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First Results in an Algebra Course

Let G be a finite group, and let H < G be a subgroup.
Then we have that the cosets gH and Hg are all of the
same size and they form a partition of G. Hence we get

Lagrange’s Theorem:

The order of a subgroup H < G divides the order of G.

A simple but interesting outlook on the further material is
then given by the following question:

Question:
To what extent is the converse of Lagrange’s theorem true?

That is: Given any divisor d | |G|, does there exist a
subgroup H < G of order |G]|.



The smallest counterexample to the validity of the con-
verse of Lagrange’s theorem is the group A4 which is of
order |A4] = 12 and which has no subgroup of order 6.
While it is easily possible to verify this by hand, [1] [4], it
is also a chance to use the group program GAP.

So first of all how do we get the symmetric and the
alternating group 7

First solution: Use the library of GAP. Define
gap > ad:=AlternatingGroup(4);
gap > Size(ad); [ to check the size |
gap > ConjugacyClassesSubgroups(a4);
[to get a list of the conjugacy classes of Ay



screenshotl

gap> a4:=AlternatingGroup(4);

AltC [ 1 .. 47])
gap> Size(ad);
12

gap> ConjugacyClassesSubgroups(ad);

[ Group( O )"G, GrOUD( [ (1.2)(3,4) 1 )"G,
Group( [ (2,4,3) 1 )"G
Group( [ (1.3)(2.4), (1,2)(3.4) 1 )"G,
Group( [ (1,3)(2,4), (1,4)(2,3), (2,4,3) 1 )"G 1]
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In the screenshot we see that we have obtained some-
thing that is not very readable. My opinion is that it is
not suitable in this form. So let us change it. First observe
that we have 5 objects in our list.

We want to create a list consisting of the size of one
representative of each of the 5 conjugacy classes of A4 by

gap > LSGab:=ConjugacyClassesSubgroups(a4); [Con-
densing Notation]

gap > LN:=[ |; [Creating an empty list]

and then programming a do loop to get the list of sub-
group orders:
gap > for k in [1..5] do;

> LN:=Concatenation(LN,[Size(Representative(LSGa5[k]))]);
> od;

and then the command LN will list us the 5 possible
group orders:

gap > LN;
[1,2,3,4,12].

Look at the screenshot for what we have done.



ListofSubgroups

gap> a4:=AlternatingGroup(4);

Alt( [ 1 .. 417])
gap> Size(ad);
12

gap> ConjugacyClassesSubgroups(ad);
[ Group( O )"G, GFOUD( [ (1,2)(3,4) 1 )"G,

Group( [ (2,4,3) ] )G

Group( [ (1, 3)(2 4), (1 2)(3,4) ] )G,

Group( [ (1,3)(2,4), (1,4)(2,3), (2,4,3) ] )G ]
gap> LSGa5: ConJugacyCIassesSubgroups(a4)

[ Group( OO )"G, GFOUD( [ (1.2)@E.4) 1 )7G,

Group( [ (2,4,3) ] )G

Group( [ (1, 3)(2 4), (1 2)(3,4) ] )G

Group( [ (1,3)(2,4), (1,4)(2,3), (2,4, 3) 1 )G ]
gap> LN:=[];

[ 1

gap> for k in [1..5] do;
> LN:=Concatenation(LN, [Size(Representative(LSGa5[k]))1]D);
> od;

gap> LN;

[ 1, 2, 3, 4, 12 ]
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Consider next the group Sy. This does satisfy the con-
verse of Lagrange theorem. Let us verify that in a similar
way. But let us another form of input.

gap > s4:=Group((1,2),(1,2,3,4)); [ Group Definition
by Permutations]

gap > Size(s4); [checking the size]
gap > LSGs4:=ConjugacyClassesSubgroups(s4);

Again we get a list in unreadable form, we can verify that
the list has size 11.

Using the same method as before we get the following an-
swer:



subgroupS4

gap> s4:=Group((1,2),(1,2,3,4));

Group([ (1,2), (1,2,3,9) D
gzp> Size(s4d);

gap> LSGS4:=ConjugacyClassesSubgroups(s4);

[ Group( O )"G,

Group( [ (1.4)(2,3) ] )G,
Group( [ (1,2) ] "G

Group( [ (2,3,4) ] )AG

Group( [ (1,2)(3.,4), (1.,4)(2.3) 1 )G,
Group( [ (1,2)(3,4), (1,3,2,4) ] )"G,
Group( [ (1,2)(8,4), (1,2) ] )"G,
Group( [ (3,4), (2,3,4) ] )G,

Group( [ (1,2)(3,4), (1,3)(2.4), (1,3,2,4) 1 )"G,

Group( [ (1,2)(3,4), (1,3)(2,4), (2,3,4) 1 )"G,

Group( [ (1.2)(3,4), (1.,3)(2.4), (2.3.4), (1.,3.,2,4) ] )"G
aap> LNs4:=[];
[ 1

gap> for k in [1..11] do;
>

LNs4:=Concatenation(LNs4, [Size(Representative(LSCS4[k]DD) D
> od;

gap> LNs4;

[ 1, 2, 2, 3, 4, 4, 4, 6, 8, 12, 24 ]
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Now clearly for each of the divisors of S; we get at least
one conjugacy class of subgroups, but for some divisors we
get more than one class. This leads us on to the Sylow
theorems.
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