
2. Both Of /Ox;anddf |Ox; exist in an n-ball B(c,d) and 8 f /0x;0x; and 02 f |0z ;0z;

are both continuous at c.

Call @ = (o, -+, ;) a multi-index if each of its entries are non-negative integers.
Write |o| = a3 + - - - + «,. This allows for the notational abbreviations
(I;a:l‘al...xan a: aal ...aan
’ Jz>r  Jxon

and provides for a compact notation for Taylors formula for functions f from R” to R.
Write for z,xz € R”

f¥(a;z)= " Daf(a)z”
alal=k

and assume that f and all of its partial derivatives of order up to m — 1 are differentiable
at each point of an open set S C R™. Choose = and a so that L(a,z) C S. Then for some
c € L(a,x),

m—1
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1.2 TImplicit functions

Let A be an n x n matrix. Then, for y € R", Ax = y has a unique solution x whenever A
has nonzero determinant. This suggests that in looking for a unique solution to f(z) = v,
we consider the Jacobian determinant, the determinant of the Jacobian matrix,

Ofr,- -, fa)

8(1'1, o '7‘7;71)

Ji(x) =detDf(z) =

Theorem 4 (Inverse function theorem) Let f : S — R™ be continuously differentiable on
S C R™. If the Jacobian determinant Js(a) # 0 for some point a € S, then there exists
two open sets X C S andY C f(S) and a uniquely determined function g defined on'Y
such that

a€ X and f(a) €Y

LY = f(X)

. f is one-to-one on X

2
3
4. 9(Y) =X
5
6

~

. 9(f(x)) =x for every x € X
. g s continuously differentiable on'Y .

Note that for y = f(x), Dg(y) Df(zx) is the identity linear transformation.

Theorem 5 (Implicit function theorem) Let S C R™ x R* and suppose that f : S — R®
is continuously differentiable. Assume that f(xo,vy0) = 0 and that the determinant of the
n X n matriz 0f;/0x;(xg,yo) where i,j both range from 1 to n is not zero. Then there
exists an open set Yy C R¥ containing vy and a unique function g : Yy — R™ such that

1. g is continuously differentiable

2. 9(yo) = o
3. f(9(y),y) =0 for every y € Y.
1.3 Multivariable Riemann integrals

Definition of Riemann integrals on R™.

1.4 Change of vars in integrals

Let T be a one-to-one continuously differentiable mapping of an open set V' C R¥ into
R* such that the Jacobian determinant Jr(x) # 0 for all x € V. Let f be a continuous
function on R* whose support is compact and lies in 7'(V'). Then

[ sway= [ 17@) )| do



1.5 Differential forms and Stokes theorem

Let K C R* be compact and let V' C R" be open. A k-surface is a continuously differ-
entiable mapping ® : K — V. For example, each component of a 1-surface is called a
curve.

A differential form of order k, or briefly, a k-form, is a function w, represented sym-
bolically by

w = E iy iy (T) dgy A - ANy,

that assigns to each k surface ¥ in V' a number

foo= f B G

A O-form is defined to be a continuous function of V' . Integrals of 1-forms are called
line integrals. Let ¢ € R and let w,wy,ws be k-forms on V. Then

/q)cw:c/(bw
[isor= e [

For w = a;,..;, (¢) dx;; A -+ Adz;, and for @ obtained from w by interchanging some
pair of subscripts, v = —w.
Write the basic k-form dx; = dx;, A--- Ndx;,, for 1 < 43 < -+ < 4, giving the
standard presentation
W= Z ar(x)dxy
i

Differentiation of forms

The operator d is a mapping from k-forms to (k + 1)-forms defined as follows:
1. For a class C! 0-form f

daf = —d
=2
2. For the class C' k-form w above in the standard presentation,

dw = Z (day) A dxg
I

Fori =1, 2, let w; be class C! k-forms. Then
d(wy Awy) = (dwi) Awy 4 (1) 1wy A (dws)
If wis of class C?, d(dw) = 0.



Theorem

fundamental theorem
Green’s theorem
divergence theorem
classical Stokes theorem
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Definition 2 A k-form w is called exact if w = dn for some (k — 1)-form n. A class C*
k-form is called closed if dw = 0.

Every exact class C! form is closed. If the domain is a convex set, then the Poincare’s
lemma states that the converse is true.

Theorem 6 (General Stokes’ theorem) If U is a k-chain of class C* in an open set
V CR™ and if w is a (k — 1)-form of class C* in V | then

/dw:/ w
N oV

Various theorems from calculus and vector calculus are special cases of this general
theorem as indicated in the table.

Theorem 7 (Green’s Theorem) Let C' be a simple closed curve in the xy-plane Let
M(z,y) and N(z,y) be continuously differentiable on an open set containing C' and the
region it encloses. Let R be the region enclosed by C'. Then

ON 0OM
Mdx + N = _——
/C( dx dy) /( . » Ydxdy

Theorem 8 (Divergence Theorem) Let F' be a continuously differentiable vector field on
an open set V. .C R3, and let C C V be closed with positively oriented boundary OC. Then

/C(V-F)dV:/ao(F-n)dA

where n is a unit normal vector, pointing outwards.

Theorem 9 (classical Stokes Theorem) Let F' be a continuously differentiable vector field
on an open set V C R3, and let S C V be a 2-surface of class C*. Then

/S(VXF)-ndV:/ (F -t)ds

oS

where t 1s a oriented unit tangent vector.



2 Real Analysis

2.1 Sequences and series

Definition 3 Let a,, be a sequence of real or complex numbers. We say that a,, converges
to a if for every e > 0 there is an N such that n > N implies |a, — a| < €. We say that
a, 15 a Cauchy sequence if for every e > O there is an N such that n,m > N implies
la, — am| < €.

By the completeness axiom of the real numbers, a monotone sequence converges if and
only if it is bounded. Given a sequence a,, define b, = sup{ay : k¥ > n}. Then b, is a
nonincreasing sequence and so has a limit. Call this the limit superior or just lim sup a,
and write lim sup,,_, . a,,. Similarly, the limit inferior or lim inf is defined by

liminf a,, = lim inf{ay : £ > n}

The liminf and lim sup always exist although the liminf can be —oo and the lim sup

can be +0o. We always have liminfa, < limsupa,. They are equal if and only if a,

converges. In this case they are equal to the limit of a,.
Convergence tests for series and sequences:

1. Integral test: Let f be a positive decreasing function defined on [1,00) such that
limy—of(z) =0. Forn =1,2,--- define

=0 = [ f@)de

Then s,, converges if and only if ¢,, converges.

2. Ratio and root tests: Given a series > - | a, of nonzero complex terms, let

An41 An41

7

1/n

. p=Tlimsup|a,|

n—~o0

, T4 =limsup

n—~o0

r_ = liminf
n—oo

n

(a) The series converges absolutely if either ry < 1 or p < 1.
(b) The series diverges if either r_ > 1 or p > 1.
(c) In all other cases the tests are inconclusive.

3. Dirichlet’s test: Given a series > - | a, of nonzero complex terms such that the partial
sums are a bounded sequence. Let b, be a decreasing sequence which converges to 0.
Then ) ° | a,b, converges.

4. Abels test: The series Y~ | a,b, converges if Y~ a, converges and b, is monotone
and bounded.



2.2 Infinite products

Let u,, be a sequence of complex numbers. The infinite product [, u,, is said to converge
if there is an N such that u,, # 0 for n > N and the sequence p; = Hﬁ: N41 Das a nonzero
limit p as k — oo. In the case of convergence, [[ 7 u, is defined to be pp; - - - px.

There is a connection betweeen convergence of sums and of products. For a, > 0, the
product [[)7 (1 + a,,) converges if and only if the series >~ | a, converges.

We say that the product []°7(14a,) converges absolutely if [[7,(1+|a,|) converges.

Absolute convergence of the infinite product implies convergence of the product.

2.3 Sequences of functions

Continuity and uniform continuity

A function f is continuous at a if for every € > 0 there is a 6 > 0 such that |z —a| < ¢
implies |f(z) — f(a)] < e. A function f is uniformly continuous on S if for every € > 0
there is a ¢ > 0 such that for all @ € S and all  with |x—a| < §, we have | f(z)— f(a)| < e.

If S is compact and f is continuous on S then it is uniformly continuous on S.

Convergence, uniform convergence and continuity

A sequence of functions is said to converge pointwise to a limit function f on a set
S provided that for every x € S, and each € > 0, there exists N, depending possibly on
both z and € such that n > N implies |f,(z) — f(x)] <.

If the choice of N does not depend on z, the sequence of functions is said to converge
uniformly.

If f,, — f uniformly on S and each f,, is continuous at a point ¢, then f is continuous
at c¢. Let f, be a sequence of functions defined on a set S. For each xz € S, set

Sn(x) = Z fn(x)
k=1

o0

If s,, — s uniformly on S, then we say that ), f,(z) converges uniformly on S.

Theorem 10 (Weierstrass M-test) Let M, be a sequence of nonnegative numbers such
that 0 < |fu(z)] < M, forn = 1,2,--- and every x € S. If > | M, converges, then
Yoo fu(x) converges uniformly on S.

The L*° norm

Consider the vector space C'(.5), the real valued continuous functions on S, and define
the infinity norm (or sup norm) by

[ floe = sup [f(s)]
z€S
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Then || || is a norm, meaning that
1) ||fll« = 0 and || f||cc = 0 if and only if f(z) =0 for all z € S.
2) |laflleo = lal|| f]]oo for every a € R.

3) 1S + glloe < [[fllso + [lgllo0
This norm induces a metric d(f,g) = ||f — ¢||co- The theorems above on uniform

continuity show that C(S) with this metric is a complete metric space.
Integration and differentiation

Many of the theorems on uniform convergence permit the reversal of the order of
taking of limits.

Theorem 11 (Integration) Let a(z) have bounded variation on [a,b] and assume that f,,
1s a Riemann integrable function forn =1,2,---. Define

%mz/ﬂwmwxxemm

Assume there exists f so that d(f,, f) — 0. Then
(a) f is Riemann integrable with respect to o and

(b) d(gn,g) — 0 where

mmzfﬁmmw,xemm

Theorem 12 (Differentiation) Assume that f, is differentiable on (a,b) and that there
exist a function g so that d(f!,g) — 0 and a point ¢ € (a,b) so that f,(c) converges. Then
(a) there exists f so that d(f,, f) — 0, and
(b) [ is differentiable with derivative g.

3 Complex Analysis

3.1 Analytic functions

Let O be an open subset of C. Let f : O — C. We say f is analytic at z; if the following
complex limit exists:

f,(ZO) — lim f(Z) B f(ZO)
220 Z— 20
One can think of a function from C to C as a function from R? to R%. We write z = z + iy
and f(z) = u(x,y) + iv(x,y). Then the function is F(z,y) = (u(z,y),v(x,y)). It is
important to understand that analyticity is a much stronger property than requiring that
F'" have a total derivative. The above limit involves complex numbers and so it includes
as special cases z approaching zy along any direction. These “directional limits” must all
give the same complex number as the limit. In particular, by considering taking the limit
in the coordinate directions, one obtains the Cauchy Riemann equations.
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Theorem 13 f is analytic at zo if and only if the total derivative of F' exists at (zo,yo)
and

0 0 0 0
a—Z(iﬂmyo) - a_z(x07y0)7 a—Z($0ay0) = _a_:;(anyO)

3.2 Power series

An infinite series of the form
o0

f(z) = an(z = z)"

n=0

is called a power series centered at zy. Define r by 1/r = limsup,_, . |a,|"" (We make
the conventions that 1/0 = oo and 1/c0 = 0.) Then by the root test, the series converges
absolutely if |z — zp| < r and diverges if |z — 29| > r. Furthermore:

1. The series converges uniformly on every compact subset of B(zg,r).

2. The function f can be differentiated term by term for any z € B(z, 1),

'(z) = nan(z —z)"
n=1
3. The power series for f’ has radius of convergence r.
4. Repeated differentiation and evaluation of this yields a = f*)(z)/k!.

Theorem 14 Suppose that the power series
f(2) =) an(z—z0)"
n=0

has a nonzero radius r of convergence. Then f(z) is analytic on B(zy,7). Conversely, if
f(2) is analytic at zy, then there is a power series with a nonzero radius of convergence
that converges to f in a neighborhood of 2.

3.3 Integration
Difference between complex contour integrals and line integrals in R2,

Definition 4 A domain D is simply connected if the region bounded by every simple
closed curve in D s contained in D, i.e., every simple closed curve in D may be contin-
wously contracted to a point without leaving D.

Theorem 15 (one of many “Cauchy’s theorem”) If D is a simply connected open set and
f is analytic on D and v s a differentiable closed curve in D, then

]{ f(2)dz =0 (3)



3.4 Zeroes, Poles and residues

We say [ has a zero at zy if f(z9) = 0. In this case it is possible to write it in the form
f(2) = (2 — 20)"¢g(z) in a neighbor of z; where g does not vanish on this neighborhood.
The integer n is unique and called the order of the zero.

A neigborhood of a point zy means an open set containing z;. By a deleted neigh-
borhood of zy we will mean a neighborhood of zy with zy removed. f has an isolated
singularity at zy if it is analytic on a deleted neighborhood of z.

If f has an isolated singularity at zy, and we can redefine it at zy so that the function
is analytic at zp, then we say f has a removable singularity at z5. Otherwise we consider
1/f where 1/f is defined to be 0 at zy. It this is anayltic at zy we say f has a pole at z.
The order of the pole is the order of the zero of 1/f at zy. If it does not have a pole we
say it has an essential singularity.

Theorem 16 If f has a pole of order n at zy then

a, a1y | a.
f(z) = (z —2o)" + (z — z)" ! Tt z— 2

where g(z) is analytic at z.

The principal part of f(2) (at zo) is

a_n a_(n-1) a—q

(z—z2)"  (z—z) 12—z

The residue of f at zy is a_;

4 Differential Equations

4.1 First order ordinary differential equations

Let V. C R" and I = [to,ts] and ¢ : I x V' — R". A solution to the initial value problem
vy = o(t,y),y(to) = yo is a differentiable function f on I such that f(ty) = yo, f(t) € V
and f'(t) = ¢(t, f(t)). The ODE is called autonomous if ¢ is independent of t. The basic
estimate used to study the dependence of solutions on initial conditions is Gronwalls
inequality:.

Theorem 17 (Gronwall’s inequality) Let f, g : [a,b) — R be continuous and nonnegative.
Suppose

s sk | Fs)gls)ds K >0
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Then

g0y < seeap ([ ofo)as)

fort € la,b).

4.2 Linear ODE’s

A linear system is one in which ¢(t,y) = A(t)y +¢g(t). It is called homogeneous if g(t) = 0
for all ¢. For a homogeneous autonomous linear system y' = Ay, a solution is y(t) =
exp(t — tog) Ayy. By Gronwalls inequality, this solution is unique.

For nonautomonous systems having continuous A, the solutions of y' = A(t)y form a
vector space of dimension n over the complex numbers. An n X n matrix whose columns
are linearly independent solutions is called a fundamental matrix. Once this matrix
valued function has been found, we can find a solution to the non-homogeneous system
by variation of constants.

Theorem 18 If ® is a fundamental matriz of y' = A(t)y on I, then the function

15 the unique solution of the nonhomogenous linear system above with initial condition

¥(to) = 0.

4.3 Existence of solutions and iteration techniques

Lemma 1 Let ¢ be Lipschitz in y uniformly in t and assume that B(ye,r) C V . Choose
M so that |p(t,y)| < M for (t,y) € I x B(yo,r). Setty € I and § =r/M . Then there is
a unique C* function y(t), t € (to — d,to + 0) satisfying y(t) € B(yo,r) that is a solution
to the ordinary differential equation.

The differential equation is equivalent to

ym=%+[%@mwm

The Picard iteration technique begins by seting yo(t) = yo and defining inductively

%m@=%+l¢@%@ﬂs
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Let K be the Lipschitz constant. By induction, we find that

ME"™|t — to|**!
(n+1)!

|yn+1(t) - yn(t)‘ S

Thus, v, is a Cauchy sequence in the L> norm. Consequently, the limit y is a continuous
curve that is a solution. To check uniqueness, let y be another solution. Then check that
MKn‘t _ t0|n+1

(n+1)!

lyn(t) = 9(1)] <

to see that y = y.
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