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Abstract. Pattern patterns, or phyllotaxis, the arrangements of phylla (flowers, leaves, bracts, florets) in
the neighborhood of growth tips, have intrigued natural scientists for over four hundred years. Prominent
amongst the observed features is the fact that phylla lie on families of alternately oriented spirals and
that the numbers in these families belong to subsets {mj} of the integers defined by the Fibonacci rule
mj+1 = mj + mj−1. The corresponding patterns, which we call Fibonacci patterns, are widespread and
universal on plants. Our goal in this paper is to ask if they may also be seen in other physical structures
and to try to quantify the circumstances under which one may expect Fibonacci patterns to occur.

1 Introduction

Patterns of an almost-periodic nature turn up all over the
place. They appear as sandripples, as cloud formations,
as granular cells on the sun’s surface, and as the epi-
dermal ridges on fingerprints [1,2]. In laboratories, they
are seen in experiments on convection, on flame fronts, in
chemical reactions, on compressed elastic shells, and on
fat laser beams. They generally arise as instabilities when
a system is driven far from equilibrium by some external
stress. At some critical threshold, the uniform state be-
comes unstable and various shapes and configurations are
preferentially amplified. The amplified configurations are
rarely unique, reflecting remaining symmetries not broken
at the point of instability. For the granddaddy of pattern-
forming systems, convection in an infinite horizontal layer
of fluid, the continuous translational symmetry is broken
as the convecting motion breaks the fluid into cells with
a preferred wavelength. But rotational symmetry is pre-
served and will only be broken by local biases. As a re-
sult, field variables w(�x, t) such as the fluctuation temper-
ature or vertical velocity can be written as a combination
of sinusoidal shapes {aj cos(�kj · �x − φj)f(z)}, where each
wavevector �kj has a preferred length k0 and f(z) describes
the vertical structure. The set {�kj} lies on a circle reflect-
ing rotational symmetry. Each of the modes in this set
can be thought of as a field of rolls (ridges, stripes) whose
maxima lie on lines �kj · �x − φj = 2πn with normals �kj

and distances 2π
k0

apart. Once the applied stress, here a
nondimensional temperature difference, crosses the criti-
cal threshold, the individual modes grow and interact via
nonlinearities. The winning configuration which emerges
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is called the winning, or chosen, planform. It is determined
up to rotation and translation.

In many cases, the winning planform is either a field
of rolls or hexagons. The reason hexagons have a spe-
cial preference over, say, other �kj combinations such as
squares is that, near onset, the strongest nonlinearity is
quadratic as long as the system does not have an up-down
w → −w symmetry. The quadratic product of two cosines
cos(�k1 ·�x−φ1) and cos(�k2 ·�x−φ2) gives rise to cosines with
wavevectors �k1 ± �k2 and, in the absence of an up-down
symmetry, the projection of f2(z) into f(z) is nonzero.
Generally, the generated wavevectors �k1 ± �k2 do not lie
on the critical circle of radius k0. But, if �k1 and �k2 are 120◦

apart, then the resolved wavevector�k1+�k2, also 120◦ apart
in angle, has length k0. The three shapes with wavevectors
�k1, �k2, and the resolved wavevector �k1 + �k2 form a mutu-
ally interacting and reinforcing triad. If their amplitudes
are equal, such a combination of modes gives rise to a field
whose maxima lie on a perfect hexagonal lattice. The lack
of up-down symmetry means that the convecting cells may
have up- or down-welling at the field maxima, depending
on the sign of the quadratic nonlinearity. If the ampli-
tudes are different, they give rise to what we call imper-
fect hexagons. In the presence of the up-down symmetry,
rolls are often preferred because the ratio of cross-coupling
to self-coupling coefficients arising from cubic nonlinear-
ities is greater than unity, and this makes configurations
with a single field of rolls energetically more favorable.
Because hexagons are more favored by quadratic terms
but less favored by the cubic terms, there will generally
be a transition from hexagon to roll states once the stress
parameter exceeds the instability threshold by a sufficient
amount so that the cubic interactions are more important
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Fig. 1. (Color online) (a) A mature sunflower seed head dis-
playing a Fibonacci pattern. At the outer edge, the pattern is
dominated by families of 55 clockwise and 89 counterclockwise
spirals. (b) A cactus showing the offset spirals; this structure
is present, but not as apparent, in the sunflower.

than the quadratic ones. It is also important to include
as active competitors all soft, or Goldstone, modes which
may be present. They also reflect a symmetry inherent to
the system. These modes, while neutrally stable or only
very weakly damped, can be driven by quadratic DC inter-
actions of the other amplified active modes. For example,
the Oberbeck-Boussinesq equations are invariant under a
constant change in the pressure field and, at low Prandtl
numbers (namely, low viscocity), long-scale variations in
the pressure field may be driven by long-scale variations
in pattern intensity and affect in turn the choice of final
configuration.

Once the winning planform has been chosen, its orien-
tation, which, reflecting the original rotational symmetry,
is still open, is chosen by local bias. For example, if rolls are
the planform, then insulating (heated) lateral boundaries
in the convection layer prefer rolls whose axes are perpen-
dicular (parallel) to the boundary target. On fingertips,
the epidermal ridges (rolls) prefer to align themselves so
as to be parallel to the nail furrow or finger creases. In
what we call natural patterns, the bias is different at dif-
ferent locations, and then the pattern consists of patches
of almost straight rolls or almost perfect hexagons with
different orientations which meet at and are mediated by
point (convex and concave disclinations, dislocations) and
line (phase and amplitude grain boundary) defects. If of-
ten takes a long time for such glassy-like states to coarsen
to a minimum-energy configuration with one dominant
orientation. Sometimes, as in one’s fingertips, or, as we
shall see, in plants, the pattern sets due to other influences
which counterbalance the system’s tendency to coarsen [2].

Patterns on plants, such as that observed on the sun-
flower head of Figure 1a, are, in many ways, like pat-
terns in two-dimensional planar geometries. They form as
quasiperiodic arrays of primordia (bumps) on the plant’s
surface near its shoot apical meristem (SAM) from which
the phylla (leaves, florets, flowers, bracts) grow and ma-
ture. In many plants, these primordia lie on alternating
clockwise and anticlockwise families of spirals and the
numbers in each family are observed to belong to very
special subsets of the integers called Fibonacci sequences.
Observe such spirals on the sunflower head shown in
Figure 1a. The plant surface-deformation field can be

Fig. 2. (Color online) Diagram of the shoot apical meristem. In
the regular process, cells are generated in region 1, the pattern
forms in region 2-the generative annulus, and the primordia
further develop into, for example, leaves as they move out to
region 3.

thought of as consisting of linear combinations of modes
cos(ljr − mjα), where r is the distance from the center
of the SAM, α is the angular coordinate, and the integers
mj belong to Fibonacci sequences {mj} defined by the
rule mj+2 = mj + mj+1. In contrast to planar patterns,
the maxima of the field now lie on intersections of spirals
ljr−mjα = 0 (mod 2π). At any one radius, the pattern is
dominated by a finite number of modes and alternates be-
tween what one can describe as rhombic and offset rhom-
bic planforms. The former are essentially fields dominated
by two wavevectors, and the latter by three. Because the
amplitudes of the three modes in the latter case are not
generally equal, they are imperfect hexagons and resem-
ble spirals of rhombi in which neighboring spirals are offset
by approximately 180◦ in phase; see Figure 1b. The radial
and circumferential wavenumbers lj, mj have an associ-

ated length kj =
√

l2j + m2
j/r2 and, it turns out, for the

dominant modes arising in the annular generative region
with mean radius r (this is the region where primordia
form, and the pattern is determined), this length is almost
constant (k0). Thus, just as was the case for patterns in
planar geometries, there is a preferred wavenumber.

The differences between the planforms observed in
what we call planar patterns and in plant patterns arise
from the way in which they are formed. Planar patterns
can form at roughly the same time over the whole do-
main depending on the presence of some local bias. Plant
patterns form in a small annular region, called the gener-
ative region, at the outer boundary of the SAM, and they
form annulus-by-annulus. We now describe the formation
process.

The area near the apex of the SAM is divided into
three regions, a central zone (region 1 in Fig. 2), con-
taining what we call a mush of undifferentiated cells, a
constantly renewed neighboring annular region where the
skin, or tunica, of the plant has hardened and in which the
region the primordia are generated, and an outer region
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to which the primordia formed in what was previously a
generative region have moved and where they mature into
phylla. As a result of plant growth, a specific primordium,
which is generated in region 2, will move radially outward
into region 3, keeping its angular position fixed. In re-
gion 3, the primordia will continue to mature into fully
developed phylla, but their angular positions remain un-
changed. The pattern in region 3, modulo a radial shift due
to growth, is frozen. Meanwhile, a new generative region
forms behind it, and in it a new pattern is formed. Due
to plant growth, the new generating radius will generally
be at a larger distance from the apex than the old one.
Therefore, because there is an intrinsic wavelength 2π

k0
as-

sociated with the emerging pattern, the circumference at
which the new pattern is to be formed may accommodate
a different set of modes with a different set of wavevec-
tors. Central to the preference for Fibonacci patterns, the
choice between various competitors for the new pattern
will be heavily influenced by the bias and presence of the
previously created pattern on the outer annular bound-
ary between the new pattern and the previously formed
pattern now in region 3. In this scenario, the pattern fur-
thest away from the origin is the one with the least num-
ber of circumferential wavelengths and the circumferential
wavenumbers of the phyllotactic pattern increase towards
the apex. The wavevectors (lj , mj) of the dominant modes
at the radius r are those modes preferred, not at r, but at
the radius at which they were generated.

But, there is also a second scenario, which we call the
sunflower scenario, in which the seeds or florets, the cen-
tral part of the sunflower head, consists of patterns of
spiral modes with circumferential wavenumbers belong-
ing to Fibonacci sequences which decrease towards the
plant apex. In this scenario, the pattern formed at the ra-
dius r stays at this radius. For this reason, the self-similar
properties of Fibonacci patterns are much easier to see
in the sunflower context. To understand this, we must
learn how both the flower heads and florets of sunflow-
ers arise. Here we outline the description given by Dosio
et al. [3]. Sunflowers grow in two distinct stages. The first
stage is the same as that for the first scenario. One can
think of a top view of the new plants as consisting of two
concentric circles. Both circles begin with zero radii. The
circles move outward at different rates. The outer one,
which we can associate with the plant size, moves more
quickly than the inner one. Within the inner circle, which
is called the meristem, the cells are undifferentiated and
the plant material is more deformable. This is an area
in which new tissue is created. Between the two circles,
the surface, called the tunica, is more solid and can sup-
port stresses. It is in this area that primordia, or bumps,
are initiated and eventually develop into elements such as
leaves or the small flowers that make up the flower head
of a composite flower, such as a sunflower or daisy, or
bracts on a pinecone. At the initial stage of pattern for-
mation, primordia form in pairs, giving what is called a
decussate pattern. As the plant grows, the decussate pat-
tern gives way to primordium positions which tend to fall
on spirals which follow the Fibonacci sequence. At a cer-

tain point, after approximately 10 days, at which time the
number of spirals in any of the families is fairly high up
the Fibonacci sequence (in Fig. 1, the outermost spiral has
89 members), a new phenomenon occurs. The outer radius
continues to grow, but the inner radius starts to shrink. At
this point, the meristem produces a flower head, and the
primordia mature into florets (which eventually give rise
to seeds) rather than leaves. The meristem hole gradually
disappears, and the flower head becomes filled with the
primordia that develop into florets and then seeds. Shown
in Figure 1a is a very mature sunflower head. The pattern
was fully formed when the head was a couple of millime-
ters in diameter. From that planform and template, the
head grew until it reached a diameter of about 20 cm. This
growth is simply an isotropic rescaling of the pattern.

We note several very important properties of the final
pattern of florets on the sunflower. First, and in contrast to
the first scenario, the pattern stays where is is formed rel-
ative to the apex. In the first scenario, the pattern moves
out due to plant growth. Second, and we will shall illus-
trate this property vividly in Section 3, it is self-similar,
meaning that, under an appropriate transformation, the
pattern at all radii is the same. Third, we note that the
pattern becomes somewhat irregular close to the apex it-
self. This is to be expected. Basically, as one gets close
to the center, there is simply not enough room either in
the circumferential or radial directions for the intrinsic
instability wavelength to fit. As a result, it is relatively
rare to see spirals corresponding to the lowest members of
the Fibonacci sequence expressed in sunflowers. Fourth,
away from the central region, the pattern is optimal in
the sense that it minimizes a functional which we shall
call the free energy, formed by integrating the local free
energy over an interval (R, Rφ), where R is any radius,
and φ = 1

2 (1 +
√

5) is the golden number, the limit of
successive integers in any Fibonacci sequence. Fifth, in a
similar way, it maximizes, in a sense which we shall make
precise, the packing efficiency of the seeds.

The regular scenario also give rise to patterns with op-
timal properties of free energy minima and packing den-
sity maxima, but only when defined using the measure of
local area which pertains when the pattern is first formed.
There is a possibly nonisotropic rescaling of the pattern
as the annulus in which it formed moves away from the
SAM and increases in size. This rescaling depends on the
geometry of the plant head, which may vary from nearly
a flat plane (as in the sunflower) to a hemisphere tapering
down to a cylinder. In the remainder of this paper, we use
the term optimal when referring to the property of the
pattern when it is first laid down.

There are two main models which are used to under-
stand these observations. Each has its strengths and weak-
nesses. The first is a paradigm based on a set of rules for-
mulated by Hofmeister over one hundred and fifty years
ago [4]. The key ideas are that primordia develop sequen-
tially, one by one, and the position of each new one is cho-
sen by being furthest away on the new circle (the center
circle of the generative annulus) from all the ones formerly
set down. For example, if distances between successive
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circles are large enough, the angular position of each new
primordium is 180◦ away from the positions of its im-
mediate precursor. However, as the distance between the
neighboring circles is reduced, the positions of the new
primordia may depend on primordia laid down earlier. In
an ingeneous experiment, and in a discrete-time dynam-
ical system designed to follow these rules, Douady and
Couder [5–7] showed how these rules give rise to arrays of
primordia whose positions can be written as linear combi-
nations of generating vectors and whose angular compo-
nents are connected with Fibonacci sequences. A refined
algorithm, based upon a revised set of Hofmeister rules
by Snow and Snow [8], refined so as to allow for more
than one primordium to develop at the same time, made
possible the formation of deccusate and whorl patterns,
in addition to Fibonacci patterns. In the Hofmeister al-
gorithm, the lattice which results as a fixed point of the
map can be described as a linear combination of two gen-
erating vectors obtained by joining each primordium to
its two nearest neighbors. Let the nearest neighbors be
formed m and n steps previously, where m < n. The inte-
gers m and n are called parastichies. The spirals formed
by the two generating vectors wind in opposing directions
around the circular region. As the distance between lev-
els is changed, the distance between the new primordium
and the one formed m+n steps earlier becomes an equal-
distant neighbor (as we will explain in the next section),
and as the level is further reduced, becomes, with either
m or n, one of the new parastichies. The consequence that
parastichies give rise to opposingly oriented spirals means
that the new parastichies are n and m+n. The two conse-
quences of the class of Hofmeister maps, namely that the
next candidate for being the nearest neighbor is m + n,
and that the new parastichy pair is n, m + n, and not m
and m + n, gives rise to Fibonacci sequences.

The strength of the paradigm is that it allows one to
understand how a simple class of algorithms, each differ-
ing in detail but sharing key common features, can pro-
duce Fibonacci patterns. The weakness is that it does not
explain how plants can use their physical and chemical
properties to implement such an algorithm. We now de-
scribe a second approach which attempts to address this
weakness.

This new approach, with which we have been most con-
nected [9–15], attempts to build a model for phyllotaxis on
the bases of the interconnected mechanisms of biochem-
istry and mechanics. The ideas stem from two sources.
The first proposed mechanism was pioneered by Green
et al. [16,17] and was based on the idea that differential
growth in the plant’s tunica could lead to compressive
stresses sufficiently large to cause buckling in the gen-
erative region. The idea was then that at certain stress
maxima, biochemical reactions triggered by stress inho-
mogeneities would lead to the formation of phylla at these
locations. The second mechanism is based on the work
of the labs of Smith et al. [18], Jönsson et al. [19] and
de Reuille et al. [20] in the early part of this decade.
Reinhardt et al. [21] had shown that the presence and
absence of the hormone auxin had a powerful effect on

the stimulation or inhibition of the formation of primor-
dia. The question was: how might variations in auxin con-
centration occur naturally so as to provide sites for new
primordia? In equilibrium situations, nonuniformities in
chemical concentrations are smoothed out by diffusion.
What the labs of Kuhlemeier and Meyerowitz showed,
however, was that in the vicinity of the SAM, the situ-
ation was not an equilibrium one. Excess auxin in one cell
relative to its neighbors triggered an action which sent a
certain PIN1 protein from the cell interior to the cell walls
where it oriented so as to pump auxin with its auxin gradi-
ent. This reverse diffusion effect, when sufficiently strong,
can overcome ordinary diffusion and lead to instabilities
and a natural quasiperiodic array of auxin concentration
maxima and minima. This is precisely the ingredient one
needs for preferential sites for primordium initiation.

We took advantage of the fact that the length scale
(2π

k0
) of the auxin concentration variation was many cell

diameters and replaced a cell-by-cell analytical description
of auxin concentration interactions developed by Jönsson
et al. [19] by a continuum model. It turns out that the
resulting partial differential equation for the auxin con-
centration fluctuations has a canonical form associated
with many pattern-forming systems. Near onset, namely
near the value of the stress parameter which expressed
the amount ε by which reverse diffusion exceeds ordinary
diffusion, the equation takes the form

∂g

∂t
= (ε − (∇2 + k2

0)2)g + nonlinear terms, (1.1)

which has the form of the Swift-Hohenberg equation fa-
miliar in pattern-forming systems.

Further, since it is well known that there is a strong
coupling between stress and growth in living tissue, we
included the mechanical stress fields so as the incorporate
the ideas of Green et al. The growth strain g(�x, t) result-
ing from fluctuations in auxin concentrations affects the
stress field through the stress-strain relation. We modelled
the effect of stress on growth (the fact that stress modi-
fies growth is well known; how it does so has not yet been
codified) by the simple idea that growth is induced when
cells are under a tensile stress. We added a term propor-
tional to the trace of the fluctuation stress tensor (the best
measure of “pulling apart”) to equation (1.1) for g. The
coupled equations for the fluctuating surface deformation
w(�x, t) normal to the curved elastic shell which consti-
tutes the plant’s tunica and for the growth strain g(�x, t)
have very much the same form. For the buckling defor-
mation w(�x, t), the corresponding ε (εm) is the amount
by which the compressive stress exceeds a critical thresh-
old, and there is also a corresponding preferred wavelength
2π

k0,m
. When the two preferred wavelengths k0 and k0,m are

nearly equal and ε and εm are near zero, the combination
of effects leads to an enhanced instability. When one effect
dominates, the other becomes a slaved variable.

The key messages of this paper are that, in certain
circumstances, Fibonacci and whorl configurations are
also a consequence of the solutions of pattern-forming
PDEs. Moreover, all of the self-similar properties which
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are consistent both with observations and with the out-
comes of discrete dynamical system algorithms continue
to obtain. The PDEs contain more information and an in-
variant associated with the amplitudes of the modes which
are dominant at any location. The role of the key parame-
ter of the discrete dynamical system, the distance between
radial values at which primordia are laid down, is taken by
the radial distance r from the apex of the plant’s growth
stem at which the pattern is formed. As we have said,
unlike planar patterns, plant patterns form annulus-by-
annulus, and the presence of one configuration created at
a different value of r in the neighboring annulus affects the
outcome in the pattern-forming annulus. We can model
the evolving pattern formation as a front through which
the unstable unpatterned state is invaded by a patterned
state whose configuration is slowing changing, depending
on the current front location. Equivalently, when we write
the dynamics in terms of active mode amplitudes, we can
model the local formation as an evolving minimum of some
energy functional which moves continuously through some
appropriately chosen parameter space.

The strength of this second approach is that it is based
upon actual physical and biochemical mechanisms experi-
enced by the plant. Indeed, it is very evident in recent work
in the Meyerowitz laboratory that mechanical stresses are
nonuniform in the neighborhoods of emerging primordia.
Moreover, the parameters in the model equations derive
form quantities which can be measured. The weakness of
this approach is that the analysis uses a decomposition,
the amplitude equations, for the fields g and w which is
better suited to large domains and has to be interpreted
as a frontal region in the pattern context.

The outline of this paper is as follows: we introduce
in Section 2 some of the main features and properties
of the discrete dynamical system designed to mimic the
Hofmeister rules (for which whorls are not possible). We
follow the work of Atela et al. [22,23] who propose and
analyze a discrete-dynamical system in which the univer-
sal, geometrical and self-similar properties of the resulting
patterns are easy to see. We write down formulae for the
positions of all the primordia in the limit where the map
has reached its fixed point configuration and all the pri-
mordia lie on a lattice. These points are integer linear
combinations of two generating vectors, which join the
newest pimordium to the two nearest primordia in the
lattice, called the parastichies. These depend on the pa-
rameter y which measures distance between the levels at
which primordia are laid down. We show how, as y de-
creases, the points move in such a way so that the new
primordia follow the Fibonacci rule. Namely, at certain
bifurcation values of y, ym,n, the original parastichies are
replaced by a new set. We then, after a suitable rescaling,
introduce a normalized dual lattice, a lattice of directions.
The points on this lattice also move with the parameter
y, and we see how they, too, also follow a Fibonacci se-
quence. And this normalized lattice and its behavior as
function of y gives us the connection with pattern-forming
systems. The normalized dual lattice vectors turn out to
be precisely the lattice of favored modes in the nonlinear

competition between the active modes released at the in-
stability. In Section 3, we capture precisely this correspon-
dence. The governing equation we work with is a simple
Swift-Hohenberg-like equation (3.4) (in contrast to previ-
ous work, in which we study systems of PDEs based on the
mechanisms described above [11,12]). We show that the
motion of the wavevectors as function of radial distance R
from the apex corresponding to fixed points of the govern-
ing PDE matches the motion of the dual lattice in the dis-
crete dynamical system, and we show how rhombic lattices
play a role in both types of system. In the PDE system,
however, the description is richer in that there is an addi-
tional parameter in the PDE approach, namely the ampli-
tude, which weights each competing mode. The amplitude
sequence moves, as a function of radial distance from the
apex, in a self-similar manner, giving an additional ampli-
tude invariant which we have discussed in [10,15]. In The-
orems 1 and 2 of Section 3, we extend the results of [10,15]
to derive the mappings (topological conjugacies between
the systems of ODEs resulting from analysis of the PDEs)
which give rise to self-similar properties of both the lat-
tice and the amplitudes for all Fibonacci-like sequences.
With the exception of the one involving amplitudes not
present in the discrete description, these self-similar prop-
erties correspond to those derived by AGH. In all cases, we
find that the golden number φ = (1 +

√
5)/2, plays a cen-

tral role. It is the ratio of the successive y values at which
bifurcations from one set of parastichies to another take
place and, we show in Figure 6 of Section 3, that it is the
range (R, Rφ) over which energy measures vary periodi-
cally. Since the PDE approach involves amplitudes as well
as wavevectors, tracking the change in the pattern as R
varies is complicated by the fact that in transitions from,
from example, a 2, 3, 5 pattern to a 3, 5, 8 = 3+5 pattern,
a mode with wavevector corresponding to 2 + 5 = 7 po-
tentially has a significant enough amplitude to change the
course of the transition. In Figure 4 of Section 3, we map
out normal (e.g. 2, 3, 5 transitioning to 3, 5, 8) and abnor-
mal (e.g. 2, 3, 5 transitioning to 2, 5, 7) branches. In a final
new contribution of Section 3, we allow the modes cor-
responding to 2, 3, 5, 7 and 8 to compete near transitions
and show that, although there does in fact exist an energy
minimum corresponding to the abnormal branch, only the
normal branch is accessible from previous configurations
as the parameter R unfolds continuously. Thus suggests
that, like in the discrete-dynamical system model, the for-
mation of Fibonacci patterns from a PDE system relies
on a continuous unfolding of the parameter R. Thus, al-
though standard pattern-forming equations can give rise
to Fibonacci patterns, the additional ingredient of the un-
folding parameter is necessary.

2 The discrete dynamical system model

Many of the fascinating properties of phyllotaxis, includ-
ing the connection with Fibonacci sequences, have in-
trigued natural scientists for over four hundred years. The
botanist Wilhelm Hofmeister published one of the earliest
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studies of meristems [4], in which he proposed the follow-
ing heuristic for primordium formation:
– The meristem is axisymmetric.
– Primordia form in a generative annulus on the periph-

ery of the apex.
– New primordia form at regular time intervals.
– Primordia move radially away from the apex.
– Each new primordium forms in the least crowded spot

left by the existing primordia.
These rules provided the basis for almost all dynamical
system models, although the fixed time periodicity was
relaxed by Snow and Snow [8].

In a pioneering series of work, Douady and
Couder [5–7] showed via experiments that an algorithm
incorporating the Hofmeister rules gives rise to much of
what was observed on plants. They designed a laboratory
experiment in which uniform drops of ferrofluid were pe-
riodically dispensed at the center of an circular oil-filled
dish. A radial magnetic field gradient caused the drops
to experience an outward force, which resulted in radial
motion away from the center. The drops were also mutu-
ally repulsive, so each drop moved into the least crowded
spot. They found that by varying the time period between
drops and the strength of the magnetic field, spirals corre-
sponding to different members of the Fibonacci sequence
were formed. A subsequent numerical simulation was used
to refine their results.

More recently, a discrete dynamical system was pro-
posed by Atela, Golé, and Hotton in order to put the
Hofmeister rules in a more geometrical framework [22].
We now present a brief introduction to their model. The
surface of the meristem may be approximated by the sur-
face of a cylinder Z. We coordinatize the points p on Z by
p = (α, h), where α ∈ (− 1

2 , 1
2 ] is the angular coordinate

divided by 2π, and h is the height, so that 0 ≤ h < ∞.
The phase space for the dynamical system is the set of
sequences of points {pm = (αm, my) : m ∈ N} on
the cylinder, where y is a fixed positive number called
the internodal spacing, and αm ∈ (− 1

2 , 1
2 ]. The points in

any sequence represent the positions of primordia on the
cylinder, each primordium residing at one level my. The
primordium at pm may be thought of as the mth-oldest
primordium. The map T for the dynamical system, de-
fined by its action on the elements of a sequence, is given
by T (αm, my) = (αm, (m + 1)y). That is, the map moves
each primordium up one level while having no effect on its
angular coordinate. To complete the definition of the map,
however, we need to determine the angular coordinate of
the point p0 = (α0, 0y). The idea is that α0 should be cho-
sen so that p0 appears in the “least crowded spot”. The
crowdedness of a spot can be quantified by the distance to
the nearest primordium, so let d(pm, pn) be the Euclidean
distance on the cylinder between points pm and pn. The
distance from a new primordium with angular coordinate
α0 to its nearest neighbor is given by

D(α0) = min
m>0

d(p0, pm). (2.1)

Hofmeister’s least crowded spot is given by the maximum
of D over all angular coordinates α0.

A main result of [22] is that, neglecting arbitrary rota-
tion, regular lattices are asymptotically stable fixed points
of this dynamical system. By a regular lattice on the cylin-
der Z we mean a set of points

L(x, y) = {pm = (mx − Δm(x), my) : m ∈ N},

for a fixed number x ∈ [0, 1) called the divergence an-
gle, and where Δm(x) is the closest integer to mx, so
that − 1

2 < mx − Δm(x) ≤ 1
2 . Two criteria are primarily

responsible for the selection of fixed point lattices. Due to
the fact that d is locally convex, the location of each new
primordium is equidistant from two existing primordia.
As a result, the fixed-point lattice is rhombic. Addition-
ally, the location of each new primordium has an angular
coordinate between the two nearest primordia. One says
therefore that the lattice is opposed. It is therefore rhom-
bic, opposed, regular lattices that are stable fixed points
of the dynamical system.

It is also useful to introduce the concept of a
parastichy. Parastichies are lattice points pm and integer
multiples thereof such that a line drawn to the newest pri-
mordium p0 passes through no other points. The most vis-
ible parastichies are those which are formed by the points
closest to p1. For example, select the closest lattice point
to p0. Then select the closest lattice point that is not a
member of the first parastichy. Taking m < n, this is a pair
{pm, pn} which forms a basis for the lattice. The values m
and n are the parastichy numbers of the lattice.

We now present calculations based on [22] yielding
quantities that will be used to compare with the PDE
model in the following sections. In the remainder of this
section, it is convenient to place the newest primordium
p0 at the origin and write the primordia pm = (mx −
Δm(x), my) = (αm, hm) using complex notation as zm =
αm + ihm. The parastichy basis {pm, pn} for a lattice with
parastichy numbers m, n corresponds to

zm =
−A

nA − m
, zn =

−1
nA − m

,

where A = eiθ for some π/3 ≤ θ < 2π/3 that depends
on the internodal spacing. There is a bifurcation point at
θ = 2π/3 where a third basis vector zm+n = zm + zn

becomes as small as zm and zn. The requirement that the
basis remain opposed selects the branch with parastichy
numbers n, m + n. The internodal spacing at these points
is given by

ym,n =
√

3/2
n2 + m2 + mn

,

and the divergence angle is given by

xm,n =
mp + nq + 2(np + mq)

2(m2 + mn + n2)
,

where p = Δn(x), and q = Δm(x) (in fact, pm −
nq = ±gcd(m, n)). For m, n in the Fibonacci se-
quence, this limits to 1/φ2. The ratio of intern-
odal spacing at consecutive members of the Fibonacci
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Fig. 3. (Color online) Fixed point lattices (left column) and
corresponding normalized dual lattice vectors �u = (u1, u2)
(right column) for three transitions along the Fibonacci se-
quence as the internodal distance decreases. The lattices are
shown for internodal spacings and divergence angles y2,3, d2,3

(top row), y3,5, d3,5 (middle row), and y5,8, d5,8 (bottom row).
The half-circles in the right column are the unit half-circle.

sequence, namely

yn,m+n

ym,n
=

m2 + n2 + mn

n2 + (m + n)2 + n(m + n)
,

also limits to 1/φ2.
In order to reveal a self-similarity in the pattern as y

increases or decreases, we introduce normalized dual lat-
tice vectors

�um =
−z̄m

|zm| , �un =
−z̄n

|zn| ,

where {zm, zn} is the parastichy basis, and z̄ is the com-
plex conjugate of z. These unit vectors are the directions
of the parastichies reflected across the vertical axis. The
reflection is performed so that these vectors correspond
to the dual lattice vectors introduced in Section 3. For
a rhombic lattice, |zm| = |zn|, and so for a general zr

we define �ur = zr/|zm|. Figure 3 illustrates the fixed-
point lattices and corresponding normalized dual lattices
at three values of the internodal distance, namely the bi-
furcation values y = y2, 3, y = y3, 5, and y = y5, 8. In
each case, the divergence angle used is the value xm,n that
gives a rhombic (in this case, hexagonal) lattice. The ar-
rows indicate the paths that each of the vectors take as

Fig. 4. (a) Family tree for the Fibonacci-like sequences with
greatest common divisor 1. (b) Family tree for the Fibonacci-
like sequences with greatest common divisor 2. (c) Family tree
for the Fibonacci-like sequences with greatest common divi-
sor 3.

the internodal spacing is decreased. The labels indicate
the subscript corresponding to each vector. Note that the
next member of the Fibonacci sequence is drawn toward
the unit circle while the other pairwise sum is driven away.
The normalized dual lattice is the same for y = y2, 3 and
y = y5, 8, and a reflection of that lattice about the vertical
axis yields the lattice at y = y3, 5.

In the PDE model with which we work in Section 3, the
internodal distance is not a parameter, but must be deter-
mined by the solving the equations. The parameter that
we can vary is the average radius R of the annular genera-
tive region where pattern formation is occurring. Increas-
ing R will be analogous to decreasing the internodal dis-
tance. R, however, turns out to be approximately inversely
proportional to the square of the internodal distance, or
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(a)

(d)

(h) (i) (j)

(e) (f) (g)

(b) (c)

Fig. 5. (Color online) (a, b) The energy landscapes corresponding to the averaged energy (3.8) as functions of −l2 and l3 at
(a) R = 5 and (b) R = 8. For R = 5, there is only one local minimum of the energy (marked by an J in (a)), whereas for
R = 8, there are two local minima, marked by J and K in (b). For the minimum at J , l5 = l2 + l3 is negative, whereas for the
minimum at K, l5 is positive. The loci of optimal radial wavenumbers corresponding to the two branches of energy minima are
shown in (c) for a range of R values; linear approximations of the data points are plotted as well. The amplitudes corresponding
to the energy-minimizing solutions are plotted in (d)–(f) for the minimum at J at R = 5, 7, 8 and in (g) for the minimum at
K at R = 7. The energy-minimizing choice of wavevectors for the minimum at J are plotted in wavevector space in (h)–(i) for
R = 5, 7, 8.

the plastochrone ratio [15]. The self-similarity that ap-
pears in the fixed-point lattices as the internodal dis-
tance y scales by 1

φ2 will therefore manifest itself as a
self-similarity in both lattices and amplitudes as R scales
by φ in Section 3. The normalized dual lattice vectors of
Figure 3 appear again in Figures 5h, 5j as the result of
PDE calculations.

3 Order-parameter investigations

Our goal in this section is to translate the results described
in Section 2 on bifurcations of a discrete dynamical sys-
tem to the analysis of a PDE model. We first review
our PDE model based on biochemical and biomechanical
mechanisms, and we show how the model PDEs have the
form of the Swift-Hohenberg equation. We then present
an analysis of the simplified model equation (3.4) of Swift-
Hohenberg type. As in our analysis of more complicated
models, [11,13,14], we parameterize the space of possi-
ble configurations given by the solution u(r, α, t) of (3.4)
by a set of order parameters that satisfy (after adia-
batic elimination of spatial dependence) a gradient sys-
tem of ODEs. The order parameters are a subset of the

amplitudes and wavevectors in a Fourier representation
of u, and this leading-order approximation of u allows
for a center-manifold reduction of the dynamics. We then
present two theorems on self-similarity as expressed in the
reduced dynamics.

In [11], we formulate a system of PDEs governing the
formation of plant patterns, based on biochemical and bio-
physical mechanisms as described in the introduction. The
governing equations for the surface deformation w, the
fluctuation f of the Airy stress potential, and the growth
strain g have the following form:

wt = −Δ2w − κw − γw3 − PΔχw +
1
ν

[f, w] − CΔρf

(3.1)

Δ2f − CΔρw +
1
2ν

[w, w] + Δg = 0 (3.2)

gt = −Lg − H �2 g −�4g − κ̄1 � (g � g)

− κ̄2 � (�g �2 g) − δg3 + βΔf, (3.3)

where [f, w] = fxxwyy + wyyfxx − 2fxywxy. We refer the
reader to [11] for details on the derivation and parame-
ters; the key idea is that the Föppl-von Kármán-Donnell
equations (3.1), (3.2) for a shell under stress P (where
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P > 0 is compressive stress) are coupled to a continuum
approximation (3.3) of the model of Jönsson et al. [19] for
auxin transport, translated into equation for the growth
strain g. It turns out that, near the onset of pattern forma-
tion where either or both the applied mechanical stress P
(in (3.1)) or reverse diffusion H (the inverse diffusion in-
duced by the polarized PIN1 transportation subtracted by
the ordinary diffusion, in (3.3)) are close to their critical
values, the pattern behavior is governed more by symme-
tries than by microscopic details. Accordingly, in order to
gain a better understanding, we simplify this model so as
to include the main ingredients. We recognize that equa-
tions (3.1) and (3.3) are both of Swift-Hohenberg type

∂u

∂t
= −(∇2+1)2u+εu+ϑ(∇u)2−2ϑ∇(u∇u)−γu3 (3.4)

where

∇2 =
1
r

∂

∂r

(
r

∂

∂r

)
+

1
r2

∂2

∂α2
, �∇ =

{
∂

∂r
,
1
r

∂

∂θ

}
,

∇· =
1
r

∂

∂r
(r·) +

1
r

∂

∂θ
,

since their right-hand sides are composed of linear terms
in the form −(∇2 + 1)2 + ε, quadratic nonlinear inter-
actions and cubic saturations. The linear operator deter-
mines the optimal wavelength of the pattern and the opti-
mal wavelength of w, g and u are 2π√

P
2

, 2π√
H
2

respectively.

The wavelength can be easily scaled to 2π (the wavelength
of u), by rescaling the spatial coordinates. The nonlin-
earity determines the stable structures (rolls, hexagons,
diamonds) out of many competing configurations. In the
limit where the auxin induced instability is dominant and
all mechanical variables w and f are slaved to g, the
solutions to the coupled system (3.1)–(3.3) is primarily
determined by equation (3.3) only without the coupling
terms. Assume this is the case, and without causing qual-
itative change of the results, we replace the “real” gov-
erning equation (3.3) by equation (3.4). An advantage of
equation (3.4) is that it is a gradient flow which minimizes
the free-energy functional

Ẽ =
∫ ∫ {

1
2
[((∇2 + 1)u)2 − εu2] − ϑu(∇u)2

+
1
4
γu4

}
rdrdα 	

∫
Er(r)rdr

where

Er(r) =
1

2πr
r

∫ r+�r/2

r−�r/2

{
1
2
[((∇2 + 1)u)2 − εu2]

−ϑu(∇u)2 +
1
4
γu4

}
rdα. (3.5)

Equally important as the form of the governing equations
is the way that the patterns are formed. Instead of forming
all at once on the entire large domain, the patternsform

annulus-by-annulus, the established pattern serving as the
boundary condition for the new pattern forming in an ad-
jacent annulus. There may be many functions u that give
local minima of the energy functional Ẽ, and the bound-
ary condition selects from amongst these minima.

We take the following approach to approximating the
propagation of the pattern as it minimizes the energy in
each annulus: if the pattern first forms in an annular region
of mean radius R0, we break the space (R0,∞) × [0, 2π)
(or, (0, R0) × [0, 2π) for the sunflower seed head) into
successive annuli with increasing (decreasing for the sun-
flower) effective mean radii R0, R1, . . . We first determine
the active set and a winning configuration in the annu-
lus of mean radius R0. There may be multiple possible
winning configurations, corresponding to local minima of
the energy (3.5) reduced to a function E(Aj , �kj ; R0) for
amplitudes Aj and wavevectors �kj of the active modes
in a Fourier representation of u as described below, but
biases will choose one minimum. We then unfold the en-
ergy E(Aj , �kj ; R), allowing R to increase up the sequence
R0, R1, . . . Again, there will be multiple minima at each
value of Rj , but we mimic the generative front by finding
the minimum at Rj+1 that is accessible from the minimum
at Rj .

To make the problem of finding energy-minimizing
functions u tractable, we begin by representing u as a
Fourier series. Our goal is to determine, as a function of
R, the modes in this series that potentially dominate the
pattern, and then to reduce the PDE to ODEs for the
evolution of the amplitudes of these active modes. The re-
maining passive modes are slaved to the active modes in
that they can be determined by algebraic functions of the
active modes. How does one determine the active modes?
First, we admit into this set modes with positive linear
growth rates. Modes with slightly negative linear growth
rates are also candidates for inclusion, as they may be
important players in the dynamics due to nonlinear inter-
actions with modes of positive linear growth. In particular,
modes with wavevectors �km = (lm, m) and �kn = (ln, n) in
the active set interact via quadratic nonlinearities in the
PDE with modes with wavevector �km +�kn ≡ �km+n. (The
wavevector �km = (lm, m) of any periodic mode consists
of a radial wavenumber lm, which can be any real num-
ber, and an angular wavenumber m, which is an integer.)
Determining the separation between active and passive
modes is complicated, however, by the fact that these sets
may change with R. For example, although nonlinear in-
teractions between the overlapping triads of wavevectors
�k2 +�k3 = �k5 and �k3 +�k5 = �k8 may make it natural to in-
clude a mode with angular wavenumber 8 at small values
of R, one also has to consider the possibility of a tran-
sition involving the wavevector triads �k3 + �k2 = �k5 and
�k2 + �k5 = �k7.

The natural basis for systems with translational and
rotational symmetries in circular geometries is the Hankel
function basis {H±

me−imα}, where H± are the Hankel
functions of the first and second kind. In terms of this
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basis, the function u may be written as

u(r, α, t) =
∑
m∈N

A±
mH±

m(kmr)eimα + (∗). (3.6)

In the limit of large r and m, with fixed ratio m/r, the
Hankel functions AmH±(kmr) may be approximated by
Asm

m (r, t)ei
∫

lmdr, where lm =
√

k2
m − m2/r2, and the su-

perscript sm = sgn(lm). The decomposition of u is then
approximated by

u(r, α, t) =
∑
m∈N

Am(r, t)ei
∫

lmdr−imα + (∗), (3.7)

where lm and m ∈ N are the radial and circumferential
wavenumbers of the Fourier modes, and the Am are com-
plex amplitudes. The superscript m describes the winding
direction of the corresponding spiral family. If lm > 0
(that is, sm = +), the corresponding family of spirals
winds counterclockwise; otherwise, it winds clockwise.

In the same limit, the Laplacian operator may be ap-
proximated by ∇2 	 ∂2

∂r2 + 1
R2

∂2

∂α2 (or, ∇2 	 ∂2

∂r2 + 1
Γ 2

∂2

∂α2 ,
where Γ = R

Λ is the mean radius rescaled by Λ, and 2πΛ is
the natural wavelength). Note that in making this approx-
imation, we are assuming that R is very large compared to
the natural wavelength. The radial range of the analysis
is only a few pattern wavelengths; we will find below that
the formation of Fibonacci patterns depends on a freezing
of the older pattern behind the front edge. According to
the linear terms of equation (3.4), the linear growth rate
for a mode Asm

m (r, t)ei
∫

lmdr−imαeσ(lm,m)t is

σ(lm, m) = −(k2 − 1)2 + ε, where k2 = l2m +
m2

R2
.

For ε < 0, σ(lm, m) < 0 for all (lm, m), but at ε = 0
σ(lm, m) = 0 for (lm, m) on the circle (in (l, m

R )-space) or
ellipise (in (l, m)-space) k2 = 1. For ε > 0 there is an annu-
lus of wavevectors around k2 = 1 for which σ(lm, m) > 0.
The set A of active wavevectors consists of those wavevec-
tors (l, m), where m is an integer, and σ(l, m) > σ∗ for a
small cutoff value σ∗ < 0.

If we take the sum (3.7) over all wavevectors in A,
and integrate the energy (3.5) over one generative an-
nulus, we obtain an energy functional of the amplitudes
and wavevectors of the active modes. The quadratic terms
in the energy (corresponding to the linear terms in the
PDE) give rise to terms of the form A

(∗)
m A

(∗)
n ei(±�km±�kn),

the integration of which over the annulus is zero except
for those terms AmA∗

mei(�km−�km) = AmA∗
m. Similarly, the

cubic terms in the energy (corresponding to the quadratic
terms in the PDE) give rise to cubic products of the ampli-
tudes. Those cubic products that do not integrate to zero
are those of the form A∗

mApAqe
i(�kp+�kq−�km) = A∗

mApAq,
where �km = �kp+�kq. Pairs of wavevectors �kp, �kq ∈ A whose
sum also lies in the active set interact via this nonlinear
triad resonance and give rise to a cubic term in the aver-

aged energy

E(�k ∈ A, A�k; R) = −
∑

σ(lm, m)AmA∗
m −

∑
τmpq(A∗

m

× ApAq + (∗)) + γ
∑ (

1
2
|Am|4 +

∑
δmn|Am|2|An|2

)
.

(3.8)

The quadratic and quartic terms in (3.8) are summed over
all wavevectors �k ∈ A, and the cubic term in (3.8) is
summed over all triads of wavevectors �kp, �kq, �km = �kp +�kq

in A. The coefficients σ(lm, m) (the linear growth rate), τ
and γ are functions of the wavevectors and the parame-
ters in the original energy functional. The center-manifold
reduction of the PDE (3.4) is the gradient set of ODEs
∂Am

∂t = − ∂E
∂A∗

m
, the stationary solutions of which are min-

ima of the energy (3.8).
But, although there is a finite set of possible values for

the angular integer wavenumbers m, the corresponding ra-
dial wavenumbers lm lie on continuous bands. Hence, there
are still an infinite number of amplitudes included in (3.8),
and our center-manifold reduction is an infinite system of
ODEs. Experience with natural systems suggests that the
dynamics reduces further to one or a few triads of modes in
the active set. We restrict the dynamics to a set of modes
with wavevectors �k1 = (l1, 1), �k2 = (l2, 2), �k1 + �k2 = �k3 =
(l3, 3), and �k2+�k3 = �k5. The energy (3.8) thus simplifies to
to an energy E(A(∗)

1 , A
(∗)
2 , A

(∗)
3 , A

(∗)
5 , l1, l2; R), and we find

the optimal configuration by minimizing this energy with
respect to the amplitudes Am and the radial wavenumbers
l1, l2. As discussed above, however, we need to understand
why it is that the dynamics reduces to a set with angular
wavenumbers 1, 2, 1+2 = 3, 2+3 = 5 rather than to a set
2, 1, 2 + 1 = 3, 1 + 3 = 4; or, to a set 2, 3, 5, 8 rather than
to a set 3, 2, 5, 7.

In Figure 4, we map out possible transitions between
triads of angular wavenumbers to produce family trees
of Fibonacci-like sequences starting at various integer
triads. Starting with the integer triad 1, 1, 2, the stan-
dard Fibonacci sequence leads to successive triads 1, 2, 3;
2, 3, 5; . . . by summing the second and third members of a
triad to get the next triad in the sequence. At any point
on this sequence, one may branch off by summing the first
and last members of a triad. We will call the two types of
branches the normal and abnormal branches, respectively.

Let us focus on the branching from a 2, 3, 5 to ei-
ther the normal 3, 5, 8 or the abnormal 2, 5, 7 branches
as R increases. Without any a priori justification for in-
cluding only modes with angular wavenumbers 2, 3, 5, 7
or 2, 3, 5, 8, we agree to include five modes with the an-
gular wavenumbers 2, 3, 5, 7, 8. Since l5 = l2 + l3, l7 =
l2 + l5, and l8 = l3 + l5, once we have chosen the
angular wavenumbers, the energy is a function of the
wavevectors only through l2, l3. We thus consider an en-
ergy E(Am, A∗

m, l2, l3; R), where m ∈ {2, 3, 5, 7, 8}. For
any choice of l2, l3, we find the value of the amplitudes
Am that minimize E(Am, A∗

m, l2, l3; R), and plot the cor-
responding energy as a function of (−l2, l3) in Figures 5a,
5b for R = 5 and R = 8. At R = 5, there is only one local
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minimum of the energy, marked by a J in the figure. For
this energy-minimizing solution, −l2 	 l3 and the ampli-
tudes A2, A3, and A5 are much larger than the amplitudes
A7, A8. As we increase R from R = 5 up to R = 8, there
is a continuous transition of this minimum to the posi-
tion in (−l2, l3)-space marked by a J in Figure 5b. The
corresponding amplitudes for this minimum also change
continuously. As A2 decreases, A8 increases, while A7 re-
mains small. The amplitudes Am at the minimum J are
plotted in Figures 5d–5f for R = 5, 7, 8. For R = 8, there
is a second minimum, marked by a K in Figure 5b. This
second minimum first appears at R = 6.5 at a position in
(−l2(h), l3)-space far removed from the original minimum
(see Fig. 5c) and then moves continuously to the position
shown in Figure 5b as R increases. The amplitude profile
for this minimum at R = 7 is shown in Figure 5g; this
minimum corresponds to a 3, 2, 5, 7 pattern, as A8, not
A7, is nearly zero. The key message of this calculation is
that the normal 3, 5, 8 transition branch is accessible from
the 2, 3, 5 pattern when R changes continuously, whereas
the abnormal 2, 5, 7 branch is not. The wavevectors for the
normal transition are shown in Figures 5h–5j; notice that
the wavevector �k7 lies outside of the active set at R = 8.

This calculation shows that there is a family of solu-
tions to the family of dynamical system parameterized by
R that is dominated by modes with angular wavenumbers
2, 3, 5, 8, the amplitudes and the optimal choice of (l2, l3)
changing with R. The mode with angular wavenumber 7
consistently has an amplitude near 0, and as R increases,
it moves further and further out of the active set, as seen in
Figures 5h–5j. We may thus neglect it from the dynamics
and capture the normal transition as R increases from 5
to 8 by an energy E(Am, A∗

m, l2, l3; R) for m ∈ {2, 3, 5, 8}.
Having examined the transition starting at the node

2, 3, 5 in the family tree of Figure 4, we ask how our re-
sults apply at any other node in the tree; must we redo
this calculation at each node? This question provides us
with an opportunity to come back to the observations of
Section 2. Notice that the wavevectors of Figures 5h, 5j
are (approximately) the rhombic normalized dual lattice
vectors of Figure 3 at y = y2,3 and y = y3,5 and recall
that the key message of Figure 3 is the invariance of the
lattice under the scaling y → y

φ2 . We now show that, in
fact, the dynamics at each node of Figure 4 is equivalent;
in dynamical systems terminology, the gradient systems at
all nodes are topologically conjugate. Geometrically, the
equivalence comes from a self-similarity of the energy and
the resulting energy-minimizing pattern under transfor-
mations of R and corresponding changes in the triads of
angular wavenumbers.

The first key to understanding this self-similarity lies
in noticing that the linear growth rate σ(lm, m) and the
coefficients τ and γ in (3.8) only depend on the angu-
lar wavenumbers m and the radius R through the ratios
m
R appearing in the (squared) wavevector lengths k2 =
l2 + m2

R2 . Consider in light of this observation a simple ex-
ample, energies E1(Am, A∗

m, l2, l3; R1) for m ∈ {2, 3, 5, 8}
and E2(An, A∗

n, l3, l5; R2) for n ∈ {3, 5, 8, 13}. Written
out more fully, we have E1(Am, A∗

m, l2, l3; 2
R1

, 3
R1

, 5
R1

, 8
R1

)

and E2(An, A∗
n, l3, l5; 3

R2
, 5

R2
, 8

R2
, 13

R2
), with corresponding

minimizers Am(R1), l2(R1), l3(R1) and An(R2), l2(R2),
l3(R2), respectively. But, the second key to understanding
self-similarity is that for any Fibonacci-like sequence {mj}
defined by mj+2 = mj + mj+1, the sequence of fractions
mj+1
mj

tends (quickly) to the golden number φ = 1
2 (1+

√
5)

for increasing j. If we take the approximation 3
2 	 5

3 	
8
5 	 13

8 	 φ and choose R2 = R1φ, then 2
R1

	 3
R2

, 3
R1

	
5

R2
, 5

R1
	 8

R2
, and 8

R1
	 13

R2
. We have (nearly) identical

parameter values appearing after the semicolon in the en-
ergies E1 and E2, and therefore the energy-minimizing so-
lutions are (nearly) identical; that is, A3(R1φ) 	 A2(R1),
A5(R1φ) 	 A3(R1), A8(R1φ) 	 A5(R1), and A13(R1φ) 	
A8(R1). For the radial wavenumbers, l23(R1φ) 	 l22(R1),
and l25(R1φ) 	 l23(R1). We should pause to consider the
fact that the energy depends on the squares of the radial
wavenumbers, and minimization by itself does not deter-
mine their sign. The stipulation that the sum �k2+�k3 = �k5,
for example, lie in the active set, however, guarantees
that sgn(l2) = −sgn(l3). (This, by the way, is why we
plot (−l2, l3) in Fig. 5). The choice of the sign of l2 then
determines the (clockwise or counterclockwise) orientation
of the corresponding family of spirals, and the spiral fam-
ilies have alternating orientations for increasing angular
wavenumber. As R increases, the same orientation is cho-
sen due to the accessibility of that minimum from the
previous state.

More generally, let {mj}∞j=1 be a Fibonacci-like se-
quence of positive integers, and simplify (3.8) to a function

E

(
{Aj}∞j=1, l1, l2;

{mj

R

}∞

j=1

)
= −

∞∑
j=1

σ
(
lj ,

mj

R

)
AjA

∗
j

−
∞∑

j=1

τ(A∗
jAj+1Aj+2 + (∗)) + γ

∑(
1
2
|Am|4

+
∑

δmn|Am|2|An|2
)

(3.9)

of the variables {Aj}, l1, l2 and parameters {mj

R }, where
lj+2 = lj + lj+1. We want to find values of the variables
that give a local minimum of E. The linear growth rate
σ = −(k2 − 1)2 + ε that we have been considering will
only be positive or slightly negative for a finite number
of the k2

j = l2j + m2
j

R2 (irrespective of the choices of lj); as
a consequence, only a finite number n of the amplitudes
Aν , . . . Aν+n for some integer ν will be significantly larger
than zero in a minimization, and we could consider the
energy to be restricted to this finite set. Our observations
lead to the following theorem:

Theorem 1. Suppose that the coefficients σ(l2j ,
mj

R ),
τ(l2j ,

mj

R , l2j+1,
mj+1

R , l2j+2,
mj+2

R ) and γ of the energy E
given by (3.9) only depend on mj and R through the ratios
mj

R . For a given value of R, suppose that {Aj(R)}, l1(R),
l2(R) give a local minimum of E. Furthermore, suppose
that {Aj(R)} has finite support; for positive integers ν
and n, Aj(R) = 0 for j < ν and j > ν + n.
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(a)

(d) (e)(b) (c)

Fig. 6. (Color online) (a) Energy curves for three different Fibonacci-like sequences. (b–e) Amplitude curves for the regular
Fibonacci sequence at (b) R = 7 and (c) R = 9, and for the Lucas sequence at (d) R = 6 and (e) R = 9.5. The similarities
between (b) and (d), and between (c) and (e) are due to the one-to-one mapping between these two Fibonacci-like patterns
(where 7/6 � 9/7.5 � 1.17 is the asymptotical ratio between the regular Fibonacci sequence and the Lucas sequence).

Then, E is minimized by variables Aj+1(Rφ) 	 Aj(R),
l22(Rφ) 	 l21(R), and (l3 = l1 + l2)2(Rφ) 	 l22(R).

Proof. Replacing the parameters mj

R in
E({Aj}ν+n

j=ν , l1, l2; {mj

R }ν+n
j=ν ) by mj+1

Rφ 	 mj

R , and re-
naming the variables Aj by Aj+1 and (l1, l2) by (l2, l3),
we obtain E({Aj}ν+1+n

j=ν+1 , l2, l3; {mj

Rφ}ν+1+n
j=ν+1 ). •

As we do not have full equality in the statement
mj+1
Rφ 	 mj

R , one does need to provide estimates for a com-
plete proof. However, the convergence of mj+1

mj
to φ is very

quick, and the energy is a polynomial function of the am-
plitudes and wavevectors, so we do not provide the details
here. This theorem may be generalized to a map between
different Fibonacci-like sequences. Denoting the standard
Fibonacci sequence by {fj}∞j=1, where f1 = f2 = 1, for any
Fibonacci-like sequence {mj}∞j=1 generated by integers
m1, m2, mj may be written as mj+2 = fjm1+fj+1m2. For
any two Fibonacci-like sequences {mj}∞j=1 and {nj}∞j=1,
therefore,

nj+2

mj+2
=

fjn1 + fj+1n2

fjm1 + fj+1m2

=
n1 + fj+1

fj
n2

m1 + fj+1
fj

m2

→ n1 + φn2

m1 + φm2
≡ φmn.

Hence,
mj

R
	 nj

Rφmn
.

Theorem 2. Consider two Fibonacci-like se-
quences {mj}∞j=1 and {nj}∞j=1 and corresponding
energies Em ≡ E({Aj}∞j=1, l1, l2; {mj

R }∞j=1) and
En ≡ E({Bj}∞j=1, l

′
1, l

′
2; {nj

R }∞j=1) given by (3.9). For
a given value of R, suppose that {Aj(R)}, l1(R), l2(R)
give a local minimum of Em.

Then, En is minimized by variables Bj(Rφmn) 	
Aj(R), l′21 (Rφmn) 	 l′21 (R), and l′22 (Rφmn) 	 l22(R).

Proof. Replacing the parameters mj

R in
E({Aj}ν+n

j=ν , l1, l2; {mj

R }ν+n
j=ν ) by nj

Rφmn
	 mj

R , and re-
naming the variables Aj by Bj and lj by l′j, we obtain
E({Bj}ν+n

j=ν , l′1, l
′
2; { nj

Rφmn
}ν+n

j=ν ) . •
This self-similarity is demonstrated in Figure 6. We

calculate the amplitudes and radial wavenumbers that
minimize the energy (3.9) restricted to finite sets of modes
with angular wavenumbers in the normal Fibonacci se-
quence, the double-Fibonacci sequence 2, 2, 4, 6, . . . and
the Lucas sequence 1, 3, 4, 7, . . . Also plotted in Figure 6a
is the energy (3.9) as a function of R. We observe that the
energy is not constant, but as a function of lnR, it is peri-
odic with period ln φ regardless of the choice of Fibonacci-
like sequence.

4 Conclusions

So, can we conclude that Fibonacci patterns are universal
in the same way that many planar patterns are? What we
have shown is that the fixed-point solutions of the broad
class of algorithms are consistent with Hofmeister’s ideas
and that the adiabatic solutions of the order-parameter
equations arising from a wide class of pattern-forming
PDEs have certain universal features which would appear
to resemble what is seen in plants. But, what we have
not shown is that the energy minima discussed in Sec-
tion 3 have large basins of attraction and can effectively
complete with the many other local minima in the energy
landscape. Indeed, direct simulations of the PDEs them-
selves seem to indicate that it is very easy for Fibonacci
patterns to undergo Eckhaus-like instabilities and lead to
textures which are part Fibonacci and part non-Fibonacci
with many point (hepta-penta type) defects. The property
that plants freeze their patterns once they are formed also
seems to be very important.

Therefore, at this point in our investigations, we are
not willing to claim that any pattern-forming system
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which is dominated by quadratic nonlinearities and in
which the pattern is laid down, annulus-by-annulus, by a
generative front, will lead to Fibonacci patterns. We would
claim, however, that if there were mechanisms to freeze
the patterns in the wake of their formation, there would
be open sets in parameter space (such as in the set of pa-
rameters determining the strength of the quadratic non-
linearity and front speed, the speed at which new genera-
tive annuli open up), for which Fibonacci patterns with all
their self-similar properties would be the global attractor.

This work was supported by NSF Grant DMS-0906024 to ACN
and NSF Grant DMS-0503196 to PDS.
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