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Generalized barycentric coordinate functions {\;} allow the extension of finite element exte- Define a linear interpolation operator I, : H*(Q2) — span{\;}:

rior calculus (FEEC) from meshes of simplices or cubes to meshes of convex polygons and " THa M I dinat ¢
polyhedra with only mild assumptions on element geometry. We show that the nodal inter- T = Z (V) )\ (1) )\l\ewalean Vg ue ZIOOdr' mzﬂes
polation operator I, on polygons has an O(h) a priori error bound, even allowing for hanging W }hare Ftltjtnh c !n ’d ?
nodes in some cases. We also construct a Lagrange-like operator /, on polygons with an on meshes with hanging hodes. . . . . od
. . . . - - Wach
O(h?) a priori error bound whose degrees of freedom are associated to vertices and edge Theorem: For any convex polyg(;r; {) satisfying mild geometrical bounds, A™*, corner node midpoint node
S, . . . MVal yHar Tri j - 1
midpoints. On a square mesh, our construction recovers the classical serendipity space [5.6] AT AT AT and AP are bounded in A7, 1.e. 3 ¢ > (0 such that \
S»(1¢) [1]. It has been shown that mapped S,(I°) elements converge only linearly when H)‘iHHl(Q) <C. ... but the Wachspress coordinates
mapped non-affinely [.2], whereas our approach maintains quadratic convergence rates even This provides an optimal (linear) a priori error estimate: {AVahl have an unbounded gradient,
on meshes of non-affine maps of squares. as interior angles get large.
: 2
|lu — Loul| g o) < cdiam(Q) [ul o), Vu € H(Q) Mean Value Wachspress
Define a quadratic serendipity interpolation operator I, : H*(Q2) — span{A,\;}: For the Poisson problem Au = f, Dirichlet boundary conditions, with exact solution
Definition. Let €2 be a convex polygon or polyhedron with vertices v;. Functions \; : {2 — R, u(x,y) = sin(x)e?, we observe the expected rates.
1 = 1,...,n are barycentric coordinates on () If they satisfy two properties. T = Z“ Vi + Vi + Vit Viin) (2) ¢ o o ¢ oo 909 o0 oo T
: 2 Using linear ? ? ? ? ? n | error rate| error rate
B1. Non-negative : A\; > 0 on ). - o ? ? 1 S0 00 AR EETX 7.56e-2
Interpoliation * ¢ ¢ % ? 4 |867e4 2.03|3.60e-2 1.07
B2. Linear Completeness : For any linear function L : Q — R, L =% L(v;)A; Here, [ij]jefi 1y = BA [Xas], where the matrix A reduces the basis size t0 2n: uy = T 1T T T UTTTTTTT] G imecttaaames o
1=1 Wlth )\MV&I ® ® ® *—0—0—0—0—0—0—0—=0 32 [1.38e-5 1.994.35e-3 1.00
Remark: B2 implies span{);} D P;A"(2) = linear polynomials on . | U U D D D 126|8.656.7 2.00| 10963 100
We restrict to coordinates that are invariant under rotation, translation, and uniform scaling. Co n =2 n =4
W 0§ - e o9 o = wllpe |1V = )l
Wachspress Coordinates [8] Vit Vit O o Using c{u‘adratlc s s n | eror rate | eror rate
Wach — B H A ~a. ! serendipity ¢ 4 |3.03e-4 2.95 6.10e-3 1.87
]?é@ 1—1 {)\ } paIrWISe {)\ )\ } A {g } B {w } 16 1 4.88e-6 2.99|4.04e-4 1.97
Wach | | products b 17 17 Uy = ]qU ® ® 32 |6.13e-7 3.00 1.02e-4 1.99
Wach w; (X) Vi Vi n n -+ (n) m, M _ MVal ® 64 |7.67e-8 3.00|2.56e-5 1.99
A (X) = Wach 2 with A 128|9.59e-9 3.00 | 6.40e-6 2.00
21wy (X) g g Linear Quadratic Serendipity Lagrange . 25012069 3.00]164e-6 .96
1—1 1—1 —
: Vi+1 i _affi ' 2 __
Mean Value Coordinates  [4] Theorem: For any convex polygon (2 satisfying mild geometrical bounds and any set C(t)mpfare this fast casel tozttie n(c;rlhaffme matt)plnfg va 2(I°) elements. I Bi/f f 6§ the error
wMVel(x) = tan (ai(x)/2) + tan (o 1(X)/2) [7] of Ai, We can construct matrices A and B such that rate of ||u — up||,» is only 2.1 and the error rate of ||V(u — uy)|| . is only 1.1 (cf. [2])
Z .
MVal ; y
AWVl ) = Wi "(x) V v ii.  span{iy;;} D P,A(R?) = quadratic polynomials in = and y
: Z? 1wﬁml(X) . ie. ||Al], ||B|| bounded in maximum absolute row sum norm. The methods analyzed here suggest a variety of research directions, both theoretical and
1—1 : ! : : i
N : : : : . : _ -
| | +1 This provides an optimal (quadratic) a priori error estimate: comoutatlonal Theoretlcal Issues Include the development ot vector elements for interpola
Harmonic Coordinates tion in H(curl) and H(div) on polygons as well as an extension of the theory to polyhedral
Solve A (AiHaf) — (0, on 2, u — [quHHl(Q) < cdiam()* \u|H3<Q) . Yu e H*(Q) 3D meshes. Computational issues include the implementation of fast and robust solvers as
A = g;. on 0. v, - < on 0,112 S — Py L 5 o tod (cf. 11 well as the possible incorporation of these types of flexible elements into existing finite ele-
where g;(v,) = J;; is piecewise linear. emark: On [0, 1%, spaniyy;} 5 S(I7) = P, U {zy", 7y}, as expected (cf. [1] ment codes. These techniques give insight toward a higher order version of Discrete Exterior
Vi Calculus [3] as well as FEEC theory on a more general class of mesh types.
Other types: Triangulation (A, Sibson (A\>™), and more. ..
- )
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