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Let M be a Riemannian manifold with metric g, and let P be a principal
G-bundle over M having connection one-form a. One can define a modified
version of the Ricci flow on P by fixing the size of the fiber. These equations
are called the Ricci Yang-Mills flow, due to their coupling of the Ricci flow
and the Yang-Mills heat flow. In this thesis, we derive the Ricci Yang-Mills
flow and show that solutions exist for a short time and are unique. We study
obstructions to the long-time existence of the flow and prove a compactness
theorem for pointed solutions. We represent the Ricci Yang-Mills flow as a
gradient flow and derive monotonicity formulas that can be used to study
breather and soliton solutions. Finally, we use maximal regularity theory and
ideas of Simonett concerning the asymptotic behavior of abstract quasilinear
parabolic partial differential equations to study the stability of the Ricci Yang-

Mills flow in dimension 2 at Einstein Yang-Mills metrics.
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Chapter 1

Introduction

A fundamental problem in differential geometry is finding the “best”
metric on a given manifold. In this context “best” is often synonymous with
constant curvature. In the last several decades, geometric evolution equations
have proved to be highly effective in finding these metrics. The aim of this
thesis is to study a natural coupling of two such equations, namely, the Ricci
flow and the Yang-Mills heat flow. Roughly speaking, both of these equations
are heat equations, thus we expect certain behaviors characteristic of parabolic

equations.

In 1982, Richard Hamilton [10] proposed the Ricci flow as a means to
study 3-manifolds with positive Ricci curvature. Specifically, let (M™, g) be an
n-dimensional Riemannian manifold with metric g. The Ricci flow equations
are defined to be

5 = 28, (1.1)

where Rc is the Ricci curvature of g. In his seminal paper, Hamilton showed
that a closed 3-manifold with positive Ricci curvature is diffeomorphic to a
spherical space form, thus that it admits a metric of constant sectional curva-

ture.



Hamilton developed a program intending to use Ricci flow to prove
Thurston’s geometrization conjecture, which states that every closed manifold
admits a geometric decomposition. Hamilton’s papers yielded great progress
towards this goal, studying a multitude of topics such as singularity formu-
lation [12], compactness theorems [11], and nonsingular solutions [13]. The
recent work of Grisha Perelman, which in particular combined comparison ge-
ometry and partial differential equations, has provided much progress in the
direction of studying geometrization [21], [22]. Additionally, Ricci flow has
proven to be a very fruitful area of study in its own right (for overviews, see,
e.g., [5], [6]).

On the other hand, the Yang-Mills heat flow is a gauge-theoretic heat
equation; that is, it is a differential equation for a field on a principal fiber
bundle. Let P be a smooth principal G-bundle over a smooth closed manifold
M. If A is a connection on P, then A yields an exterior covariant derivative,
denoted D4, that acts on k-forms with values in G, the lie algebra of GG. The
curvature of A is then F(A) = D4A. We can define the Yang-Mills energy to
be

1
YM(A) = —/ |F(A)|*dV. (1.2)
2 Ju
The L? gradient flow for this functional is the Yang-Mills heat flow:

0A

57 = ~DaF(A), (1.3)

where D7 is the formal adjoint of D 4. The Yang-Mills heat flow was first used

by Atiyah and Bott [1] and by Simon Donaldson [8]. Atiyah and Bott used the



Yang-Mills heat flow to study the topology of minimal Yang Mills connections.
Donaldson used it to give an analytic proof of a theorem of Narasimhan and
Seshadri concerning the relation between stable holomorphic vector bundles
and equivalence classes of Yang-Mills connections. Johan Rade [23] studied
the behavior of the Yang-Mills heat flow in two and three dimensions and was

able to use a technique of L. Simon to show that solutions converge as t — co.

Let P be a U(1)-bundle over a compact manifold. One can choose a
metric on P such that the Ricci flow equations, with the additional hypothesis

that the size of the fiber remains fixed, yield the Ricci Yang-Mills flow:

% = —2Rc+ F* (1.4a)
oa

— = —d*F. 1.4b
T (1.4b)

We would like to use this flow to find the “best” metric on P, and
more specifically, we would like to use the bundle curvature to control the
flow because the bundle curvature behaves very nicely under this flow and is
less complicated than the other curvature tensors. This in part explains the
assumption on the size of the fiber; fixing it allows the effect of F' to be more
pronounced. As we will see below, the difference in signs that terms involving
F add to the Ricci tensor of the bundle implies that the bundle metric will
certainly not be Einstein. The canonical metric one should hope for is an
FEinstein Yang-Mills metric; namely, one that is Einstein on the base and that

has a Yang-Mills connection.



Let us consider a very simple example of Ricci Yang-Mills flow in di-

mension 2. We can compare it to that of Ricci flow.

Let M = S? be the 2-sphere, and suppose we have a metric on S? of

the form

where g is the constant curvature metric having R = 2. Now, the Ricci flow

equation on S? becomes

dg dd .

—:—~:—R :—R~:—2~’

ot dt 9 g g 9;
ie. € = —2. Solutions to this equation are of the form ®(t) = ®(0) — 2t, so
the solution exists until 7' = @ when the manifold shrinks to a round point.

Now let P be a U(1)-bundle over S? having a a fixed Yang-Mills con-
nection with F(a) = CdV;. Here C is some fixed constant. In Lemma
5.3.2, we will explicitly compute the possible values of C'. Notice that then
FfFy; = 3|FPg = g—;g. Then the Ricci Yang-Mills flow becomes

@ _ ,
dt 20’
Oa

— =0.

dt

Solutions to this equation exist for all time, since & = %2 is an asymptotically
stable fixed point. Thus we see that including the bundle curvature allows
us to avoid the finite time singularity that occurs with Ricci flow. A goal of
studying the Ricci Yang-Mills flow would be to find conditions on the bundle

curvature such that one could flow past singularities. This example is also



instructive in that it demonstrates the lack of scale-invariance in the equation.

This will prove to be both a boon and a hindrance in the analysis to come.

We would like to give a brief overview of the contents of this thesis. In
the remainder of Chapter 1, we discuss the derivation of the Ricci Yang-Mills
flow using a particular metric on a principal bundle. We also compute the
evolution equations for several quantities that will be useful later. In Chap-
ter 2, we use the gauge fixing argument of DeTurck to show the short time
existence of the Ricci Yang-Mills flow. We also show uniqueness of solutions.
We study obstructions to long time existence in Chapter 3 and prove a com-
pactness theorem for the flow, thereby laying the groundwork for singularity
analysis. Chapter 4 focuses primarily on monotonic quantities for the Ricci
Yang-Mills flow; in particular, we are able to follow ideas of Perelman and
show that RYM can be thought of as a gradient flow. We also briefly consider
solitons and breathers. Finally, in Chapter 5, we use maximal regularity the-
ory to study the stability of the Ricci Yang-Mills flow at Einstein Yang-Mills

metrics.

The Ricci Yang-Mills flow has been studied simultaneously and inde-
pendently by Jeffrey Streets in [25] and [26]. He has considered the flow in

both the two and four dimensional cases.

1.1 Derivation of the Equations

We would like to show how the Ricci Yang-Mills equations can be de-

rived from the Ricci flow equations on a principal bundle. Our specific setting



is as follows. Let M be a closed Riemannian manifold with metric g, and let
U C M be a local coordinate chart with coordinates {z'}"_,. Let G be a com-
pact Lie group with smooth metric g parametrized by the base. Let {y?}7 1
be local coordinates on GG. Then let m: P — M be a principal G-bundle over
M, having connection A. We consider a metric h on the total space P of the
form

h = gijdxidxj + g9p(dye + azdl’k)(dy” + afd]?l).

Here, a = 0*A, where o : U — P is a smooth local section. We have the
following basis for one-forms: dz' = dx' and dz’ = dy’ + aldz’ with the
0 0_0

@—ai@ andegza—yg.

corresponding frame e; =

We would like to compute the various curvature quantities in terms
of this metric. In the computations to follow, lower case indices will denote
quantities on the base, Greek indices will denote quantities on the fiber, and
capital indices will indicate both. Additionally underlined quantities are com-
puted with respect to the metric on the base and quantities with a bar are
with respect to the fiber metric. F' will carry two sets of indices. The Roman
ones will correspond to indices on the base. We will always raise or lower the

first of these with respect to g. The Greek index will represent the bundle

index; it can be raised or lowered with respect to g.

In order to derive the Ricci Yang-Mills equations, we would like to make

the following two assumptions:

9=0,

gle



2. Vg =0.

As we stated previously, we will see that assumption 1 is important given the
difference of sign in the Ricci tensor for terms involving F. Assumption 2
implies that g is constant along M. Essentially these requirements amount to
keeping the size of the fiber fixed. We will see through the course of the com-

putations that these assumptions result in a natural set of coupled equations.

To begin our computations, we define the structure constants C};, of

the bundle to be

C']\P“,ep = [BM,SN].

Lemma 1.1.1. The only non-zero structure constants are of the form

0 _ _ 10
Ci; = —Fj-
Proof. Consider first C% . We have

C’ijyeM = [e;, €]

L0 0 00
S toxt oyt oxd T oym
L0 9, ,0 9., 0 0. ,0 .0
- [axﬂ (9:1:‘1] [ai ay@’ 8373] [axpaj ay“] + [ai ayg?aj ay“]
9,0 ,0 0 9, ,0. L0 0
=00\ o) T o an o) T Gyn o
_ 9 w0 9 w0
T oy Dt ' oYM
0
0
~ gy



since our structure group is Abelian. In a similar fashion, we compute

Cy e = [ei, e
0,00
- [aIZ a’z‘ ay“’ 8y9]
9 8, .0 0
- [%7 aye] - [az’ 8y/" 8@/’]

=0.

Finally, we have

C’é\zeM = [eg, €,]
.0 0
= 0.

]

Lemma 1.1.2. The Christoffel symbols are given by the following equations:

k _ 1k a _ _1pa
U5 =Ly, I% = —3Fj,

m o __ 1k a
Fie - _§F9i7 Fie - O;

kK _ P _ TP
Fep—(), F#Q_Fw.

Proof. Recall the formula for the Christoffel symbols with respect to a frame:

F%hMK = 1(GI(hJK) +ej(hkr) —ex(hiy)
(1.5)

2

We compute as follows, first for I'/} hy:
1

5 (€ilhge) + ej(hui) — ex(hig) + Ciihnk — Clihni + Ciihay)
- Fmgmkz

T e =



o (e}
Now consider I'f;hq,.

(e 1 n n
Tihap = 5(eilhp) + €(hpi) = ep(hij) + Ciihyup — Cfphun + Cliin;)

1

= _QFil;gup'

For I'lg Ay, we have

1
g b = §(€i(h9kz) + eg(hii) — ex(hig) + Clyhnr, — Chhni + Crihao)

1
— —F%G.0.
2 k‘zg 0

Additionally, we have the computation for I'{h,,.

1
Liphap = _(ei(hﬂp) + eG(hpi) - e/)(hié) + Cfé)hup - Cgphm‘ + C,?iha9>

2

= 07
since we assume Vg = 0. Similarly, F’gp = —%Zk gop = 0. Finally, it is easy to
see that I, =T, O

Now that we have the formulae for the Christoffel symbols, we can compute

the components of the curvature tensor.

Lemma 1.1.3. The curvature tensor is given by

I _ pl 1 ol 1 a1l 1 o ol
Rl =R, +1FgF, — 1Fapl — 1FaF,

) 47 kT at 4 ij* ak
o __ 1 0 0
Rz‘jk - §(ZjFik - ZzF]k)v

I 1w
Ry, = 11, F%

D’



8
R 130"

Opp

Proof. The components of the curvature tensor can be computed using the

formula
Ry =er(Thg) —es(Trg) + DY liy — D1kl — Ok

Consider first R!

ijk*

Réjk = 6i(F§k) —e;(Th) + F?}crém + F?kréa - Fi-Zfém - Fgeré'a - f;rlak
1 1

1
=R o a ol o 1l
- Eijk + ZlFikFaz’ - ZEkFa]‘ - §FijFak

9

Now we compute 1.

R?jk = ei<rgk> - ej(ka) + F;'rllvF?m + F?kF?a - F%F}o‘m — Fizfﬁa - Ciajrik
1
= 5(61(_ka) - ej(_Fiek) - Eé‘kFg + FikFggz)
1
= 5(23'5% - ziF;'ek)'
Then we look at ngj o

Ry, =eo(I",) —e;(T,) + ngrgu + I8 Ty — rgprgu — T = Gl
1

l

1)

Now we compute I, .

Rpyio = eu(Tg) — €(Tpg) + T3l + T3l — DL — T5 T — Cuiilgg

=0.

10



Finally we consider R(, -

Rf 5o = eu(T55) — e(T0g) + Tl 4+ L3I0, — gl — Tl — ChsThry

_ PP
= Ruﬁﬁ'

Lemma 1.1.4. The components of the Ricci tensor have the form

_ 1 161
Rjk - Eij - §Fj F(?lk;

Proof. We first consider R;;.

Rjk = gMNRMjkN

= gilRijkl + §9pRejkp

; 1 1 1 3 1
= 9" (R + 1L e Foii — 4FmFeu - §F£~Felk) + 99”(—1175}1’9@)
1
=R,; — - F/'Fo.
=27 2

Next consider R;,.
Ry, = g™V Rujun
= gikRijuk + gepRGjup

= glk(z F;Lgk V F;sz)



Finally we have the computation for R,,,.

Ry =9 MY Ry ppN

= gini/w‘ + geaR(?upa

1
O
Lemma 1.1.5. The scalar curvature is given by R = R — 1|F|2.
Proof. We have
R=g¢""Ryy
— ginij + gﬂpRup
1 1 .
=R-—- éFalkFem + 7 iy
1
=R -|F|*.
B 4p
UJ

Let us now consider this metric on a U(1)-bundle. In this setting,
we can suppress the bundle indices, as the connection and its curvature are
actually a 1-form and a 2-form respectively on the base. If we let % = —2Rc

with our previously stated assumptions, we obtain the following system of

equations:
3
== 2Ry + FiF,, (1.6a)
8ai

12



We call these equations the Ricci Yang-Mills flow (RYM). Most of our results
are concerning Ricci Yang-Mills flow on a surface; i.e. the base manifold will
be two-dimensional. Notice that in this case, we can simplify F[F};, which
for simplicity, we will denote as 2. () is symmetric, so we can choose an
orthonormal basis such that 2 is diagonalized; i.e.
A1 0O
= < 0 Ay > '
However, we claim that Ay = Ay. In this basis, we have

Oy =FuFu+Faly = A
Mo = FuuFip+ FoFpy = 0
Qo1 = Figb1y + FoFo = 0
Qog = Frakia + FoaFyy = g,
Since Fiy = —Fy;, the second or third equation implies that Fij; — Fy = 0.

However, F' is tracefree, so in this basis Fi; + Foo = 0. Thus Fi; = Fy = 0.
Then F221 = )\1 and F122 = )\2. ThUS, /\1 = )\2.

Then we have the following computation in this basis: [Q> = 2A? and
|[F|* = 4X}. So |Q> — 1|F|* = 0. Notice that this implies that the tracefree
quantity €;; == Q — 2|F2g;; = 0 because Q2 = |Q? = |F2tr,(Q) + HNEI* =
Q| — L|F|*. So in dimension 2, we can instead write the Ricci Yang-Mills

equations as

o = Rgu+ AR (1.7a)
(9ai

= —d*F;. 1.7b

pn (1.7b)

13



1.2 Evolution Equations

We would like to compute the evolution equations of various geometric
quantities that will prove useful in the sequel. For the rest of the paper, we will
use equation (1.7) unless otherwise stated. We will also drop the notation g
for the base metric and choose just to write g. For more detail about standard

variation formulas, see Chapter 3 of [5].

Lemma 1.2.1. The Christoffel symbols Ffj evolve by
0
ot

where ¢ = —R + 3|F|*.

1
Ffj = §(vi¢5§c + ngzﬁéf - Vk(bgij)u (1.8)

Proof. We use equation (1.5) to compute the variation of Ffj Since structure

constants of the form ij are zero, we have

0 1 1
EFZ‘ = 5(3t9kl)(€i(gﬂ) + ¢;(gi) — ei(gij)) + 59“(@@(%1) + Ovej(gu) — Orei(gij))
1
= (—o)T}; + 59“(%(@%1) + €;(0rgn) — e1(0rgis))
= ()Tl + S (Vi(8)6} + V,60F — T¥o,)

1
+ 59" Ot + T3 gm + Uit + Tji Gim = T3 G — T Gim),

where we used 8%9 gi; = 0 in the second equality and the fact that 0 = V,g;;, =
ei(gjr) — Ui gmk — Tigjm in the third. Notice that I — I = Cj' = 0 and
similarly for I/} — I'7?. We are left with

0 1

arfj = (—ﬁb)Ffj + §(Vz‘(¢)5§ + V088 — Vigy;) + ¢Ffj
1

= §(V¢(¢)5§C + V607 — V¥igy;).

14



Lemma 1.2.2. The variation of the scalar curvature is given by

) 1
5= AR — §A|F|2+2R2 — R|FJ?. (1.9)

Proof. We would like to wuse the standard variation formula

0R =—AH + VPVih,, — (h, Rc), where H = tr,h.

3 1 1
R =—A(g7(—Rg;; + §\Fl29zj)) + VPVY(—Rgpq + §\F!29pg)
1 R
— ((—Rgi; + §|F|2gz‘j), 59¢j>

= 9AR— A|FP ~ AR~ AR+ JA|F]* + 2R — RIFP

1
= AR — 5A|F|2 +2R* — R|F|%.

O
Lemma 1.2.3. The bundle curvature F' evolves by
0 F =AF (1.10)
ot~ '
and |F|?* evolves by
9\ 2 2 2 2 4
E‘ﬂ = A|F|* = 2|VF|* +2R|F|* — |F|*. (1.11)

Proof. First we consider the evolution of F. Since our structure group is

abelian, F' = da. Thus we can compute

atF = d@ta = —dd*F

15



By the Bianchi identity, dF' = 0. Thus we can write the evolution equation of
F as
OF = —dd*F — dd*F = A4F.

We claim that on a surface, the Hodge Laplacian on 2-forms is equivalent to
the rough Laplacian. Recall the following standard formula, where « is some
2-form:

Aqoij = Aayj + gkpglqRijklapq - gklRikalj - gklekoéu-
On a surface, R;ji = %(gilgjk-_gikgjl) and I;; = %gij. Plugging these identities
into the equation above yields the result.

Next we consider the evolution of |F|? with respect to the evolving

metric g(t).

8t|F|2 = at(gijgklEijz)
.. 1 .. ..
= 2(Rg" — 5 |F*g")g" FiuFy + 297 g" AaFir
= 29U M N Fy, Fjy + 2R|F|? — | F|*

= A|F|> = 2|VF* + 2R|F)* — |F|".

[
Lemma 1.2.4. d*F obeys the following evolution equation:
a * * 1 2\ g* 7 1 2

SAF; = AT+ S(R— [FP)'F; - V(R = J|FP)Fe. (112)

16



Proof. We would like to use that d*F; = —gikaFij and to compute the evo-
lution of g@'jviij.
09"V iFj = 0/(9”)V' Fji + V70, Fyy, — g7 (0T Fy — Tij Fjm)
= —¢V' Fjy, + VI AF), — VI (¢) Fy,
where we use equation (1.8) to obtain the final term. All that remains is to

commute V and A. Using the standard commutator formulas, one can easily

show that V/AF), = AVIFy, — %Vijk. The result follows. O

The variation of other geometric quantities can be computed in a similar fash-

on.

17



Chapter 2

Short-time Existence and Uniqueness

2.1 Short-time Existence

In 1982 Richard Hamilton proposed the Ricci flow equations for a Rie-
mannian manifold [10]:
9y

99 _ _9p
ot ¢

Due to the diffeomorphism invariance of the Ricci tensor, this is only a weakly
parabolic system of equations, so one cannot directly apply parabolic theory
to the problem of short-time existence of solutions. Hamilton initially proved
that solutions to Ricci flow do exist by using the Nash-Moser implicit function
theorem. However, in 1983, Dennis DeTurck showed short-time existence by
defining a modified flow that was parabolic and that differed from Ricci flow

only by a one parameter family of diffeomorphisms [7].

We would like to use DeTurck’s method to prove short-time existence
for equations (1.6), which are essentially the Yang-Mills heat equation cou-
pled to the Ricci flow. Our flow is not the full Ricci flow, as we make some
simplifying assumptions. Thus short-time existence of our system does not
follow directly from that of Ricci flow. We are instead left with a system of

two coupled weakly parabolic equations.

18



We want to define a modified Ricci Yang-Mills flow (GRYM) that is
parabolic and such that solutions to GRYM differ from those of RYM only by
diffeomorphisms. We will then appeal to parabolic existence theory, as in [7],
to get existence of solutions (g, a) to GRYM on some interval [0, €). By pulling

back those solutions, we will obtain the solution to RYM (g, a).

We notice that neither of our equations are parabolic-equation (1.6a)
due to diffeomorphism invariance and equation (1.6b) due to gauge invariance.
We would like to break this symmetry. So we define the modified flow as
DeTurck does: We make the standard choice of vector field, as used in short
time existence proofs. Namely, let W* = ¢"(T'}; — f‘fj), for k = 1,...,n,
where T is the Christoffel symbol with respect to a fixed background metric
§. Additionally, let A be a fixed connection on P. If A = A(t) is a time-
dependent connection on P, then the difference a(t) := A — A is a one-form
on M. Then we can let W™t = —d*(A — A) = —d*a. We can compute the

lie derivative of h with respect to W as follows. Let 7,7 =1,...,n. Then

= 'E-’ngj - F?].“Wn“ - F?Z-Jrlwnﬂ
1

* 1 %
JLi(=d'a) = S Fj(=d’a)

=Lwgi; — 5

= Lngj-

19



Similarly, we have that
Lwhiny1 = ViWni1 + Vil Wi
= —Vid*a
== —dd*ai.

Finally, one can see that Ly h,y1,01 = 0. Thus we are motivated to define

the modified Ricci Yang-Mills flow (GRYM) to be

05
da;
. = —d*FZ - dd* - 21b
5 a (2.1b)

Both of the equations are parabolic, so standard parabolic existence
theory implies that we have solutions (g,a) on some time interval [0,¢). We
can also notice that the one parameter family of vector fields W (t) exists as
long as solutions do and that they can be used to generate a one parameter

family of diffeomorphisms ¢, via the equations:

2 0u(p) = ~W(61(p). 1)

$o = tdy.

We claim that ¢;h, under the same assumptions as before, solves our RYM

20



equations. Using equation (1.6a), we see

0

(619 = | (Gl +5)

s=0
0 0
— Gl + | )
s=0

= 0y (=2Re(g(t)) + Lw,g(t) + F*(g(1)) — L gor).w, ($19(1))
= —2Rc(¢g(t)) + i Lwig(t) + (F*(¢19(t)) — d;Lwig(1))

= —2Rc(¢rg(t)) + F2(¢rg(1)).

(c.f. [5]) A similar computation for a yields

o . 0
&@at— %

<¢:+sat+s>
s=0

. 0 0 .
= ¢t(§at) + %LO Py st

0
= ¢y (—d*F — dd*a) + — (67" © deys)*dra)

s s=0
= ¢y (—d*F) + ¢;Lwa — L(d);l)*v(qﬁ;“a)

= —d"F(¢ja).

So we see that (¢;a, ¢fg) does indeed solve RYM on [0,¢), and so we have

proved the following theorem:

Theorem 2.1.1. There exists an € > 0 such that the Ricci Yang-Mills equa-

tions have a solution (g,a) fort in the interval [0, €).
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2.2 Uniqueness

We would like to prove the uniqueness of solutions to the Ricci Yang-
Mills flow. We will use a technique similar to that in Chapter 3 of [5]; namely,
we will show that the DeTurck diffeomorphisms satisfy a certain set of equa-

tions that will guarantee uniqueness.

Fix a background metric § on M and a background connection A on P.
Suppose that (g1(t),a:1(t)) and (g2(t), as(t)) are solutions to the Ricei Yang-
Mills flow on the same time interval with the same initial data. For i = 1,2,
let (¢); denote the solution of the harmonic map heat flow with respect to gi;
ie.

(1) = Agy 5(d1):- (2.2)
Similarly, let (¢5); denote the solution of the harmonic map heat flow with

respect to go. In addition, for j = 1,2, let (¢?); denote the solution to
(¢3) = —d*ay, (2.3)
where @; = A; — A. One can then see that
(91(t); a1(t)) == ((¢1)eGa (1), (1) s (1))
(92(); as(t)) == ((93)eG(t), (63)x(t))

are both solutions to equation (2.1). Notice that (g1(0), a1(0)) = (g2(0), a2(0)).
Since equation (2.1) is parabolic, it has unique solutions, and so (g1(t), a1(t)) =
(ga(t),as(t)) for as long as the solutions exist. But then (¢}); and (¢}); are

solutions to ODE generated by the same vector fields W# = —g?4(TF, — f’;q),
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i =1,2 and W3 = —d*(A — A). Hence, as long as they are defined, (¢%), =
(¢5)¢. Thus (g1,a1) = (g2, a2), and so solutions to the Ricci Yang-Mills Flow

are unique.
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Chapter 3

Long-time Behavior

3.1 Derivative Estimates and Long-time Existence

We would like to study aspects of the long-time behavior of the Ricci
Yang-Mills flow. As in the case of Ricci flow, we establish derivative bounds
for the Ricci Yang-Mills flow that hold for a short time, assuming certain
curvature conditions. We then prove a long-time existence result analogous
to that of Ricci flow. Finally, we prove a compactness theorem for the Ricci

Yang-Mills flow and lay the groundwork for singularity analysis.

First, we would like to consider the following Bernstein-Bando-Shi

derivative estimates.

Proposition 3.1.1. (A priori estimates) Let (M?,g(t),a(t)) be a solution to
the Ricci Yang-Mills flow. For every a > 0 and for every m € N, there exists

a constant C,, depending on m, max{«, 1}, and K such that if
B D]y, |, 8)[3( ) < K for all € M? and t € [0, ]
then

Cn,
|V F(z,t)]* + V"' R(z,t)]* < gl for all v € M? and t € (0, %] (3.1)
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In order to prove Proposition 3.1.1, we will need the following evolution
equations. We use notation introduced in [5]; namely, that if A and B are any
tensors, then A x B denotes any quantity obtained from the tensor product of
A and B and/or from contraction with the metric. By A*" we mean Ax*---x A
n-times. Much of the analysis in this section is strongly motivated by that

done for the Ricci flow in Chapter 7 of [5].
Lemma 3.1.2. The following evolution equations hold:
R =AR?—2|VR>*+ VVF«F« R+ VF*” « R+ R* + R « F*,

HIVEPR = AIVF|? = 2|VVF]?+ R« VF* + VR« F«VEF + F* « VF*.

Proof. Using equation (1.9), we recall the evolution of R to be
2 2 R
OR=AR+A|F|*+ R —§|F| .

Then, notice that the term A|F|? can be rewritten as VVF x F + VF x VF.

So the first equation follows.

To compute the evolution of |V F|?, we notice first of all that
In our case, ;' = VR + F x VF, as in equation 1.8, so we can compute

O|VF|? =2(0,VF,VF) + 8,9 x F*
—2(AVF + R«VF +VR*F+ F «VFEVF)+ (R+ F")« VF*

= A|VF]? = 2|VVF]?+ R+« VF* + VRx F«VF + F* « VF*

as required. O
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Proof. (of Proposition) We will compute in detail our first BBS-estimate, and
then sketch the proof for the higher derivatives. We compute the evolution of
|[VF|>+ R% In the computation, we would like to use the —2|VV F|? term to
control the second derivative of F term that appears in the equation for R2.
Conversely, we use the —2|VR|? term to control the corresponding term that
appears in the equation for |V F|%. We accomplish this by repeated application
of the Cauchy-Schwartz inequality. This will be our strategy throughout these

estimates.
O(|[VE* + R*) < A|VF|? = 2|VVFE]? + ¢|R||VF|? + |VR|? + c|F|*|VF|?
+ AR? = 2|VR]* + |VVF|* + ¢|F|?R* + ¢|R||VF|?
+[R®
< A(|VF|PP+ R?) — [VVF|? = VR + ¢|[VF*(|R| + |F|?)
+c|F|?R* + |R|?,
where ¢ depends only on the dimension and may change from line to line.

We do not assume an initial bound on |[VF|?, so we define a quantity
G =t(|VF)? + R?) + B|F|* and use the "good” —B|VF|? term to control the

"bad” term in the evolution of [VF|? + R?. Then we have that G satisfies
0,G < AG+|VF|*(ct|R|+ct|F|*4+1—28)+ct|F|*R*+t|R|*+ B|R||F|*+ 6| F|".
By assumption, |R|,|F|* < K on [0, %), so on this interval, we have

0,G < AG+ |VF|*(ca+1—28) + cK?a + BK* + BK*.
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Then, by letting 8 > = on the interval [0, ], we have
0,G < AG + ¢fK?* + ¢BK3.
So the maximum principle implies
sup G(z,t) < BK +t(cBK? + cBK?) < BK(1 +a+aK) < Cy.

Thus

IVEP? + R* < Cl

on [0, %) as required.

Now we would like to generalize this procedure to higher derivatives.
First we would like to compute the evolution equations of V¥F and V*R. In
both computations, we use the commutator formula
k
[VEAJA=) VRxVFIA,
§=0
where A is any tensor. As before ¢ denotes some arbitrary constant that

depends only on k£ and K and which may change from line to line.

9 b k
8tv = V¥(

OF

k—1
| -
at)Jr]Z_;VJ(VRJrVF*F)*V IF

N

k 1 ,]
= vaF + Z VJR * VkijF —|— Z Vn+1F * VanF * vk‘flij
j=0 —0

n

x> .
= o

k j
— AVkF—FZVjR*V’“*jF—I— ZanrlF*vjan*kalij.

j=0 j=0 n=0

<.
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Similarly

B aR —
- k ] k‘l]
- ViR = VH( (5 +Zv (VR+VF «F)« V¥R
:V(AR+VVF*F+VF*+R2+R*F*)
k—1
+Y VI(VR+VF«F)« V'R
=0

k k
— AVFR + Z VR*VF IR+ Z V2R« VIR

j=0 =0
k k—j

+ZVJ“F*V’““ 3F+ZZVJR*V”F*Vk i
j=0 j=0 n=0

We can then use these formulas to compute the evolution equations for

IVEF|? and |V*R)2.
|ka|2 (OVFE,V*F) + (R+ F7) « (VEF)*

k
= AVFFP? 2]V FPP + Y VR« V¥ F « V'F

§=0
k-1 g

+Y Y VT« VI P« VIR« VR,
7=0 n=0

Then |V¥F|? satisfies the differential inequality

) k , .
a|V’€F|2 < A|VFF|? = 2[V*FIP 4+ (| V/R| |V F||VFF

§=0
k=1 j

DI v alizadalivassialiial
=0 n=0
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Similarly, we have

k
%\kaP = AIV*R? = 2[V*"'R]? + > VIR« V¥ Rx V'R

=0

k
+Y VMR« VIF « VR
=0
k
+Y VI« VR« VAR
7=0
k k—j
+3Y Y VR« V'"FxVFI"F« V'R,

=0 n=0
so that

k
%WkR\Q < A|VFR]? = 2]V*R]> + ) " ¢|VIR||V*/R||V*R|

J=0

k
+ > | VHEIR| V|| VER

J=0

k
+ ) o VRV F| VR
=0
k k—j
+3 N VIRV E||VF I F|VER].

7=0 n=0
Now we would like to use induction to prove that equation (3.1) holds for

|[VNF|? + |[VN-IR|?. Suppose that on the time interval (0, £], we have

C
kel<. . <N-1, |ka|2gt—:

and for

kel<...<N-2 |[V'RP’<
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Notice that for such k, the following inequalities hold:

9\ ok 2 k)2 k41 12 C c
aw F|* < A|VFF|? = 2|V*TF| +_tk+% —i—t—k,
and
o k|2 k+1 |2 c
EW R]* < A|VFR|* = 2|V*R|* + prsy +—tk+%.

As we did previously, we will use Cauchy-Schwartz and the —2|VN*1F|? and
—2|VN R|? terms to bound the corresponding term appearing in the evolution

of [VN7IR|? and |V F|?, respectively. Then we have

T (VNFP + [V RP) < ATV FP + [V R 209V B~ 20V RP

C

+ ez IVYE| 4 ¢|R||VVF|? + ¢|[VNIR||VE||VV F|

4 o|VVR||F|[VNF| + t%lVNF] n ﬂ%yleR\
+ | RV TR 4 ¢ VN TR F||[VYR|

c

4 o|VVF||VF|[VYIR| + tiN\leRy + s IVN-LR|

2
< A(VVFP? + |VVLRP) — 2[VVHE)2 — 2|V RP?
+ [TV FP 4 RIVYEP 4 VY FP
2

+ | VN IR 4+ VYR 4 | VN F?

&
N+1
t 2

|VN71R’ + ’RHVNflR‘Z + |VN+1F‘2

C
+ —|VVF| +
t2

VN TRE 4 GIVYEP 4 VY RE 4+ VYR

&
+ =~
1t 2

VAR
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Combining like terms, we see that

%OVNFP + |VN71R|2) S A(|VNF‘2 + |VN71R’2) o |VN+1F‘2 o |VNR‘2

C C C

+ |VN71R’( ~o1 T T E)
t 2 12 2
4 VNTIR? + §|VNF]2 + VR
& C
+|VYF|(5z + )
t =2 t2
Now we would like to define G to be
N-1
G = tN(’VNF|2+ ‘VNflRIQ)_i_BN Z thk(‘vakF‘Z_i_ |vak71R’2)_|_Bl‘F‘2'

k=1

Then using the above computations, we see that G satisfies

%_Cj < AG — tvaNR|2 . tN|vN+1F|2 + C|VN71R‘2(tN71 + tN _|_tN+1>

+ | VN FPPN T 4
4 By SN — RV (SR ER 4 SRR
o
+ tN_k(:?t(|VN_kF|2 +[VYTFIRP)) + 510, FI* + c.
We use the good t"1(|V*F|? + |[V*1R|?) terms to control those bad terms

above for all £ < N. In a manner exactly analogous to the single derivative

case, we obtain, on the interval (0, ], an estimate of the form
0,G < AG + (C = BN HYVNFP? 4 (C = )t VYR 4-c.
So we choose (B large enough to make those terms negative, and we obtain
oG < AG +c.
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Notice that our assumption on |F|? implies that G is bounded at ¢t = 0. Then
using the maximum principle, we have

sup G < c+ct <Cy
xeM

on [0, %), where Cy depends on N, K and the dimension. Thus,

- Cy
VYFP+ [VYIRP < —

on the same time interval, and our proposition is proved. O

We can extend these estimates to obtain bounds on the curvatures and all of

their derivatives on a finite time interval.

Corollary 3.1.3. Let (M? g(t),a(t)) be a solution of the Ricci Yang-Mills
flow. If there exists 3 > 0 and K > 0 such that |R|(z,t) < K and |F|*(z,t) <

K for allz € M? and t € [0,T), where T > 2

=, then for all m € N, there

exists a constant C,, depending only on m and min((, 1) such that

|va|2 4 |vm—1R|2 S Cme’

for all x € M? and t € [22ED 7],

Proof. The proof follows that in [5]. Let £, := min(8,1). Let t5 € [%,T] be

arbitrary, and define Ty := to — % Additionally, let t = t — T,. We define
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(g(t),a(t)) to be the solution of the initial value problem

09 o 1,
5 = 1+ SlEg
dga -

S =—dF
9(0) = 9(To)
a(0) = a(Ty).

Since solutions to the Ricci Yang-Mills flow are unique, g(t) = g(t+Tp) = g(t)

and a(f) = a(t + Tp) = a(t) for t € [0,2]. We assume that |[R| < K and

|F|? < K for all + € M? and t € [0, %], so that we can apply our BBS

estimates with a@ = 3;. Then we are guaranteed constants C,, such that

C

m
tm

VT F 4 [V R <

for all 2 € M? and € [0, £]. Notice that for £ € [2L, 2], we have ™ > 2,;?}72,,1.

Taking t = %, we see that

2mK™Cy,
[V F (2, t0)]” + [V R(2, to)[? < ———,
i
for all x € M?. The result follows, since t, was arbitrary. ]

We would also like to derive a quadrupling time estimate analogous to
the doubling time estimate of Ricci flow. The difference is the exponent in the
applicable evolution equation. Recall the form of the Ricci tensor on the total
space of the bundle. It contains the terms R, |F|?, and d*F. So we will define
® to be a linear combination of R?, |F|*, and |d*F|?, and we will estimate ®.

Notice that this is equivalent to estimating | Rc|?.
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Lemma 3.1.4. Let ® := R* + 2|d*F|? + 2|F|*. Then

0 3
_P < 3,
8t<1> < AP+ CO

Proof. Recall the evolution equations:

1 R
3
O|d*F|? = A|d*F|* = 2|Vd*F|* + 2R|d*F|* — E|Fy2\cz*F|2
+ 2(V/ RFyy,, d* Fy) — (VI |F|* Fyy,, d* Fy,)

O|F|* = AIF|* = 2|V|F|?|* = 2|VF*|F|* + 4R|F|* — 2|F|°.

We would like to estimate the term (V?|F|?Fjy, d* F) as follows:

[VIEPP [Pl FP
2 * 2
PPl FP
s

(VP Ej, d'Fy) <

< 2|IVFPY|F|* +
Then (estimating the other bad terms as in the previous theorem), we have
0,® < AD —2R|VF|* + 2R® + AR|d*F|* + 4R|F|* — 4| F|°.
Using the standard inequality that |Z|* > L|¢r,Z|?, we find

0,® < AP+ 2R* + 2R|d*F|* + 4R|F|*
< A® +|RP +|R]|®| + 2| R|| F|*

<AD + [Pz,

as required.
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Corollary 3.1.5. (Quadrupling-time Estimate) There exists a ¢ > 0 such that
if (M?,g(t),a(t)) is a solution of the Ricci Yang-Mills flow on [0,7) and
M(t) := sup ®(z,1),
zEM?
then
c

M(t) <4M(0) for all times 0 <t < min{7T, ———1}.
(1) < 421(0) <t < minfr, )

Proof. Notice that M (t) is a Lipschitz function of time. In the sense of forward

difference quotients, Lemma 3.1.4 implies that M satisfies

A ot
dt
Then
1
M((t) <
()—( L_ 2012’
M(0)

ift < 1 . Let ¢ = 1C. Then for t €

20 2 [07 IIllH{T, m})a

5

M(t) < 4M(0).
O

We can then use the previous facts to give an obstruction to the long
time existence for the Ricci Yang-Mills flow. Just as in the case of Ricci flow,

this obstruction comes in the form of a curvature blow-up.

Theorem 3.1.6. Let M? be a compact manifold. If gy is a smooth metric

and ag is a smooth connection 1-form, then the unique solution (g(t),a(t)) of
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the Ricci Yang-Mills flow such that (g(0),a(0)) = (go, ao) exists on a maximal

time interval 0 <t <T < oo. Moreover, if T < oo, then

lim( sup |®|(x,t)) = oc.
t—T zEM?2

Proof. Let M(t) as above. We would first like to show that if 7" is finite, then

lim sup M (t) = oo.
t—T

As in the proof for Ricci flow, we will prove the contrapositive of this statement.
In particular, suppose that a solution to RYM exists on a maximal finite time
interval and that there exists a K > 0 such that supy., . M(t) < K. Fix a
local coordinate patch U around an arbitrary point z € M? and let 7 € (0,7
be arbitrary. By Lemma 6.49 in [5], a continuous limit metric g(7") exists and

is given by
T 1,
05(8,T) = go7) + [ (~Rois(o.0) + 5| P P (e, )it
Similarly, a continuous limit connection 1-form a(7") exists and is given by
T
a;(x,T) = a;(x,7) — / d*F;(x,t)dt.

Let m € N, and choose « to be a multi-index such that |a| = m. Since I is
bounded by Corollary 3.1.3, it is straightforward to show that all of g%gij,
%R, %Ej, and g%ai are uniformly bounded on Ux [0, T"). From the integral

formulations of g and a above, we see that
T ) = g+ [ (R wt) + SO (PP
axagm ) = axagm y T i s Gij ) 2 O Gij ) )
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and
am

am
P

o™ r
z,T) = %ai(:ﬂﬂ') —/ %d*Fi(x,t)dt.

This implies that (¢(7),a(T)) is smooth and that (g(7),a(r)) — (¢(T),a(T))
in any C™ norm as t — 7. Thus, the short time existence result implies
that there exists a solution (g(t),a(t)) of RYM such that g(0) = ¢(7") and
a(0) = a(T) for 0 <t < e. Since (g(7),a(1)) — (9(T),a(T)) smoothly, we can
extend the solution past T with the same initial data (go, ag). This contradicts

the maximality of T'.

Now we would like to replace the limsup with an actual limit. Again,
suppose the theorem is false. Then there exists Ky < oo and a sequence
of times t; / T such that M(t;) < Ky. Corollary 3.1.5 implies that there
exists a ¢ > 0 such that M(t) < 4M(t;) < 4K, for all t such that ¢; <t <

min (7T, ¢; + K%) Asi— oo, t; /T, so there is iy such that t;, + K% >T. But

then
sup M(t) < 4K,
tiO <t<T
which is a contradiction. Thus our full theorem is proved. O

We would like to prove a final lemma that shows that bounds on R on

a finite time interval imply bounds on |F|2.

Lemma 3.1.7. Let T < oo and suppose that |R| < C on [0,T]. Then
sup w017 [FI? < C, where C' depends on C and |F|*(0).
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Proof. We recall the evolution of |F|* given in equation (1.11):
O|F|? = A|F|> = 2|VF* + 2R|F|* — |F|*.

Define M (t) := sup,¢, |F|*(¢). Then, if |[R| < C, M satisfies (in the sense of
forward difference quotients)

M a0,
dt

so that M(t) < M(0)e2¢t < M(0)e*T| as required. O

3.2 Compactness

One would like to be able to study the singularity formation of the
Ricci Yang-Mills flow and to compare and contrast it to that of Ricci flow.
The monotonicity formulas in Chapter 4 provide evidence that such analysis
may be possible. Here we lay the groundwork by proving the analogue of
Hamilton’s compactness theorem [11] for the Ricci Yang-Mills flow. Notice
that quantities that are measured with respect to (g, ax) will be denoted
with either a subscript or superscript k. Quantities without such demarcation
are assumed to be measured with respect to a fixed background metric and

connection.
We begin by proving a lemma analogous to Lemma 2.4 in [11].

Lemma 3.2.1. Let (M2, g) be a Riemannian manifold and K C M? a compact
subset. Suppose (gx(t),ax(t)) is a one-parameter family of solutions to the
Ricci Yang-Mills flow defined on neighborhoods of [, w] X K such that o <
O<w. Att=0 on K, let
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i cg(X, X) < ge(X, X) < Cg(X, X),
ii. |[VPgr| < C,, forallp>1,

iii. |VPEy| < C,, for allp > 0.
Assume also

iv. supi, xx ["VPRilr < Cp for all p >0,

V. SUPL, i |FVPFR|e < C for all p > 0.

Then the following holds:

a. ¢g(X, X) < gu(X,X) < Cyg(X,X), on|a,w] x K

b. supy, i VPG| < Cp, for allp > 1,

C. SUP[, xi |VPFR| < C), for allp > 0.

Proof. Let X be a vector field on M2. For all k, we have

1
Ogr(X, X) = =Ry X[ + 5 [ FR[E X T}

S AO|X|i7
by assumptions (iv) and (v). Then

O lngp(X, X) = Ogre(X, X) < Ay,

39



so [0y Ingr(X, X)| < Ap. Throughout the proof of this lemma, we will let

0 <t < w be arbitrary. Then we integrate to obtain

Ings (X, X)) < (X, X)(0) + 0, In gu(X, X)dr

< In g (X, X)(0) 4 Aow.
Then we exponentiate to see that
Agw Agw e
gr(t) < e™¥g(0) < e™“Cyg =: Cy,

where we use assumption (i). We can similarly show that g, (X, X) > ég, and
so (a) is proved. Next we recall the evolution of the Christoffel symbols I

Namely, we have

0Ty —T) ="V R+ F.* *V F.

Then
10,(T, —T)| < C|*V R}, + C|Fp|i| "V Fy| < C =: Ay,

by assumptions (iv) and (v). Since Vg, ~ Ty — ' ~ ¥V — V, we can bound
[Vge| by
10:Vgi| < c|0y(Ty —T)| < eC"0y(Ty, — )| < C' Ay,

where C' comes from (a). Integrating again yields

t
Varl() = [Vau0) + [ 0, gudr]
0
< [V0u(0)] + C' Ao

<O+ C'Aw =: (4,

40



where the third inequality follows from assumption (ii). Now consider |Fy|.

By (a) and (v), we have
|[Fl(t) < C'|Flu(t) < ¢
on [o,w]. Using the fact that V is independent of time, we have

O,VF,=Vo,F,=V*AF,

= (V—=FV)*A B, + *V *A F.
Then by (b) and (v), we have
0,V Fy,| < C|Vai|| *A Filw + C| "V *A Fy| < C.

As above,

t
OV E (1) < [VFL(0) + / 0,V Fyldr < C.
0

In a similar fashion, we write

1
OV? g, = V?0,qp = V*(—Rpgr + §|Fk|i)
= V2R, + V2F, * F}, + VE, * VF},
+ VR % Vg + Ry, Vigp + Fi* Vg,

+ VF}, % Fy, x V.
We can rewrite some of these terms to be
V2R, = (V — *V)dRy + ¥V dRy = Vi * *V Ry, + "V’ Ry,
V2F, = Vi * Vg, * F, + Vg N F,+ kv Vi *x Fp+ Vg OB+ kszk,
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"V Vg =V + (*V = V)Vg. = Vg + Vi * Vi,

VE, «VE, = ((V—="V)F+ "V F) * (V= *V)F, + "'V F)

=V« Vg * Fpx F, + Vg * *V Fy % F, + *V F, « *V F.
Combining all of these terms, we can see that

O,V2g, = Vg YV Ry + *V° R,
+ (Vi * Vi * Fy + Vi * *V Fj, 4+ V2gy, % Fy, + Vg * Vi * F),
LRV E) % Fy 4 Vg % Ve % Fy % Fy + Vi * Fi % PV F,
+ "V B, ¥V F, + ¥V Ry, * Vg + Ry, * Vg,
+ FCxVigy + Vg« Fy
= Ry * Vg, + F,;‘Q * V2g, + "V Ry % Vg
+ "V R+ Vg« F + Vg« *V Fy « F

LRV Fox B+ BV Fx PV R
Thus

2
10, V25| < ¢|Rk||V2g1| + ¢|Fi|?[V2g1| + ¢|Vai|| *V Ri| + ¢| ¥V Ry
2
+ |V Fel? + [V ail | ¥V Fil|[Fel + [V2gi||[Fel* + | *V ™ Fi| | F|
+ | "V B ?
Then we have that |9,V2g.| < C|VZ2gx| + C, and since |VZg|(0) is bounded,

we can integrate to obtain

V2| (1) < Co
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on [o,w]. Similar to the computations above, we have
ONV?Fp = V2O, = V? FA .
We can rewrite V2 *A to be

V2EA F, = (V) =« *A Fp + Vg « *V *A F,

+ V2g, « *A F, + *V2 *A F.
Then

10, V2Fy| < |Var?| *A Fio| + |Vai|| *V A Fy
+ [V2gi|| FA Fy| + | *V? FA Fy
< C| "V Fy| + C|*V? Fy| + ¢ *V* Fy|

<C.

Integrating as before implies that |V?F}| < C%. We would like to derive some

recursion formulas for higher derivatives.

1
OV g = VP(—=Ryg, + §|Fk’i9k)

= Ry« VPg, + F % VP, + *VP Ry + *VP |F[?
p—1

+> EV" Ry« VP g,
n=1

p—1 n
+ Z Z ka Fk * kvnfm Fk * fongk.

n=1 m=0
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Then |0, VPg;| satisfies the following differential inequality.

lﬁtvpgk\ S C’Rkvagk’ -+ c|Fk\2]Vpgk] + C’ kV” Rk‘

p p—1
D A 21 AR S S N v AT vl
n=0 n=1
p—1 n
3OSV BT RV g,
n=1 m=0

By induction, we have that |V"g,| bounded for all n < p. Then we obtain
|0:VPgr| < c|VPgr| + ¢,

so integration yields |VPg,| < C, on [a,w]. We can also derive a formula for

higher derivatives of F'.

O, VPF, = VP *A F,

p—1

= VP RA B+ YAV RA B PV g,
n=0
p—2
+ Zng SRAVAR v VAR NS o)
n=0
p—3
+3 P(Vg, "V V) P EA R
n=0
p—1
= "WYEA B+ P(Vgr,... VP ) = 'V FA B
n=0

where P is some polynomial. Then

p—1
O VP F| < o "V R+ Y e ot
n=0

!
<,
and one more integration yields the desired result. ]
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When we study singularity formation, it is important to have a notion
of convergence that preserves the interesting part of the geometry in the limit.

As such, we want to consider convergence in the pointed category.

Definition 3.2.1. Let P be a principal U(1) bundle with base manifold M,
where M is a complete Riemannian manifold with metric g(¢). Let P have
connection 1-form a(t), and let x € M be a choice of basepoint. An ordered
triple (M, (g,a)(t),x) is said to be a pointed solution to the Ricci Yang-Mills

flow if (M, (g,a)(t)) is a solution to the Ricci Yang-Mills flow.

Then we can define smooth Cheeger-Gromov convergence of solutions

to the Ricci Yang-Mills flow.

Definition 3.2.2. Let (g, ax)(t) be a solution to the Ricci Yang-Mills flow
on [T4,Tp) X My, where M, is complete. Let x; be a base point, and let
M, be a complete Riemannian manifold, (gs,0s) @ solution, and z, a
base point. Then we say the ordered triple (My, (gx, ar)(t), x) converges to
(Moo, (oo, G0 ) (1), Zoo) if there exists a sequence of open sets U, C M, con-
taining x., and a sequence of diffeomorphisms ¢y, : U, — Vi, where V, C My
is open and ¢y (x) = xy, such that any compact set in M, eventually lies in
all of the Uy and gi(t) := ¢rgx(t) and ax(t) := ¢rax(t) converge uniformly to
(oo, oo ) (t) on every compact subset of (T4, Tp) X M., along with all deriva-

tives.

Our compactness theorem will make use of the following theorem of Hamilton
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[11]. In what follows, inj,(x) denotes the injectivity radius of g measured at

the point x.

Theorem 3.2.2. (Hamilton’s Compactness for Metrics) Let {( My, g, k) tren

be a sequence of complete pointed Riemannian manifolds such that
| BVP Ry, < Ch,

for all k and all p > 0, where C, < 0o are independent of k, and
injg, (xr) > 1o > 0.

Then there ezists a subsequence (also denoted with k) such that {( Mg, gk, Tx) }ren
converges to a complete pointed Riemannian manifold (My, goo, Too) @S k —

Q.

Now we can write the compactness theorem for the Ricci Yang-Mills flow.

Theorem 3.2.3. (Compactness) Let T4, To be given such that —oo < Ty <
0 <To < o0. Fizty e (Ta,To). Let (Mg, (gr,ar)(t),zr) be a sequence of

complete solutions to the Ricci Yang-Mills flow for t € [T, To) such that
sup | Ri|x(t) < Co, forallt € (Ta,To),
M,

sup |Fi|x(Ta) < CY.
My,

Suppose also that injg, o)(Tr) > co > 0 at time t = 0. Then there exists a

subsequence converging in the sense of Definition 3.2.2

(Mp, (gk (), ar(t)), 2x) = (Moo, (9oo (), oo (1)) Toc)
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to a complete solution of Ricci Yang-Mills flow such that all derivatives of
R(go) and F(as) are bounded above and the injectivity radius is bounded

below.

Proof. Let (gr,ax)(t) be a sequence of solutions on [T4,Tp) x M such that
|Ri|r < C and |Fy|2(T4) < C. Assume for simplicity that both T4 and Tp are
finite. We also assume that the injectivity radius is bounded below by some
positive constant at time ¢t = 0. Lemma 3.1.7 states that uniform bounds on
| R and initial bounds on |F|? imply uniform bounds on |Fy|? on [T4, To).
By Corollary 3.1.3, we see that our uniform curvature bounds imply uniform
bounds on the derivatives of curvature; namely, | *V"™ F,|2 + | VAl Rz <
C,, for all m > 0. Using Theorem 3.2.2, we can then obtain a subsequence of

(My, gx(0), zx) that converges to a limit (Mu, h, o). In particular,

lim | "V™ (¢5g:(0)) = "V hly = 0,

k—o0

for all m > 0.

We would like to use Lemma 3.2.1 to prove the convergence of (gx, a)
to a limit for all . We will define gp(t) := ¢tgr(t) and ax(t) := ¢rax(t).
Notice that these are defined on (7T4,7p). Let [o,w] C (T4, Tp) such that
0 € [o,w], and let K C M, be compact. Given that g,(0) converges to
h at t = 0, we know that g;(0) is equivalent to h on K. Additionally, we
know that the covariant derivatives of gi(0) with respect to h are uniformly
bounded on {0} x K. By assumption and the equivalence of metrics, |Fj(0)], <
ClE(0)], < C.
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We would like to show that there exist C,, < oo such that | "V |, <
Cp, for all m > 0 at ¢ = 0. Notice that for m > 1, this is equivalent to showing
| "™ Fyln < €7, for some C!, < oo. Then we can use the equivalence of

metrics and the fact that #OV"™ — Y™ at ¢t = 0 to obtain

| "V Ey(0)]n < C1 PV E(0)]5,
< C| #OV™ F(0)[5.0)
< C|*V" FL(0)|x

<C,

for k large enough. Additionally, since we have bounds on the curvature,
we can find a corresponding sequence of connections such that |agx|, < Cj.
Then Lemma 3.2.1 yields ch(t) < gi(t) < Ch(t) on [o,w] x K as well as
uniform bounds on the derivatives of both g, and Fj on [a,w] x K. We
can then apply the Arzela-Ascoli theorem to get a convergent subsequence
that converges uniformly on compact subsets of (T4,Tp) X My to a limit.
We define (oo, o) 1= (limy_ 00 g, limg .o ax). Notice that g..(0) = h(0) by
definition. Additionally, (goo, as) is a solution of RYM since the convergence

is smooth. It also retains its curvature and injectivity radius bounds. O
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Chapter 4

Gradient Properties

4.1 Energy Monotonicity

Many well-known partial differential equations can be thought of as the
gradient flow of some functional. For example, we saw in Chapter 1 that the
Yang-Mills heat flow is the gradient flow of the Yang-Mills functional. On the
other hand, it has long been known that Ricci flow is not the gradient flow of a
functional on the space of metrics with respect to the standard L? norm. This
is unfortunate as variational methods can be very powerful tools in analyzing
PDE. In [21], Perelman shows that in fact the Ricci flow can be viewed as a
gradient flow on a larger configuration space. We would like to follow the ideas
of Perelman in order to write the Ricci Yang-Mills flow as a gradient flow. We
claim that our coupled system is the gradient flow of some functional F(g, a, f)
analogous to that of Perelman. We show that F obeys a certain monotonicity
property along the flow. We also give a geometric consequence of this fact—

namely that there are no non-trivial steady breathers.

We define
1
5= [ (R-JIFP+ V1P tav.
w4

where f is some function on M to be determined.
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We would like to compute the variation of F. Let h, b, and s denote

the variations of ¢, a, and f respectively.

The first lemma will be a useful fact that we will often use without

mention.

Lemma 4.1.1.

/Afede = / |V f2e~1dV.
Proof. This follows from the facts that
/ Ale™dV =0

and

Ale™) = (=Af +|Vf[)e.

Lemma 4.1.2.
-1 H ot
O(e71dV) = (3 —s)e ' dV.

Proof. We use the variation formula for dV', namely that 0,dV = %dV, where

H = g”hw ]
Lemma 4.1.3.
g / feldV = /(H(Af - |Vf|2) + hpq(_vpvqf + vaqf) - Rijhij)e_fdv

+ /(g —s)e fav.
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Proof.
0, / Re 1dv = / (O,R)e~TdV + / RO,(e~1dV)
= /(—AH — ViVjhij — Rijhij)e 1 dV + /(g —s)eldV
= [T = V) + b 9Vf 4 V,¥ad) = Bishg)e v
+ [(5 = seTav

where we use the standard evolution equation for R; i.e. O,R = —AH —

ViV,h;; — R;;h;; and integration by parts. O
Lemma 4.1.4.
at/ IV fPedV = /(—hijvifvjf—%(Af—\Vf|2))edeJr/(g—s)ede.
Proof.
Oy / IVfIPefdv = /(atnyF)e—fdv + / IV f20,(e™TaV)
= /(—hijvifvjf+2<vis,vif))efdv
+/|Vf|2(g —s)e fdv
= [ bV 2587 = [V Tav
+ [ IV = 9 fav.
where we use integration by parts in the third equality. ]

Lemma 4.1.5.

H
8t/\F]2e_de = 2/(—hijFiijk+bi(d*E+vada))e_de+/(§—s)e_de.
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Proof.

8t/|F]2e_de = /(8t|F|2)e‘de+/|F|28t(e‘de)

= / 01" g Fyy el dV

/]F| e fdv

— /( hij Fy Fjy, + (db, F))e ' dV

+ [ 1PR

= 2/(_hijFiijk)€_de+2/(db, e T F)dV

H
+/|F|2(5 —s)etav

H
+/|F|2(E—s)e_de,

where in the last line we used the definition of d*. Now we also know that

d*o; = =V a; for a 2-form. Thus
d* (e F) = —g*" V(e TF) = e fd"F + e IVIfFy;.

But Fj; = da;;, so this last term is e_favfda. O
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By combining the lemmas, we have that
1
9 Flg.a, fl(h,b,s) = /(hij(—Rz'j = ViVif + S Fie)
1 1
+bi(—§d*Fi — 5Lwdai))e*fcn/
trh 9 o —f
+ <T —$5)Af = |VfIF+ R+ |F|*)e’dV.

Following Perelman, we define s = %, so that the volume e=/dV is fixed. We

define a metric on our configuration space to be

(91,01, (g2, 12)) = / (2(gr. g2) + 2an, an))e="dV.

Then the gradient flow of F becomes

0:gi; = —2R;; — 2V, V; f + Fi Fy, (4.1a)

Owa; = —d"'F; — vy yda; (4.1b)
1

o f = —Af—R+§|F|2. (4.1¢)

Under equations (4.1), we have

d 1
90, alt), 1) =2 [ |Ryy = SFEFyy + ViV e v

1
+ §/|d*F+ V;fEul*e~av.

Theorem 4.1.6. Under equations (4.1),

d

29 (9(t),a(t), f(2) 2 0. (4.2)

Equality is a attained precisely when R;; — %Fikaj + V,V,f = 0 and
dF; + V,fF;; = 0; i.e. when (g,a) is a steady gradient Ricci Yang-Mills

soliton.
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Notice that this corresponds to a monotonicity formula for the Ricci

Yang-Mills flow. In fact, solutions to equations (4.1) are equivalent to the

system
Oigij = —2Rij + FirFyy (4.3a)
1
Of = —=Af +|VIIP = R+ 5| FP. (4.3¢)

simply by pulling back by diffeomorphisms.

Corollary 4.1.7. Under equations (4.3),

d

ST g0, alt), f(1)) > 0.

Proposition 4.1.8. There exists a unique minimizer f of F(g,a, f) subject

to the constraint fe*de =1.

Proof. We follow the proof of Kleiner and Lott [16].  Notice that

Ve s = | = Femt? = {|VPPe. Then
1
7 = [QVIP+ R - IR av

= [t = PP av

Let & = @—5’ so that the constraint equation becomes [ ®?dV = 1. Then
5 - /mvm%u3—$memv
= /<I>(—4A<I> + (R — %|F|2)<I>)dv.
Thus @ is the smallest eigenfunction of —4A + R — 1| F|*. O
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We can then define A(g,a) = inf{F(g,a,f) : f € €=, [eFdV = 1},

and we claim that )\ is also a monotonic quantity.

Proposition 4.1.9. If (g(-),a(-)) is a solution to the Ricci Yang-Mills flow,

then A(g(t),a(t)) is non-decreasing in time.

Proof. We follow the proof in [6]. Let ty € [0,7] and fy be the unique mini-
mizer of F(g(t),a(t), f(t)) at to. Then A(g(to), a(to)) = F(g(to), alto), fo). Let

f solve the backwards heat equation

9., 1 9 9
oS = —Af =R+ S|FP+ [V

f(to) = fo

on the interval [0,t9]. We know that %3‘“ > 0 for t < ty. Also the back-
wards heat equation preserves the constraint [e=/dV = 1. So A(g(t),a(t)) <
F(g(t),a(t), f(t)) for t < ty. Thus

Ag(t), a(t)) < F(g(t), a(t), f(t)) < F(g(to), alto), f(to)) = Alg(to), alto))-
So A is non-decreasing. ]

Notice that the minimum value of A(g,a) is equal to A\i(g,a), where
A1(g,a) is the smallest eigenvalue of the elliptic operator —4A + R — i|F |2,

Then the minimizer, fy, of F satisfies the Euler-Lagrange equation

1
Mg, @) = 28y = [Vfol? + R — | FI2 (4.4)

55



4.2 Breathers

Definition 4.2.1. A solution (g(t), a(t)) to the Ricci Yang-Mills flow is called
a breather if there exist times t; < t9, a constant «, and a diffeomorphism

¢ : M — M such that

a>1,a < 1,and o = 1 correspond to (g(t), a(t)) being a expanding, shrinking,

or steady breather.

Lemma 4.2.1. (No nontrivial steady breathers) Let (M", g(t),a(t)) be a so-
lution to the Ricci Yang-Mills flow on a closed manifold. If there exist t1 < to
with A(g(t1),a(t1)) = Ag(te),a(tz)) (i-e. the solution is a steady breather),
then (g(t),a(t)) is a steady gradient Ricci Yang-Mills soliton, which must have
|F|* =0 and be scalar flat.

Proof. Suppose there exist t; < to with A(g(¢1),a(t1)) = A(g(t2),a(t2)). Then
let fo be the minimizer for F at to, so that F(g(t2), a(ta), f2) = A(g(t2), a(ta)).
Let f be the solution to the usual backwards heat equation with f(t3) = fo.

Then

AMg(t1),a(t1))
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— — —
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— — —
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for t € [t1,t2]. Since A(g(t1),a(t1)) = A(g(t2), a(ty)) and A monotonic, we have

that
F(g(t),a(t), f(t) = Mg(t),a(t)) = constant on [ty, t5].
Thus 2 [ |Ry; — LFFE + VYV fIPe7dV + % [|d*F +V; fF;|?e7dV =0, so
1

Rij = SF{Fiy+ ViV, f =0 (4.5a)

dF+V,fF; =0. (4.5b)

In other words, (g, a) is a steady Ricci Yang-Mills soliton. Consider equation

(4.5D).

Using integration by parts, we see that
0 = /(d*F} + V’fFU, aj)e*de

= /((Fij,Fji) — (Fiy,a;Vif) + (V' fFyj,a5))e ™ AV

= — / |F|2€_de
So we must have that |F|? = 0. Since f is a minimizer of \, f satisfies equation
(4.4): 2Af —|[Vf?+ R = X (g(t),a(t)) = Mg(t),a(t)). We can take the trace
of equation (4.5a) to obtain R+ Af = 0. Then R+ |V f|> = —\. Integrating,
we have

A= /(R + Ve fav = A,

soA=0and Af =|Vf|?=—R. Then

0= [(as = ViRIay =<2 [V 5peTav

so f is constant. Thus equation (4.5a) implies that R = 0. ]
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Chapter 5

Stability

We would like to use maximal regularity theory to study the stability

of the Ricci Yang-Mills flow at a fixed point.

5.1 Motivation

The theory that we will use to study stability of the Ricci Yang-Mills
flow is suitably technical, but intuitively, it can be understood through some

basic ODE examples.
Ezxample 1. The linear system
{ T, = —1
Tog = — X9y
has (0,0) as a fixed point. This fixed point is stable, in that any solution

that gets “close enough” to (0,0) will flow towards it. The ODE system can
-1 0
0 -1
eigenvalues of J correspond to the stability of the fixed point.

i‘1:$1
Ty =
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be written in the form x = Jx, where J = ( ) The negative

Example 2. The linear system



has every point on the x,-axis as a fixed point. Every fixed point is unstable;
i.e. slight perturbations cause solutions to move away from the fixed point. In

) 1 0
this case J = (O 0

points, while the positive eigenvalue causes the instability.

), so the zero eigenvalue corresponds to a line of fixed

Example 3. The nonlinear system
{ T = —1, — 73
By = —xg + T3
has (0,0) as a fixed point. To study the behavior of this system near (0,0),
we can use the principle of linear stability to claim that the local phase plane
portrait is the same as that of Example 1.

FExample 4. Suppose we are given an ODE in Euclidean space of the form

{ (t) = ax(t) + f(t)
z(0) = .

Assuming suitable conditions are satisfied, the variation of constants formula

implies that solutions are of the form
t
z(t) = g +/ et=9) f(s)ds.
0

We will consider the Ricci Yang-Mills flow to be an ODE on an infinite
dimensional space. We will linearize the right-hand side of the equation and
study the spectrum of that operator. This will determine the local behavior

of the flow.
Consider the general equation
% = &(z,t,u, Du, D*u) (5.1a)
u(0) = wo. (5.1b)
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For our purposes, this will be a (weakly) parabolic system of PDE. Let @ be a
fixed point of the equation (i.e. ®(u) =0), and let ¥ = o(Dz®) NR. Then

Definition 5.1.1. @ is

e linearly stable if 3 C (—o0, 0],
o strictly linearly stable if ¥ C (—o0,0),
e linearly unstable if ¥ N (0, 00) # (),

e asymptotically stable if there exists a neighborhood about @ such that
every solution of the equation having initial data in that neighborhood

exists for all positive time and converges to u as t — oo.

5.2 Asymptotic Behavior of Quasilinear Partial Differ-

ential Equations

In the case of the Ricci Yang-Mills flow over a compact surface, we will
see that the linearized operator of the right hand side, in the notation above,
either has a zero eigenvalue or has a strictly negative spectrum. Analogous
to Example 2, a zero eigenvalue will correspond to the existence of a finite
dimensional center manifold, while negative eigenvalues will correspond to a
stable fixed point. We will use the same general analysis in both cases and

will point out the differences in the techniques.
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5.2.1 Center Manifold Theorem

We would like to analyze the stability of autonomous quasilinear para-
bolic equations. Suppose that ® in equation (5.1a) is a quasilinear elliptic oper-
ator, and suppose that we are in the case where sup {R(\) : A € o(DzP)} > 0.
This critical case is complicated, so it is only treatable if we work with inter-

polation spaces. We will consider the case that
0 (Da®) :={\ € a(D:z®) : R(\) > 0}

consists of a finite number of isolated eigenvalues with finite algebraic multi-

plicity.

In [9], Guenther, Isenberg, and Knopf used the general theory of [24] to
study the stability of the Ricci flow at Ricci-flat metrics. Additionally, Knopf
has recently used these techniques to study the stability of locally R¥-invariant
solutions of Ricci flow [17]. We would like to study the stability of Ricci Yang-
Mills flow at Einstein Yang-Mills metrics using [24], which essentially shows
that if ® is a quasilinear differential operator satisfying certain conditions,
with D® having a zero eigenvalue, then the local behavior of the flow near
a fixed point is characterized by the presence of a local center manifold. We
give a more detailed look at some of the ideas in [24] in the appendix. The
theorem that we will use is based upon Theorem 2.2 in [9], which in turn is
a compendium of results from Theorems 4.1 and 5.8 and Remark 4.2 in [24].
The set-up for the theorem is somewhat complicated, so we first collect the

necessary assumptions.
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Center Manifold Theorem Requirements:

Let X; — X be a continuous dense inclusion of Banach spaces, and let
X, and X3 denote the continuous interpolation spaces corresponding to fixed

0 < B < a < 1. In other words, X, = (X, X1), and similarly for X3. Let
—T = A(X)Z (5.2)

be an autonomous quasilinear parabolic equation posed for ¢ > 0. Suppose

that Uz C Xz is an open set and that
A()) € C*(Up, L(X1, X))

for some positive integer k.

Additionally, assume that there exists a pair E; — [E, of Banach spaces
and that there exists an extension A(-) of A(-) to domain D(A(-)) that is dense

in Eg. We would like the following statements to hold for all # € U, = UgNX,:

(a). A(Z) € L(Ey, Ey) generates a strongly continuous analytic semigroup on

L(Eo);

(b). Xo 2 Dj(60) = (B, D(A(T)))o and Xy = D ) (146) = (Eo, D(A(T)))146
for some 6 € (0,1). Here (-,-) denotes the continuous interpolation

method. Also D (14 6) = {7 € D(A): AZ € D5 (0)}.

(c). A(Z) agrees with the restriction of A(Z) to the dense subset D(A) C Xo;
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(d). E; — X3 — E, is a continuous and dense inclusion with the property

that there are C' > 0 and 0 € (0, 1) such that for all n € E, one has
[1nllx, < Cllnllz,lInll,

Let & € U, be a fixed point of equation (5.2). Suppose the spectrum o
of the linearized operator DA|, admits the decomposition ¢ = 05U 0,, where
s C {z: R(z) < 0} and where 0., C {z: R(z) > 0} consists of finitely many

eigenvalues of finite multiplicity. Suppose further that o, N iR # (.

Theorem 5.2.1. (Statement of the Center Manifold Theorem)

1. If S(X\) denotes the algebraic eigenspace of A € o, then X, admits the
decomposition X, = X5 X" for all o € [0, 1], where X&' = Breo., S(A).

2. For each r € N, there ezists d, > 0 such that for all d € (0,d,], there is
a C™ manifold MS™, that is locally invariant for solutions of (5.2) as long
as they remain in B(X{*, z,d) x B(X$,0,d). It satisfies TaM{" = X,

loc

so that MjY. s a local center manifold if 0., C iR and a local center

unstable manifold otherwise.

3. For all o € (0,1), there are constants C, > 0 independent of T and

constants w > 0 and d € (0, do] such that one has
S(7 cu 7 CCY —w S(7 cu 72
[17*(#(1)) = S T())[1xy < =g lIw*(F(0)) = S F(0))]]x,

for all solutions T(t) with ¥(0) € B(X,,,d) and all times t > 0 such
that the solution Z(t) remains in B(X,,z,d). Here ©* and 7 denote

the projections onto X3, = (X35,X8), and X respectively.
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Proof. For the full proof of the theorem, we refer the reader to Sections 4 and
5 of [24]. In the appendix, we provide a sketch of the existence of the local

center manifolds. O

5.2.2 Asymptotic Stability Theorem

Now suppose that we are in the case of 0., = 0; i.e. 0(A) = 0,. In this
case, our ”center manifold” will consist of a single point. We would still like
to use the machinery of Simonett, as this monopolizes upon the smoothing
properties of quasilinear parabolic equations and yields an optimal regularity
result that solutions in a X,-neighborhood of a fixed point converge exponen-
tially fast in Xj-norm to the fixed point. We use the following adaptation of

Theorem 5.2.1 to show that a fixed point is asymptotically stable.

Theorem 5.2.2. (Statement of the Asymptotic Stability Theorem) Suppose
that the hypotheses of Theorem 5.2.1 are satisfied. As before, let & € U, be a
fized point of equation (5.2). Suppose also that sup{R(\) : A € o} < —§ for
some § > 0. Then for all o € (0,1), there are constants C,, > 0 independent

of & and constants w > 0 and d € (0,dy)| such that one has

— ~ COé —Ww — ~
17() = &l < =g e 117(0) = &lxa.

for all solutions Z(t) with Z(0) € B(X,,Z,d) and all times t > 0 such that the

A

solution Z(t) remains in B(X,,Z,d).

Remark 5.2.1. One can also use the theory of semigroups to prove a slightly

less general result. In [18], Lunardi shows exponential convergence to a fixed
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point for quasilinear parabolic PDE for solutions having initial data in a X;-
neighborhood of the fixed point. This analysis is slightly less complicated
than that of Simonett and has the advantage that it can be extended to fully
nonlinear PDE, as in Chapter 9 of [19].

5.3 Linearizing the Flow

We would like to consider the stability of our flow at a fixed point. On
a surface, we can let g = e"h, where h is a fixed constant curvature metric.

The Ricci Yang-Mills flow equations then become

1
ou = Agu— Rpe ™ + §|F]2 (5.3a)

dya = —d*F. (5.3b)

Notice that the equation for a is not quite parabolic; the RHS is comprised of
“one-half” of the laplacian. We remedy this by using a 1-parameter family of

diffeomorphisms.

Lemma 5.3.1. Fquation 5.3 is equivalent to a parabolic flow via pullback by

diffeomorphisms.

Proof. We make the same choice of vector field that we used in the short-time
existence proof. Namely, let W* = ¢"/(T'}; — ffj) for k = 1,2, where T is the
Christoffel symbol with respect to the fixed background metric h. Notice that
if g;; = €“h;; on a surface, then W* = 0. Additionally, let W3 = —d*a. Then,

if A is the metric on our principal bundle in the Kaluza-Klein ansatz satisfying
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equation (5.3), then ¢;h satisfies

1
Ou = Aju — Rpe™ + §|F|2 (5.4a)

oo = —d*F — dd*a, (5.4Db)

where ¢, is the one-parameter family of diffeomorphisms generated by W. We
will call this low GRYM, and we will choose to work with these equations as

they are parabolic. O

We would like to do stability analysis of the fixed points of our flow.
We would like these fixed points to be the natural geometric limit of the Ricci
Yang-Mills flow; namely, we want them to be Einstein Yang-Mills metrics. An
Einstein Yang-Mills metric is one such that ¢ is Einstein and d*F, = 0. In

order to make this work, we must consider a normalized version of equations

(5.3) which we will call NGRYM. We have

1 1
ou = Aju— Rpe™ + §|F|2 +r— §f (5.5a)

oo = —d'F — dd*a, (5.5b)

where r and f are the averages of scalar curvature and bundle curvature,

Jy RV

S [FP2aV
[av

respectively; i.e. r = Tav

and f =

. Since M is a surface, r is a

constant in space and time.

Remark 5.3.1. NGRYM should be thought of as a certain volume-normalizing
flow, in that the volume of the base manifold is fixed. Due to the lack of scale

invariance on the RHS of equation (5.4a), this flow is not quite a rescaling of
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our original equation. However, there is evidence ([26]) that a normalization
of this form is useful in proving convergence of the flow. So our results will be

applied to this closely related flow.

We claim that an EYM manifold is a fixed point of the flow. To see

this, we need the following lemma.

Lemma 5.3.2. In the case of a U(1) bundle over a compact surface M, a
Yang-Mills connection has the property that its curvature is a constant times

the volume form; i.e. ' = \dV, where X\ is determined by the Chern number

of M.

Proof. We can write F' as F' = f(x)dV for some function f. F being the
curvature of a Yang-Mills connection implies that d*F = 0, and since U(1)
is abelian, dF' = 0. Thus (dd* + d*d)F = (dd* + d*d)(f(z)dV) = 0. Since
d(dV) = d*(dV') = 0, the above shows that Af = 0. As M is compact, f must

be a constant .

By definition, the Chern number ¢ of a U(1) bundle is given by

1
c=—
27 M
But now, we have ¢ = 5= [, AddV, s0o A = f]i,W;V' O

Also for an Einstein metric, u = C for some constant C. If we write our

Yang-Mills connection in the Coulomb gauge (d*a = 0), then we see that an

EYM manifold is a fixed point of the NGRYM.
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Theorem 5.3.3. Let M be a surface of genus g > 1. The space of Yang-Mills
U(1)-connections having fixed curvature X over M modulo the gauge group has

dimension 2g.

Proof. We begin in the case of A = 0. Namely, it can be shown, as in [14],
that

M = {representations of 7 into G}/{conjugation},

where M := {flat connections}/{gauge group} and 7 is the fundamental group
of M. One can in fact define explicitly a homomorphism from the space of
flat connections to the space of representations of 7 into G. According to [1],
the same holds for non-zero Yang-Mills connections. Then for a genus g > 1

surface with G = U(1), M = U(1)?». So the dimension of M is 2g. O

We can compute the linearization about an EYM manifold of the RHS

of equation (5.5) in the standard fashion.  Let 3| g = v and
% .o = b. Notice that this implies that %—f +—o = db. Then we have the
following computations.
Lemma 5.3.4.

9 k 1 k k k

a o (FZ]) = 5(811)(5] + 8]-1)51. -0 Uhij)' (56)
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Proof. Notice that if g = e“h, then the following holds.

k
T,

1
égkl(a‘gﬂ + 0;9i — N9i;)

1
ée_uhkl(&(euhﬂ) + 9;(€"hir) — Oi(e"hiz))

1
igkl((aiugﬂ + Ojugy — Ojugij) + F(h)fj

1
5 (O} + djusf — *uhy) + T(W)Y;

Using this identity, we obtain:

0

ot

Lemma 5.3.5.

Proof.
9
ot

t=0

Lemma 5.3.6.

1
t=0
[
—| (Au) = Av —vAu. (5.7)
Ity
- CAVAVS
at o (g vlvju)
—vAu + Av — g ( 9 (I Omu)
ot|,_y "
—vAu + Av — g”(é(@-v@” + 00" — 0™ vg;;)Omut)
Av — vAu.
[
9 —u\ __ —u
5 . (e7") = —ve (5.8)
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Proof.

0 Cuy 0 u
7, (™) = -5 . (u)e
= —ve “.
Lemma 5.3.7.
9 (|F|*) = —2v|F|* 4 2(db, F).
ot 2
Proof.
0 0 .
i F2 - 2 ij klE F
at —o (| ’ ) at o (g g k ]l>
= 2(—v|F|?) + 2(db, F).
Lemma 5.3.8.

t=0
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0 0 .
— (—d*Fj) = — V'E;;
ot t=0 ot t=0
a 7 m m
= a - (gk (@kdaij — F,ﬂ-damj — ijdaim)
= —oVida;; + V'db;; — 9 I da,; — 9 " da;
= 1] 1] 8t o ki me 8t —o kj m

. ) 1 .
= —ledai]’ + Vzdb,-j - 5(6’2117,-]- + 8k’Uij — 28m’UFmJ)
1 .
—5(821]}’—‘”' - 8mvﬂm)
= Vldb” - Uvid&ij - ViUEj

= —d*db; +vd*F; — Vv Fy.

]
Lemma 5.3.9.
a * * j k
—| (d'a) =db+vV’a; + 0"uvay. (5.11)
Ot|,_o
Proof.
0 0 L
— d* — —g“V,;a;
at t:(]( (l) at tzo( g a])
j i i 0
= vVa; — V'b; + g” 7., (%)
) . 1 . .
= vV0a; —V'b; + 5((9%)@1- + d'va; — 20Fvay,) + OFuvay,.
]

Now we would like the linearization of our equations at an EYM metric.

We use the previous characterization of EYM manifolds, as well as the fact
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that a Yang-Mills connection is a minimizer of the Yang-Mills functional [ |F']?.
Let Ly (v, b) denote the linearization of equation (5.5a) in the direction of (v, b)

and Ls(v,b) denote that of equation (5.5b).

Lemma 5.3.10. The linearization of the right-hand side of equation (5.5) at

an Einstein Yang-Mills metric is
Li(v,b) = Av + (R, — A)v + Xdb, dV3,), (5.12a)

L2(U7 b) = Adb — /\Vl?)d‘/;j (512b>

Proof. By the above lemmata, we see that the linearization of the RHS of

equation (5.5a) is
Li(v,b) = Av — vAu + vRye ™ — v|F|* + {db, F).

Notice that at a EYM metric, |F|*> = |[AdV|*> = A\?] since we are in complex

dimension 1. Then we have
Li(v,b) = Av + (R, — A)v + Mdb,dV).
Similarly, the linearization of the RHS of equation (5.5b) is
Ly(v,b); = —d*db; — dd*b + vd* F; — V'vEFy; + d(vd*a); + d(0"uvay,);.

Then using the fact that both d*F = 0 and d*a = 0, as well as the above

characterizations, the result becomes

LQ(U, b)] = Adbj — )\VzvdVU
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5.4 Application of the Center Manifold Theorem to the
NGRYM

We would like to show that we can apply Theorems 5.2.1 and 5.2.1 to

NGRYM. In order to put our analysis into this framework, we need to define

appropriate spaces.

Fix 0 < 0 < e < 1. We would like the consider the following hierarchy

of Banach spaces

X1CE1CX0CED,

where
Xy = {(u,a) : u € h>T¢ a € h*+},
E; = {(u,a) : u € h?*° a € h*+},
XO = {(u,a) (S beaa € he}a
Eo = {(u,a) :u € b’ ach’}

Notice that in the notation above, we mean (u,a) € b (M) x b (Q(M)). Here
b is the little Holder space defined in Appendix D. We would like to check
that assumption (b) holds. That is, we want to show that X = (Ey, E1)e
and X; = (Fy, E1)14¢. Notice that if § = ?, then h2t¢ = (h2*°,h%),49 and
he = (h**9,h%)y by Lemma D.0.10. Then we use the following lemma to show

that the product of interpolation spaces are also interpolation spaces.

Lemma 5.4.1. If M, € Jo(Mo,My) and Ny € Ju(No,Ny1) then M, x N, €
Ja<MO X NOaMl X No)

Proof. We would like to check the interpolation inequality, namely that for
(l’,y) € MO X N07

1@ 9)lla < cll@@ 5]yl (5.13)
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where ||(z,y)||? := [|z]|2 + ||y||?>. Consider the following:

1@ plla = 2+l
« 2(1—« o 2(1—«
< ellxl Bl + ellyl Ryl
< c(ll=llg + [yl Ul + lyll)' =
o 21—«
= dll(z,)Ifa ) [T,
where the third line follows from Holder’s inequality. ]

Let X = (Xo,X)g and X, = (Xo,Xj), for fixed 3 < 3 < < 1. We
would like to check that E; — X3 — K, is a continuous and dense inclusion
and that the interpolation inequality, equation (5.13), holds. This will fulfill
assumption (d) of Theorem 5.2.1. Notice that Xy and X; can be gotten from

interpolating between Ejy and E;. If 6 = #, then by lemma D.0.10,
XO - (Eo,El)g, (514)
Xl = <E07E1>1+9. (515)

Lemma 5.4.2. There ezists C > 0, p € (0,1), and B € (3,1) such that

E; — X3 — Ey and
Inllx, < Clinllg,”lnll2,,

for alln € Xg.

Proof. Since 3 € (%, 1), it is clear that the inclusions hold. Using equations
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(5.14) and (5.15),we have

IA

1—
Clinlli”nlls,
_ — 1-(1+46
< Cllg"lmlle) Pl nllg ")

< Cllull, llnlls,

[In1]x,

where p = 6+ (3. It remains only to check that p € (0,1). Since 0 < § < e < 1,

e—0
2

0< < %, we simply choose 3 to be in (%, 1 — <9). ]

2

Since we would like to use Theorem 5.2.1, we want to make our notation
match that of Simonett. In other words, we would like to write equation (5.5)
as
0% = A(%)z.
In a fixed coordinate system, we can write the right-hand side of equation (5.5)

as

~( a(z,9)90:0;u + b(x, g,09)*Ohu + c(z, g,da)u
Alw, a)(u, a) = ( d(x, 9)90;0;a1, + e(x, g,09) 0sar, — f(x)a » (5.16)

where the functions a(z, ), b(x, -, -), c(x, -, -), d(z, ), e(x, -, -), f(x) depend smoothly
on x € M. They are analytic functions of their remaining arguments.

We want to show that for all (u,a) in a certain open set, A(u,a) is a
bounded map from X; to X,. Since X; is a dense subspace of E;, we have
an extension operator A. We will show also that A : E; — E; is a bounded
operator. For a fixed r > 0, we define the open subsets Ug C Xz and U, C X,
to be

uﬁ = {(uv CL) : HuHXg >, Hang > T}7
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ua = uﬁ N Xa.
Lemma 5.4.3. For (u,a) € Ug, A(u,a) € L(Xy,Xy). Also for (u,a) € Uy,

A(u,a) € L(E{, Eyp).

Proof. We follow almost exactly the proof of Lemma 3.3 in [9]. Fix (u,a) € U
and let (v, b) € X;. Using equation (5.16), consider first the term a(z, )" 9,0;v.
We would like to estimate the Holder norm of this term, so we perform the

following manipulation:

a(z, 9)(0*)(x) — aly, 9)(0"v)(y)
= a(z, 9)(0%v)(x) — a(x, 9)(0*v)(y) + alz, 9)(8%v)(y) — aly, 9)(*v)(y)
= a(z, 9)((0*)(z) — (0")(y)) + (0%0)(y)(a(z, 9) — aly, 9))-
One can then estimate
ae.g) ~ aly.)| < [ |Dla)lds
< sup Do) ldist(z.1)
< sup | D(a)|(disty(x,y)) (1 + (diam, M) ™),
where we integrated along an A-minimizing geodesic. The bounds on u provide
corresponding Holder bounds on ¢, so we can obtain that a is a polynomial in
g of degree N, so that there exists C' such that
sup|D(a)] < C(1+[lglld gl 1se.

Clearly %ﬁ)ﬁ” < ||v||24¢. Then, using the fact that h20+e — pl+e — pe,

we have

|la(z, 9)"0i050]|, < Ca(1+ llgllz ol
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for some constant . Similarly, one can obtain estimates on the remaining
terms in equation (5.16) in order to see that A(u,a) is indeed a bounded map

from X; to Xo. The case of A follows in the same manner. O

Let X be a Banach space. A semigroup S(¢) C L(X) is said to be
analytic if ¢ +— S(t) is an analytic map for all ¢ € (0,00). Additionally, S(t)
is strongly continuous if ¢t — T'(t)z is continuous on [0,00) for all z € X.
In order to satisfy assumption (a) and to show that A generates a strongly

continuous analytic semigroup on L(EEy), we need the following lemma from

19].

Lemma 5.4.4. A: D(A) C X — X generates a strongly continuous analytic

semigroup if A is sectorial and the domain D(A) is dense in X.

Proof. (Sketch of Proof:) One can show that if A is sectorial (see Definition
B.0.7), then the semigroup generated by A, namely {e'4},50, is analytic. Ad-
ditionally, it can be shown that this semigroup is strongly continuous if and
only if

limetz =z, Vo € X.
t—0

Ar = z is equivalent to # € D(A). In

In fact, the statement that lim, e
other words, the semigroup generated by A is strongly continuous if and only
if the domain D(A) is dense in X. (See [19], Proposition 2.1.4 for the detailed
proof.) O
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We see that we need to show that for (u,a) € Uy, A(u, a) is a sectorial

operator in Eq. We would like to use the following Proposition from [19].

Proposition 5.4.5. Let A : D(A) C X +— X be a linear operator, and let
a € (0,1). Define A, : Da(a+ 1) — Da(a) by Az := Az. In other words,
A, is the piece of A defined on Da(a). Then A, is a sectorial operator in

DA(Oé).

Lemma 5.4.6. For (u,a) € (u,a) € Uy, A(u,a) : Ey — Ey is a sectorial

operator on Eg.

Proof. In our case, there exists 6 € (0,1) such that Xy = D;(0) and X; =
D;(1 + 6). Thus, by Proposition 5.4.5, A(u,a) : X; — X, is a sectorial

operator on Xj.

Now let n € E;, and since X is densely embedded in Xy, let {n;} € X
such that 7, — n in ;. Using the notation in Definition B.0.7, fix A € S, , a.

Then we have

||R(/\7 A)ni“Eo < C| |R()" A)n1| |X0

< ——— i |x, -
|7 — wl '

Since the resolvent operator is continuous, and A = A on the dense set X;, we

can pass to the limit to obtain that A(u,a) is sectorial in E. O

Lemma 5.4.7. For (u,a) € U,, A(u,a) : By — Ey generates an analytic

semigroup on L(E).
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Proof. This follows from Lemmas 5.4.4 and 5.4.6 ]

Remark 5.4.1. For the characterization of the little Holder spaces as D4(6),

see Chapter 3.1.3 of [19].

54.1 A=0

We would like to compute the spectrum of L at an Einstein Yang-Mills
metric. Since L is self-adjoint, we know that the spectrum is pure point and
that it is contained in R. We first consider the case of a flat bundle over
a constant curvature Riemann surface (A = 0 in the equations above). We

consider the linearization of equation (5.5) to be the following operator:
v (A+4+R, O v
L(b>_( ; Ad)(b). (5.17)
First, we would like to compute the spectrum of L.
Lemma 5.4.8. If R;, <0, then the L* spectrum of L is contained in (—oo,0].

In particular, L s linearly stable.

Proof. We use the natural L? inner product for product spaces

(( A ) , ( 7;’ ))Lz Z/(v,w)—i—(b,p)du.

Then, in the case of R;, < 0, we have

(L ( ; ) 7 ( ; ))Lz _ /((Av,v) + Ru(0,0) + (Db, b))dp
= —[|Vul]?+ Ru||v]|* —||db]]?

< 0
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We can notice that in the case of R;, < 0, the zero eigenvalue of L corresponds
to v = 0 and b harmonic. Thus our center manifold is 2¢g-dimensional, where
g is the genus of M. For Rj, = 0, the zero eigenvalue corresponds to v and b

harmonic. So this center manifold will have dimension 1 + 2 = 3. O

Lemma 5.4.9. If R, > 0, then (L) N (0,00) # (. In particular, L is not

linearly stable.

Proof. Since there are no harmonic 1-forms over the 2-sphere, it is clear that
there are no unstable directions corresponding to pairs of the form (0,b). Con-
sider pairs of the form (v,0). Suppose there exists an eigenvalue 7 for some

(vo,0). In this case, we would have

Avg = (7 — 2)vg = pwyp.

The eigenvalues of the laplacian over the n-sphere (having radius 1) are given
by pr = —k(k+n—1). In our case, we have py = 0, u1 = —2,.. ., so the above
equation is equivalent to

Y — 2 = po,

i.e. v = 2. Thus we have a positive eigenvalue for L corresponding to the
first eigenvalue of the laplacian. This unstable direction is given by the 1-
dimensional space of constant functions. Additionally, we see that v = 0 can
be obtained by the second eigenvalue. This corresponds to the 2-dimensional

space of homogeneous hermitian polynomials of degree 1. [4] ]
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5.4.2 A#£0

Now we consider the case where our bundle is not flat. In this case, our

operator has the form

v Av+ (Ry — N)v A(db,dV)
L( b ) B ( —A\V'dV;; Agb ) : (5.18)
Lemma 5.4.10. L : L*(C*(M)) & L*(Q'(M)) — L*(C*(M)) & L*(Q2'(M))

15 a self-adjoint operator.

Proof. By definition of the L? inner product, we have
(% w )
() (% D= [ @)+ (-3 4 R w0) + (Bab )
+ /)\(db, dV)w + (=AV'vdVij, ¢;)dp.

Clearly the first integral is equal to [((v, Aw) + (R, — A?*)(v,w) + (b, Agc))dp.

The second integral becomes
/()\(db, dV)w — A\V'vdVyj, ¢;)dp = /()\(db, wdV') + XNd* (vdV'), ¢))dp
_ /umf@m0+mmm@mm
/(—/\(bj, ViwdVi;) + A(de, dV )v)dpu.
Thus we see that indeed (L ( Z ) : ( 7“;) >)L2 = (( Z > , L ( 15 ))Lz; ie. L

is in fact self-adjoint. [

Lemma 5.4.11. If R, <0, then o(L) C (—00,0].
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Proof. We have the following simple computation:

(L ( b ) , ( b )) = (A0,0) + (R = N)l[o]* + (Aab, b) + 2A(db, vaV)
= —||Vo|P + (Ru — X)|Jv|[* = ||db]|* — [|d*b| |
Hldbl[2 + 2o

< 0,

where the second line follows from Cauchy-Schwartz.

We claim that (L) contains zero eigenvalues corresponding to ordered
pairs of the form (0,b), where b is harmonic. In particular, b being harmonic
implies that db = 0, so the computation above implies that such pairs yield
a zero eigenvalue. In fact, these are the only zero eigenvalues. In general, we

have the following estimate:

(% (% *
(L , ) < =Vl o+ (R = N)Jol[* — [|db|* — [|d"b]|*
b b
Hldbl[* + Aol
= —|IVoll* + Rullvll* — [ld"0|*.

v

As long as v is not a constant or d*b # 0, then (L ( Z ) ) ( b

)) < 0. If both
v=C and d*b =0 (and db # 0), then

(1) - (5 2)
(i)

If v = C' and b is harmonic, then clearly there is no zero eigenvalue. ]
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Lemma 5.4.12. If R, > 0, the spectrum of L can be computed in several
cases. If \ =1 or 1, then o(L) N (0,00) # 0. If X\ > 1, then o(L) C (—o0, —4]

for some § > 0.

Proof. By Lemma 5.3.2, we see that A can only attain specific values deter-
mined by the Chern number of the bundle. The U(1)-bundles over S? are in
1-1 correspondence with elements of Z and are determined up to equivalence
by their 15 Chern class. In particular, two bundles are equivalent if they have
n € Z as their Chern number (see, for example, Chapter 6.1 in [20]). Then
A = 3, again by Lemma 5.3.2. We first consider the case of A > 1. As above,

we can compute

(L ( ) ) , ( L )) = (Av,v) + (2 = A)|[0][* + (Agb, b) + 2X(db, vdV)
= —[|Vo|[* + (2 = A)||v]|* + aZA/(db, vdV)
+(1—a)2x / (db,vdV) + o / (Agb,b) + (1 — ) / (Agb,b)
< —[[Vell” + @2 = M)l + oz(éHVvH2 + O‘Tvllbllg)
+ (1= @)([ldbl]* + X°[o[[*) — 2alb]?
+ (1 — a)(=[ldbl]” = [l2d]P°)
aN?

< (2= aX)ol® + a(5- — 2)bl,

where o € (0, 1) is to be chosen later. We also used Cauchy-Schwartz and the
fact that the first eigenvalue of A, acting on 1-forms on S? is —2. Then we

need to find § > 0 and « € (0, 1) such that 2—aA? < —§ and a(aT)‘Q— ) < —6.
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This amounts to the bounds 20%5 <N < % — i—‘;. It is clear that for \? > 2,
we can choose such an « and a § small enough to make these bounds hold.
Since A is quantized, the smallest such value we have to apply these bounds

tois A2 = %. In these cases, the spectrum is strictly negative.

Let us now consider the remaining two cases: A\ = % and A = 1. In both
of these cases, we can explicitly show the existence of a positive eigenvalue,
corresponding to ordered pairs of the form (v,0), where v is constant. The

computation is the same as that in the A = 0 case; we obtain y = AZ; for A = %

and u =1 for A = 1 as eigenvalues for L,. ]

Remark 5.4.2. In the case of A = %, we can also show the existence of a positive
eigenvalue by treating the off-diagonal pieces of L as a perturbation of Ly. We
can then use the perturbation theory of [15]. First, we say that an operator

B is A-bounded if D(A) C D(B) and if there exist a,b € R such that
||Bull < allul| + b][ Aul], (5.19)

for w € D(A). Notice that if B is a bounded operator, then B is A bounded
with b = 0. We claim that for L%, we can write L% = A+ B, where B is

A-bounded with a < 1 and b = 0. Write
v\ [ Av+ ZZU 0
A7) =(0 8)
1
(V) - ) (3 2(db,dV) .
b —5V'udVig 0
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As a map from h'*¢ B is bounded. The domain of A is h>7¢ C D(B). Then
by considering norms on these spaces, it is clear that inequality (5.19) holds
for a < 1. We can then apply the following proposition (a combination of

Theorem IV-3.18 and comments in Section V-3 of [15]):

Proposition 5.4.13. Let A be self-adjoint and let B be symmetric and A-bounded
with A-bound smaller than 1. Suppose p is an isolated eigenvalue of A with
multiplicity m < oo and with distance d between p and o(A)\ u (this is called

the isolation distance). If

d
a+b(|p| +d) < 2

then A + B has exactly m repeated eigenvalues (and no other points of the

spectrum) in (n— %, + 2).

For us, A has an eigenvalue 2 with isolation distance d = 2. Thus A + B has

an eigenvalue in the interval (1, 3).

In the case of R, < 0, we have zero eigenvalues, so we again have the
existence of a center manifold and can apply Theorem 5.2.1. For R, > 0
and A = %, 1, we again have unstable directions corresponding to the constant
functions on S?. For R, > 0 and A > 1, we will be able to apply Theorem

0.2.2.

5.5 Stability of the Ricci Yang-Mills Flow

We are finally ready to state the center manifold theorem for the Ricci

Yang-Mills flow over surfaces with R;, < 0.
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Theorem 5.5.1. Let (u,a) be a Yang-Mills connection over a surface with

constant curvature R < 0. The following statements hold:

1. X, admits the decomposition
X e XC,
where X¢ = S(0); i.e. X¢ corresponds to the algebraic eigenspace of 0.

2. There exists dy > 0 such that for all d € (0,do], there is a C* manifold
MC

¢ . that is locally invariant for solutions of (5.5) as long as they remain

in B(X{, (u,a),d). It is such that T(, M, = X M§,, is a unique local

loc loc

center manifold consisting of Einstein Yang-Mills metrics. My, is 2g-

dimensional for Ry < 0 and 3-dimensional for R, = 0.

3. There are constants C' >0, w > 0, and d € (0,dy], such that

[I7*((v, 8)) = (m*((v, D)z, < Ce™"[|m*((v(0),(0))—d(m*((v(0), b(0)))] Iz,

for all solutions (v,b) with (v(0),b(0)) € B(X,, (u,a),d) and all times
t > 0 such that the solutions remain in this ball. Here w° and 7° denote

the projections onto X and X¢, respectively.

Remark 5.5.1. In particular, this theorem states that any bundle that solves
(NGRYM) with (v(0),b(0)) close enough to an Einstein Yang-Mills manifold
will have its conformal factor and connection 1-form converge exponentially

fast to those of the EYM manifold.
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Proof. We have checked the hypotheses of Theorem 5.2.1, so we obtain the
existence of local C" center manifolds to which solutions to NGRYM that
are sufficiently close to (u,a) converge exponentially fast, as long as solutions
remain in the given neighborhood of the fixed point. Notice that the family of

center manifolds M{, () guaranteed by Theorem 5.2.1 are in fact independent

loc
of r and consist precisely of EYM connections. If not, then a EYM connection
(v, b) sufficiently close to (u,a) would converge exponentially fast to M, .(r).
But this contradicts the fact that (v,b) is a fixed point. Since the space of
Yang-Mills bundles over a Riemann surface is 2g-dimensional, we see that the
center manifolds consist precisely of such pairs. In the case of R;, = 0, the local
center manifolds again consist of EYM metrics, but we allow the conformal

factor to be any constant. So the dimension is 3. The analysis follows in the

same way.

Finally, we would like to check that solutions to NGRYM that start in
a sufficiently small neighborhood of an EYM actually stay there. Notice that
| 20| = |Revp, + 7+ 5| F|? = 1 f] < Cre™* for some C,w; > 0 as long as (v, b)
stays in B(X,, (u,a),d). Also, |%b| = | — d*F — dd*b] < Cye™“?" for some
Cs,ws > 0 while (v, b) stays in the ball. Let 0 < d’ < d small such that for all

(9,b) with initial data (9, 0)(0) € B(X,, (u,a),d’),
0(t) — ] < [8(t) — 5(0)] + [8(0) — u] < d,

and similarly for b. These estimates are independent of time, so we see that
(v,b) remains in B(X,, (u,a),d). The rest of the theorem follows from Theo-

rem 5.2.1. ]
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Now we consider the case of Ry > 0. In this setting, our stability result
depends on the value of A. For [\ > 2, we saw that there exists a § > 0,
depending on A such that ¢(L) C (—o0,—d]. So we obtain the following

theorem.

Theorem 5.5.2. Let (u,a) be an Finstein Yang-Mills metric over a surface of
constant curvature Ry, > 0 with Chern number |c| > 3 and let 6y € [0,0). Then
for all a € (0,1), there are constants C,, independent of (u,a) and de (0, do]
such that, if (u,a)(0) € B(X,, d, (u,a)), then

(@, a)(t) = (u,a)[lx, < lf—_aae%tll(ﬂ’ a)(0) = (u, a)||x,-

A

as long as (u,a)(t) stays in B(X,,d, (u,a)).

Proof. We begin by noting that (u,a) is a unique fixed point, since we have
fixed a gauge. Then the proof of the theorem follows in the same fashion as

that of Theorem 5.5.1. O

We would like to use a lemma from [9] to show that the convergence of

NGRYM implies that of NRYM.

Lemma 5.5.3. (Lemma 3.5, [9]) Let V(t) be a vector field on a Riemannian
manifold (M™, g(t)), where 0 < t < oo, and suppose there are constants 0 <

c < (C < oo such that

sup |V (2,t)|y0) < Ce™.
zeMN

Then the diffeomorphisms ¢, generated by V' converge exponentially to a fixed
diffeomorphism ¢, of M.
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Proposition 5.5.4. Let (ug, ag) be an Einstein Yang-Mills metric with ag writ-
ten in the Coulomb gauge. Suppose there exists a neighborhood O of (ug,ag)
measured in the || - ||aat+e norm such that for every (io, ag) € O, the unique so-
lution (u,a) to NGRYM converges to an Einstein Yang-Mills metric (too, Goo)-
Then the unique solution (u,a) to NRYM with initial data (Uo, ay) converges

exponentially fast to an Einstein Yang-Mills metric (liso, Qoo )-

Proof. Since F' is invariant under gauge transformation, it is clear that a., is
Yang-Mills. So we need to show that a converges to a limit. We have that
a — G exponentially fast, so in particular, d*a — 0 exponentially fast. Thus
our vector field W from Lemma 5.3.1 converges to 0 exponentially fast. Our

result follows from the previous lemma. O
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Appendix A

Gauge Theory

We would like to review the necessary notions from gauge theory; in
particular, those of principal bundles, connections, and gauge transformations.

We follow the notation in [3].

Definition A.0.1. A principal fiber bundle (PFB) consists of a manifold P,
a Lie group G, a manifold M, and a projection map 7 : P — M such that the

following hold:

1. G acts freely and differentiably on P to the right.

2. The map m : P — M is onto, and the fiber over x € M, 7 1(x) is
diffeomorphic to G. However, as there is no canonical identification of

the fiber with G, there is no natural group structure on the fiber.

3. For each z € M there is an open set U containing = and a diffeomorphism
Ty : mYU) — U x G of the form Ty(p) = (n(p), su(p)), where sy :
7~ 1(U) — G has the property that sy (pg) = sy(p)g for all ¢ € G and

for all p € 7~ 1(U). Ty is a local trivialization.

Let p € P and consider T,,P. There is a natural subspace of this vector

space given by V, := {X € T,P : m.(X) = 0}. A connection assigns to p a
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subspace H,, such that T,P = V, @ H,. We require R,.(H,) = H,,, where

Py
R, is right multiplication by the group element g. V), is called the vertical
subspace, and H,, is called the horizontal subspace. There is an equivalent

notion of connection that will also be useful.

Definition A.0.2. Let G be the Lie algebra of G. A connection 1-form is a
G-valued 1-form w defined on P such that the following hold:

1. Let A € G and let A* be the fundamental vector field on P defined by

Ay = %(p exp(tA)) . (A.1)

Then w(Ar) = A.
2. Ryw = Adgw for all g € G.

Notice that the horizontal subspace H, = {X € T,P : w(X) = 0}. We
can write any vector X € T,P as X = X" + X where XV is vertical and

X*H is horizontal.

Let X be a vector field on M. There is a uniquely defined vector field

X on P such that w(X) = 0 and m,(X,) = Xy for all p € P. X is called the
horizontal lift of X. Notice that Rg*f( = X for all g € G.

Lemma A.0.5. Let w be a connection on P, and let X,,,Y, € H, for some

p € P. Then [X,.,Y,] € H,.

Proof. Let © = w(p). m : H, — T,M is an isomorphism. So [X,,Y,] =

p>-p

[rotm Xy, i Y] = a0t X, mY) ) = a0t X, Y ) € H O

92



A connection yields a covariant derivative for ¢ € A¥(P,§), where
A*(P,§) is the graded Lie algebra of all k-forms on P with values in §. Notice
that w € AY(P, 9). We will also define a certain subset of the G-valued k-forms

that obey certain transformation properties.

Definition A.0.3. Let A* (P, G) be the space of G-valued differential k-forms
¢ on P such that the following hold:

1. For Xi,..., X, € T,P,

O(Rg X1, R Xi) = g7 (X1, .0, X).

2. If one of X7, ..., Xj is vertical, then ¢(X,..., X;) = 0.
Definition A.0.4. The exterior covariant derivative of ¢ € A*(P,G) is
D¥ = (d¢)" € A" (P,9),

where ¢" (X1,..., X)) = o(X{, ..., X[).

The curvature of the connection is then  := D*w € A?(P,G). Notice

also that Q € A%(P,9).

Since Hy, is isomorphic to T,y M, the star operator on M induces one
on H,; this can be uniquely extended to define a star operator * : A¥(P,§) —

AF(PG).

Definition A.0.5. The covariant codifferential 6 : A¥(P,G) — A*=Y(P,§) is
defined by 6“¢ = (—1)"*xD“(%¢).
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Finally, we would like to define the notion of gauge transformations.

We will define two related notions.

Definition A.0.6. 1. An automorphism of P is a diffeomorphism f : P —
P such that f(pg) = f(p)g for all g € G, p € P. A gauge transforma-
tion is an automorphism f such that f covers the identity map on M,

ie. m(p) = n(f(p)). We denote the space of gauge transformations as

GA(P).

2. Let C(P,G) be the space of all maps 7 : P — G such that 7(pg) =
g '7(p)g. Notice that C(P,G) is naturally isomorphic to the space of

sections of the associated bundle P xo G — M.

Lemma A.0.6. GA(P) is isomorphic to C(P,G).

Proof. Let 7 € C(P,G), then we can define f : P — P to be f(p) = p7(p).

We can see that

f(pg) = pg7(pg)

= pgg~'7(p)g

so f € GA(P). On the other hand, if f € GA(P), then define 7: P — G via
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the relationship f(p) = p7(p). Then we have

pg7(pg) = f(pg)
= f(p)g

= p7(p)g,

so 7(pg) = g~ '7(p)g and hence 7 € C(P,G). O

We will need to know how gauge transformations act on vector fields.

We will assume that G is a matrix group.

Lemma A.0.7. Let f € GA(P). If A € G and A* is the corresponding

fundamental vector field, then f,A* = A*.
Proof.

. d
£ 4, = S f(pexptd)

t=0
_ if( ) A
= 2 f(p)exp

= Al

t=0

p)°
O]

Lemma A.0.8. Let f € GA(P) and 7 € C(P,G) be related by f(p) = p7(p).
Then for X € T,,P, we have

fo(X) = (T(p)fldT(X))}(p) + Re ()« (X).
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Appendix B

Maximal Regularity Theory

We use the theories of maximal regularity and analytic semigroups to
study the stability of the Ricci Yang-Mills flow at fixed points. Many people
have studied these problems; we refer the reader to [19] for an overview of the

theory as well as a very complete bibliography.
Consider the linear Cauchy problem
u'(t) = Au(t) + f(¢),0<t < T (B.1a)
u(0) =0, (B.1b)
where A : D(A) C X — X is a linear map on Banach spaces. We would
like to use function spaces on which ' and Au have the same regularity as f.

Analogous to the variations of constants formula (Chapter 5, Example 3), we

would like a solution to equation (B.1) to be of the form
t
u(t) = Sf(t) = / =4 f(5)ds. (B.2)
0

In order to make equation (B.2) precise, one must first define what is

meant by e*4.

Definition B.0.7. A is sectorial if there exist constants w € R, 0 € (5, 7),and

M > 0 such that
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i. p(A) D Spw={reC: A#w,|arg(A —w)| <6},

ii. HR()HA)HL(X) < )\M VA€ S@}w.

[A—w|?
Such an A allows one make sense of €' via the Dunford integral

1
et = —,/e”R(A,A)d)\,t >0, (B.3a)
27 J,

ez = 1. (B.3b)

It can be shown (see, for example, [19]) that if A is sectorial, then e'4,
t > 0, is an analytic semigroup. Namely, lim; ¢ |42 — z|| = 0 Vo € D(A),

the map t — €' is analytic, and et+94 = et4es4 Vit s > 0.

Additionally, one would like to know when Sf(t) given by equation
(B.2) is actually a solution to equation (B.1). For example, if f € C([0,T], D(A)),
then Sf defines a solution u(t) € C([0,T], D(A)) N C'([0,T], X). However, if
one tries to relax this regularity by instead letting f € C([0,T], X), then
Sf e C0,T],X) N C([0,T], Xg), for some § < 1. Hence Sf does not define

a solution to equation (B.1).

One way to resolve this difficulty is to carefully define interpolation
spaces between X and D(A). It can be shown that ||tAe/4z|| is bounded on
(0,1) for all z € X and that this quantity goes to 0 ast — 0, if z € W On
the other hand, if x € D(A), then ||Ae*4z|| is bounded on (0,1). Thus one

defines the interpolation spaces D («,p) and D4(«) to be

Dy(a,p) ={z e X :t— ||t1_°‘_%AetAx|| € LP(0,1)},
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Da(a) = {z € Da(a, 00) : limy_ot' ™ Ae!dz = 0}.

The norm on D4(a,p) is given by
1—a—1
12| DAt = l12ll + [ Datap) = o]l + (1777 Ae ]| oo,

Using these interpolation spaces, one can show that if f € C([0,T], Da(«)),
then S f defines a solution u(t) € C([0,T], Da(a+1))NC([0,T], Da(c)). Here
D4(a+ 1) means that Ae'Ax has values in Da(a). (See Chapter 4 of [19] for

a more detailed treatment of maximal regularity results.)

Remark B.0.2. A result of Baillon shows that spaces with maximal regularity
contain a subspace isomorphic to the Banach space ¢q of sequences tending to
zero in the sup norm [2]. If the target space of our map A is reflexive, then
one cannot use maximal regularity theory. This motivates our introduction of

the little Holder spaces.
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Appendix C

Center Manifolds for Quasilinear Parabolic
Equations

We would like to provide more details concerning the statement and
proof of Theorem 5.2.1. Namely, we would like to give an idea of how Simonett

constructed the locally invariant manifolds in [24].

Consider the autonomous quasilinear equation
U+ A(u)u = F(u), t >0, (C.1)

where F'(0) = 0 by assumption. Suppose that we are in the setting of Theorem
5.2.1. In particular, we have the Banach spaces X; — X, and F; — E,. We
also have 0 < 3 < o < 1 fixed and the interpolation spaces Xg, X, with open
subsets Gg, G, respectively. Since we are considering a slightly more general

case than that of Theorem 5.2.1, we also assume
(A, F) € CF(Gs, L(X1, Xo) X Xg), k€ Nk > 1.

(For our purposes, FF = 0.) One can then show that A(z) € M,(X1, Xo),

for all x € GG,. This is a maximal regularity result stating that the Cauchy
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problem

has a unique solution for all (f,z) € C,((0,T], Xo) X X,. The solution
u:= (0, + A, R,) "' (f, )
is an element of V,((0,T]; Xo, X;1). Here Rou = u(0), and

Vo ((0,T); Xo, X1) :={u € C*((0,T], Xo) N C((0,T], X1) :

Lim £17([ ' (1), + [lu(®)]]x, = 0}

We want to study the behavior of equation (C.1) in a neighborhood of
the fixed point 0. As we have alluded to earlier, this analysis will be classified
by the spectrum of the linearized flow. We will let the linearized operator L
be given by

L = A(0) — 0F(0). (C.2)

Assume that we can decompose the spectrum of —L as follows:
o(-L)=o05Uo,,

where o, C {R(\) < 0} and 0. C iR. Suppose additionally that o, consists
of finitely many eigenvalues with finite multiplicity. Notice that in the case of
the Ricci Yang-Mills flow, the operator L is self-adjoint, thus its spectrum is

pure point. In that case o, will consist precisely of the zero eigenvalues.
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The decomposition of the spectrum of —L leads to a decomposition of

both Xy and X;. Namely, let
Xi=X{® X/,

fori =0,1. Here X¢ = 7°(X;) and X7 = 7*(X;), where 7¢ is the projection for

o. and 7 = idy, — 7°. L also decomposes into L = L. ® Ly, where L, = L| .

and similarly for L. One can then show that L, € M, (X7, X§) and that —Lj
generates an analytic Cy-semigroup on Xj.
Let g(z) = (A(0) — A(2))z + F(2) — 0F(0)z for z € X;. Notice then

that equation (C.1) can be rewritten as
U(t) + Lu(t) = g(u(t)). (C.3)

The maximal regularity results from above yield similar such results for g.

Choose p such that Wi(p) := B5(0) x B)(0) C U® x U}. Here B5(0)
denotes the ball of radius py centered at 0 measured with respect to the norm
on X¢ We can define a certain “cutting” function r, that gives a modified
function g, = g o r, which agrees with g on V' = B;(O) x G7. As long as
solutions to equation (C.3) remain inside V, they coincide with solutions to

the system

(1) + Lea(t) = m°g, (2, y) (C.4a)

y(t) + Lsy(t) = mgp(x, ), (C.4b)

with initial data z(0) = 7°uy and y(0) = 7m°ug. Simonett proves a result

involving the existence of both globally and locally invariant manifolds. We

101



are only interested in the locally invariant case. For a fixed k£, Theorem 4.1
in [24] implies the existence of a map ¢ : X¢ — X7 that has bounded and
continuous derivatives up to order k. If z(-) = z(+, x, 1, p) is a solution of the

reduced ODE
2(t) + Lez(t) = m°g,(2(1), ¥ (2(2))),

then one can use a fixed point argument to show that

0
v= [ Py elno). vletn )i

Then the graph of the function 1 restricted to the ball Bg(0), which we will

call M¢

locy

is such that solutions to equation (C.3) that have initial data in M}
stay in M, as long as they remain in Wj(p). In other words, M, is a locally
invariant C*-manifold. Notice also that the dimension of M is that of X°¢

(and hence finite) and that one can parametrize it by x +— (z,%¢(z)). Thus the

at 0 is To(M

tangent space to M/ be) = im(idxe, 0¥(0)) = X° x {0} = X°©.

loc

Hence Mf,. is a local center manifold for equation (C.1).

According to Remark 5.9b, one can show that if X is a Banach space
without the properties of maximal regularity but that is sandwiched between

two such spaces, then the results of Simonett still hold.
To be precise, let X be a Banach space such that
X — X — X,

and that (¢, z) — u(t,z) generates a semiflow on U N X. Then the existence

and attractivity of the center manifolds holds:

[l u(t) = d(ru(d))lx < ct]l\f"‘a e[ ug — (7w uo) || x
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for all ug € U, N X.

In particular, for the case of Ricci Yang-Mills flow, we could expand
our results to hold on the space Wpl. In order to do so, we would have to work

on a hierarchy of Besov spaces and Bessel potential spaces.
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Appendix D

Little Holder Spaces

In order to use the maximal regularity theory, we use spaces that are
suitable for this context. These are the little Holder spaces h" 7. Recall that
the C'*° functions are not dense in the Holder space C™?, so we want to work
in a slightly smaller space. We define the little Holder space h*+® to be the
closure of the C* functions with respect to the || - ||+ norm. First recall the
definition of the Holder space C'“ of functions:

O (F € OIX) : flomr o sup =

t,sel ‘t - 3|a
[t—s|<d

< oo}

We then define the little Holder space of functions to be

o _ a(T X T S (&) = f(s)l]
h* = {f e (LX) lim i AT
[t—s|<d

bt = {f e CHI; X): M e p™(I; X)}.

= 0}7

Ezample 5. Let o € (0,1). One can then show that z* € C*\ h. To see why
this is so, it is sufficient to show that |z* —y®| < |z —y|* for z,y > 0. Without

loss of generality, suppose that z > y > 0 and define

flx) =a% —y* — (v —y)~
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Then h(y) = 0 and W' (z) = a(z* ' — (x —y)*~!) < 0. Thus, h(z) > h(y) =0,
so 2% — y* < (x — y)®. Then z* € C?.
Now suppose § € (0,1). Let x = ¢ and y = g € (0,1). Then

e =y _ 0% —(5)"
v —yl* (%)~

=2"—-1#0.
Thus, z“ ¢ h°.

We can extend this definition to the space of 1-forms on a compact
manifold. Let M be a compact Riemannian manifold. Fix a background
metric ¢ and a finite atlas {U, }1<,<y of coordinate charts covering M. For
each k € N and « € (0, 1], let h*+* denote the little Holder space of 1-forms

with norm ||-||, ., derived from

ol = o sup [0 =)
o T B G

We state a few facts about these spaces.

Lemma D.0.9. For j < k and 0 < 3 < a < 1, h*** — §i*8, and this

nclusion is continuous and dense.

Lemma D.0.10. For j <keN, 0<fB<a<l1l,and0<0 <1, if
Ok +a)+(1—0)(j+73)
15 not an integer, then there is a Banach space isomorphism

(5749, ), 2 Ok HI-0) Ot 1-00), (1)
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and there exists C' < oo such that for all n € hF+e

1l 4,000y, < Clinllg T, (D.2)

Namely, these spaces form a continuous interpolation method.

Let D4(6) be the continuous interpolation spaces. We can show that
for certain choices of D(A) and X these in fact are the little Holder spaces.

Suppose A is given by

{ D(A) = {u € Nps WP 1 u, Au € C(R")}
A:D(A) — C(R")

Theorem D.0.11. Let 0 < 6 < 1. Then
20 1
D4(0) = b=, 2f97é§-

Proof. See the proof of Theorem 3.1.12 in [19]. O
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