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Overview

The notion of means and variances of prob-
abilit y distributions on metric spaces are
de ned.

Prop erties of mean and variation on Rie-
mannian manifolds are presented.

The con guration shape space has been
de ned, and its prop erties are presented.

The results are applied to the shape space
to carry out estimation and statistical in-
ference on shapes.



Frechet Mean and Variation on Metric
Spaces

2 (M;%) a metric space and Q a probabilit y
measure on M. The Frechet function of

Q iIs
Z
F(p) = Ml/g(p;x)cxdx); P2 M:

2 The Frechet Mean set of Q is the set of
all p for which F(p) is the minimum.

2 Supp ose every closed and bounded subset
of M is compact. If the Frechet function
Is nite for some p, then the Frechet mean
set iIs nonempt y and compact. [Bhattacha rya,
R. and Patrangena ru, Vic. 2003]



Frechet V ariation

2 The Frechet Variation of Q is the mini-
mum value attained by the Frechet func-
tion on M.

2 If the Frechet function is nite for some p,
then the variation is nite and is attained
by all pin the Frechet mean set.



Sample Frechet Mean and V ariation

identically distributed (iid) random sample
with  common distribution Q. The sample
Frechet Function s
1 X
Fn(p) = = Y8(Xi;p)
N1

The set of all minimizers of Fp is called the
sample Frechet mean set.

The minimum value attained by Fp is called
the sample Frechet V ariation



Consistency of the Sample Frechet Mean
and Variation

2 Note A sequence of estimato r p, de ned
on a probabilit y space (- ;P;B) is said to be
a strongly consistent estimato r of a param-
eter , if uyp(!') j! pasn! 1 for every !
outside of a P-null set.

2 If every closed and bounded subset of M
IS compact and the Frechet mean of Q ex-
Ists (as a unique minimizer of F), then ev-
ery measurable selection from the Frechet
sample mean set is a strongly consistent
estimato r of the Frechet mean of Q. [Bhat-
tacha rya, R. and Patrangena ru, Vic. 2003]

2 If every closed and bounded subset of M is
compact, the sample variation is a strongly
consistent estimato r of the Frechet Varia-
tion of Q. [Bhattacha rya, R. and Bhat-
tacha rya, A. 2006]



Mean on Riemannian manifolds

Intrinsic Means

2 Let (M;g) be a d-dimensional connected
complete Riemannian manifold, g being the
riemannian metric. Let 2= dg, the geodesic
distance under g.

2 Let Q be a probabilit y distribution on M.
The Frechet mean set of Q is called its in-
trinsic mean set. The Frechet Variation
of Q under dg is called its Intrinsic Varia-
tion .

tribution Q. The sample Frechet mean
(set) is called the sample intrinsic mean
(set) and the sample Frechet Variation is
called the sample intrinsic variation



Few De nitions

1. Geodesic: A= 0. Locally length minimiz-
Ing curves.
eg. Great Circles on S", Straight lines in
R".

2. Exponential map: p2 M,V 2 TpM ; exppV =
°(1), where ° is a geodesic with °(0) = p
and °(0) = V.

3. Cut locus C(p) : Let ° be a geodesic with
°(0) = p. Let tg be the supremum of all
t for which ° is length minimizing on [0;t].
Then °(tg) is the cut point of p along °.
C(p) is the set of all cut points of p along
all geodesics.
eg. C(p) = fi pg on S".




3. Sectional Curvature : For a curve °, its sec-

tional curvature is §j A(t)j, + if the curve is
pointing towards N and j if it is pointing
away from N, where N is a chosen normal
eld along °.

For a 2d manifold, chose a basis (X;Y)
for TpM . Then sectional curvature at p is
ij%R(jéi;EI;?<Y)>2’ where Rm is the 'Riemann
Curvature T ensor'.

For a d dimensional manifold, consider the
2 i D submanifold swept out by geodesics
with initial velocities lying in a 2 D sub-
space, ; of TpM. That is the sectional
curvature at p associated with |, K ()).




Existence (Uniqueness) of Intrinsic means
[Karchar, H. 1977]

Supp ose all sectional curvatures on M bounded
above by C, 0. Q is a probabilit y distribution

on M with nite Frechet function. Supp ort of
Q contained in a ball of radius r (wrt dg) where

8

<1 f C=20
r= . 1/, :

ZF% if C>0

Then the Frechet function, F of Q is strictly
convex and hence the intrinsic mean exists (as
a unigue minimizer of F).
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Asymptotic distribution of sample
Intrinsic  mean
[Bhattacha rya, R. and Patrangena ru, Vic.
2003]

2 Assume support of Q contained in a closed
geodesic ball B(p) with center p and radius
r, r as above; which is disjoint from the
cutlo cus C(p).

2 Let A= Expll:Br(p)i! TpM (¥4RY).
P P

2 Dene h(x;y) = d3(Al 1x; Al ly); xy2 RO
Let (Drh)) 9, and ((DrDsh)) &s_; be the
matrix of rst and second order derivatives
of y 7! h(x;y).
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2

2

Let Y; = A(Xj);j = 1;:::;n; Xq;:::0;Xn be-
Ing iid observations from Q. * = A(),
1, being the intrinsic mean of Q. !p =
A(ln;| ), 1nhy being a measurable selection
from the sample mean set.

o = E((DrDsh(Y1;1)) figzg
§ = Cov((Drh(Y1;1)) &y -
Then © and § are positive de nite and

IOﬁ(lni 1) it N(O;milga il
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Asymptotic condence set for the
intrinsic  mean

2 The earlier result can be used to construct
an assymptotic 1j ® condence set for 1
which is

f1on(tn )iaitgei hila 0y Xg@i ®g

2 where X2(1 ®) isthe upper (1j ®™" quan-
tile of the chi-squred distribution with d de-
grees of freedom,

2 dis the dimension of the manifold and

X1
8 = DrDsh(Yi;*n)

§ = Drh(Yj;tn)Dsh(Yj;1n)

=1

are the sample estimates of © and § re-
spectively .
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Exp ressions for © and 8§
[Bhattacha rya, A. 2006]

2 M has all sectional curvatures bounded above
by C, O.

2 Q has intrinsic mean !, and for any geodesic
°, °(0) = 1y, there exists sg > 0 such that
the cut-lo cus of ° jig.5.10 C(° Jjp:sy)) has Q
measure O.

2. Y) = expl lej be the normal coordinates of
the sample around !,. Then we have
Drh(Yy;t) = i 2Y]
E(Drh(Yy;1)) = 0
§ = 4Cov(Yq;Y{
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Also when M has constant sectional curvature

c, )
SRR
@ = 2B(( gt VIR (FVa)#s)
q
iYii=  (YD)Z2+ (YO)2+ t(Y))?
where
8
%1 ) f C=20
P = cos(,, Cx) -
f(x) = 3 stin(vé)_ tec>0
2P oxeosh(piC0 i ¢ < g
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Extrinsic Mean and V ariation

2 Let A: M ! RK be an isometric map of M
onto M = AM) % RK : %x;y) = KA(X) i
A(y)k, where k:k denotes Euclidean norm.

2 Let Q be a probabilit y measure on M with
‘nite Frechet function. The Frechet mean
(set) of Q is the Extrinsic Mean (set)
of Q. The Frechet Variation is called the
Extrinsic  V ariation

2t Xi(1 1)P are iid observations from Q,
and Qnp = 4 tyx. be the corresp onding
empirical distribution, then the Frechet mean
(set) of Qn (wrt 23 is the Extrinsic sample
mean(set) . The sample Frechet variation
IS the sample extrinsic variation

16



Existence of Extrinsic Mean
[Bhattacha rya, R. and Patrangena ru, Vic.
2003]

2 @;Qn be the images of Q; Qn respectively
on Rk:@= Q+Ai1:09,= QntA 1.

2 If 1 = RRku Q(du), then the extrinsic mean
set of Q is given by Ai 1(P\,1), where Py,
the set of points in M whose distance from
1 |s the smallest among all points in Nt.

2 If this set Is a singleton, ! is a non fo cal
point of RK (w.rt. M); ow. it is a fo cal
point .
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Consistency of the sample mean
[Bhattacha rya, R. and Patrangena ru, Vic.
2003]

F)
Let ¥ :,% "1 Y be the (sample) mean
of Y; = A(Xj). The extrinsic sample mean

set is Al 1(P(Y)).

If 1 is a nonfo cal point of RK (relative to
M), then any measurable selection from
the extrinsic sample mean set is a strongly
consistent estimato r of the extrinsic mean
tg = Al l(Pml)-
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Asymptotic Distribution of the sample
extrinsic mean

2 In a neighb orho od of a nonfo cal point, 1,
the projection map, P(:) is smo oth.

2 Then IOﬁ[P(‘%r’) i P(1)] has an asymptotic
Gaussian distribution on the tangent space
of AOM) at P(!), with mean vector zero.

2 This can be used to construct a assymp-
totic con dence region for P(1).
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Assymptotic distribution of sample
variation
[Bhattacha rya, R. and Bhattacha rya, A. 2006]

2 Supp ose Q has support in a single coordi-
nate patch, (U;A). [A: U ! RY smooth]
and the Frechet Mean ! of Q exists. Let 1
be a measurable selection from the sample
mean set. Then

PRFaC ) i FO) i NOVE(X 1)

2 This gives an asymptotic level ® Con -
dence set for the population variation, F (%)
which is:

S S
(Fn(*n) i P=Z1; §iFn(tn) + p=Zy; 9)
2 where s is the sample estimate of V(¥2(X1;1))
which is
(Y2(Xjitn) i Fn(*n)?
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The Planer shap e space of k-ads, §5%

2 Consider k points on the plane not all same.
Assume k > 2 and refer to such a set as a
k-ad.

2 A k-ad can be represented by a complex
k-vecto r.

2 Shape of a complex k-ad z = (z9;:::2)
Is the orbit of z under translation, scaling
and rotation. Can be represented by [z] =

fei“l(é:ﬂ ;:Iz 0. p< 2vg.

21



2 Thus the shape space of k-ads, §5 IS the
set of all complex lines on the hyp erplane,
Hk;1 = fw 2 CKnfog: P‘fwj = 0g, so
has the structure of the complex projec-
tive space CpKki 2 (the space of all complex
lines through the origin in CKi 1),

2 Let [z] and [w] be two shapes. Let u =

(zih zi) _ (wih wi) ]
kzih ZiK ’ VvV = KWih Wik’ The Pro crustes co

ordinates of v onto U is

vP = (a+ iDL, + ey
where ( ;W a;b) are chosen to minimize

D2(u;v) = kui “eMvi (a+ ib)1k?
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Application

2 As an example, consider 8 locations on a
skull projected on a plane. There are 30 fe-
male and 29 male samples. [Source: Sta-
tistical Shap e Analysis - Dryden & Mardia].

2 This is the plot of the procrustes coordi-
nates of the female and male samples onto
their extrinsic means.

23
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Female landmark plot, *s denote the coordinates of the mean
T T

I I I I I I I
0.3 0.2 0.1 0 0.1 0.2 0.3

0.4

Pro crustes Coordinates of Female
* denotes coordinates of the mean shape.

landma rks.
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Male landmark plot, *s denote the coordinates of the mean
T

0.4
b

03

02

0.1f

I I I I I I I
0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4

Pro crustes Coordinates of Male landma rks.
* denotes coordinates of the mean shape.
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Intrinsic Mean on §'§

2 8 5 can be emb edded into CX° via the V eronese-
Whitney emb edding A([u]) = uu® This
Induces a Riemannian structure on this space,
known as the Fubini-Study  metric.

2 The geodesic distance for the Fubini-Study
metric is

dg([2); W) = arccos (jui) 2 [0; ]

J = (zj hzi) v = (Wi hwi)
~ kzi hzik’ kw i hwik’
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2 All sectional curvatures bounded between
1 and 4.

2 Intrinsic mean of a probabilit y distribution
Q exists if its supp ort contained in a geodesic

ball of radius atmost %“.

2 Then any measurable selection from the
sample mean set is consistent.

27



Extrinsic  Mean on §%

2 The extrinsic distance wrt the Vernose-Whitney
emb edding, A is:
12 ([ z]; [w]) = kutu®; vvk?
2(1 i jutj?)

2 Let ' denote the mean vector of Qg =
Q +Ai 1 regarded as a probabilit y measure

2

on CK°.

2 The extrinsic mean 1 g, say, of Q is unique
I® the eigenspace for the largest eigenvalue
of 1o is (complex) one dimensional, and
then g = [w], w(6 0) 2 eigenspace of
the largest eigenvalue of .
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Sample Mean

2 The extrinsic sample mean set of a iid sam-

ple X1;:::;Xn Is the the class of the eigen
space of the largest eigen value of Y, where
Y; = A(Xj);j = 1;::0n.

2 If the largest eigen value of 1 is simple,
then any measurable selection from the sam-
ple mean set is consistent.
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Extrinsic ~ Variation on §%

2 The extrinsic variation of Q is 2(1 i . k)
where | | Is the largest eigenvalue of 1.

2 The extrinsic sample variation is 2(1 i ")
where 7 is the largest eigen value of Y.

2 The sample variation Is a consistent esti-
mato r of the true variation (even when |
IS not simple).
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T esting equalit y of Extrinsic Means

Let Q1 and Q> be two probabilit y measures
on 8K, and let 11 and !, denote the mean
vecto rs of Q1+Ai 1 and Q,+Ai 1 respectively .

Suppose Xq;:::;Xn and yq;:::;yn are ran-
dom samples from Q and Q2 respectively .

Dene X; = A(X;), Y; = A(y;) as their im-
ages which are random samples from Q *
Ai 1l and Q, +Ai 1 respectively .

To test if the extrinsic means of Qq and Q»
are equal, I.e.

Ho:Pljp= Pl,= P2
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Using the assymptotic distributions of the
sample means, one can construct an as-
symptotic X 2 test for the problem.

For the male and female skull sample, value
of the test statistic is 40.

P-value for the test = 7:18 £ 10i °.

So we reject Hg, ie the male and females
have di®erent mean shapes.

32
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Figure 3: Pro crustes coordinates of sample
extrinsic means.

Red: Female, Blue: Male, Green: Pooled
sample mean
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T esting equalit y of Extrinsic Variations

2 Let V1 and V> be the extrinsic variations of
Q1 and Q> respectively .

2 Let V1 and Y> be the respective sample
variations.

2 Then assuming that the populations have
unigue means ', and !, respectively ,

PR v i N %)

P _
n(02 i Vo) it N(0:%)
where 3/%: VY8(x1;11); ‘”’/%: VY2(y1;t o)

2 To test if the two populations have the
same spread around their respective cen-
ters, i.e.

Ho: V1= Vo
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2 Under Hy,

T = pﬁvz“ 05 N
ST+ S5

where sf and s5 are the sample estimates
of ¥§ and ¥5 respectively .

> Reject Ho If JT] > Zq, Q. This is an as-
symptotic level ® test.
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2 For the skull sample, the test statistic, T =
i 0:9226 and the assymptotic P-value of
the test is 0:3562.

2 S0 we accept Hg, the spreads are the same.

2 This is also obvious from the 95% con -
dence intervals of the variations which are:
Males: (0:0031 ;0:0046)

Females: (0:0034 ;0:0056).
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Future work

To come up with more general results on
the existence (uniqueness) of Intrinsic means.

To derive the assymptotic distribution  of
the sample variation when the mean does
not exist.

To compare the performance of the non-
parametric tests with that of parametric
tests under di®erent shape distributions.

To extend my theory to Projective Shap es
which nds applications in Machine Vision.

To combine Shape and Image Analysis for
example in Medical Images.
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