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0. INTRODUCTION

The purpose of this dissertation is to elaborate, with specific examples and calculations, on a new fac-
torization for the group of smooth functions from the umit circle S! into a simple, compact Lie group K,
such as SU(n). Such functions will be called “loops”, or “loops in K”. This factorization, a kind of non-
abelian Fourier transform, makes its first appearance in the joint paper [34]. It induces a parametrization,
by sequence spaces, of the generic subset of loops having a triangular factorization, a notion we will explain
below.

The factorization appearing in [34] is a natural generalization of a factorization for compact, simple Lie
groups, which has topological, measure-theoretic and Poisson-geometric significance [4, 37, 26]. In this
introduction, we will explain both of these factorizations, and the results of this dissertation, in the case of
the group

SU(n) ={g € SL(n,C)|gg* =1} C SL(n,C) = {g € GL(n,C)|det(g) = 1}
and its Lie algebra
su(n) = {X €sl(n,C)|X = —X*} Csl(n,C) = {X € Myun|tr(X) =0} .

Throughout, we will use the following notational conventions. For integers i < jwe will use the notation

[i] ={1,2,...,i} and [i,j] = {i,i+ 1,...,5}. For a real number r, |r| denotes the largest integer less than

r, while [r] denotes the smallest integer greater than or equal to r. We will use the binomial coefficients
1
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(1) = ﬁlk)' A choice of k integers from [n] will be denoted by ¢ € {a,b}", where ¢; = a indicates
that ¢ has been chosen. The set of all such choices will be denoted [}] C {a,b}", not to be confused with
(D] ={1,..., ()} In general, for a space X, its loop space C'* (Sl, X) will be denoted LX.

0.1. The Finite-Dimensional Case SU(n). Any nxn traceless matrix X = (X,;) can be written uniquely
as asum X = L+ D + U of strictly lower-triangular, diagonal, and strictly upper-triangular matrices. In
terms of Lie theory, this corresponds to the triangular decomposition

sl(n,C)=n" +h+nt,

where n® are the nilpotent subalgebras of strictly upper/lower-triangular matrices, respectively, and b is the

maximal abelian (Cartan) subalgebra of traceless diagonal matrices.

At the Lie group level, the corresonding factorization for g € SL(n,C) is the familiar LDU factorization
g = LDU, where L and U are unipotent lower- and upper-triangular matrices, and D is a diagonal matrix.
One way to obtain this factorization is to apply Gaussian elimination to g. For sets of indices I = {iy,...,ix}
and J = {j1,...,jk}, we define the minor

Givjr -+ Girge
Mj(g) = '
Girjr -+ Girje

If they exist, the entries of L, D, and U are given by the formulas

(0.1) Dy; = (1‘5‘5(]\[4}[2?}1(]9))’ Lij = det (M[[Jj]_l[]j{i} (g))’ = det (M[[ii]—l[];]){j}(g)>
det (M~ 1(9)) det (M (9)) det (M[J(g))

The condition for this factorization to exist is simply that det (M [[;]] (g)) # 0 for each i € [n]. In other words,

the principal minors M [[;]] (g) are invertible. This condition is satisfied on a set of full Haar measure.

Of course, we can go further and additively decompose X in terms of the basis elements e;; for sl(n, C),
where e;; has a one in position ¢j and zeros elsewhere. For the Lie algebra su(n), there is the basis

{X,»j:eij—eji, Yij:i(eij—keji) ‘1§z<g§n}

U {HZ = €ii — €(i4+1)(i+1) ’ (S [n}}
and a corresponding unique additive decomposition of Z € su(n)
(0.2) Z = Z (rij Xij + 545Yij) + Z tiH;.
1<i<j<n 1€[n]

The factorization we are concerned with in this dissertation is the group analogue of this decomposition.
We define the homomorphism

Lij SU(2) — SU(n) : <fyB g) — ~ I ,
I

where I, is the n X n identity matrix, and all other entries are zero. We also define the normalization factor

N() = \/1j-|7<|2 (written a(¢) in [34]). The factorization we will discuss, when it exists, has the form

(0.3) b= I w (Ve () ) T exo (.

1<i<j<n lg[n]

Of course, we must specify the order of the factors in the first product. The ordering we are interested in
depends crucially on a reduced word for the longest permutation wg : (1,2,...,n) — (n,n —1,...,1) in
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the permutation group S,,, the Weyl group of SU(n) (but see Proposition 8). This is a decomposition of wy
in terms of the generating transpositions s; = (4,7 4+ 1), denoted wy:

(3)

Wo = S; Siq-

Next, define the sets of indices

I(j):Si1~~sij,1i]’a J(j):Sil...Sij71 (ZJ-I-].)
The following is basically due to Soibelman [37] (with input from Bott & Samelson [4], and in a formulation
appearing in Caine & Pickrell [6]).

Theorem 0.1. An element k € SU(n) has a triangular factorization if and only if k has a unique factor-
ization!
o

k:HLI(m) ( (Cm)(m ))Hexp t;H;)

m=1

For example, in SU(3), there are two decompositions for wy = (1,3). The decomposition wg = $15251
gives I = (1,1,2) and J = (2,3, 3), leading to the factorization

1 N(¢2) —N(G2)¢2
k= NG NG 1
N(G)G N(G) N(¢2)¢2 N(¢2)
NG -NG)G et
x| NG N(G) ellt2=h)
o—it2
The decomposition wy = s2s182 gives I = (2,1,1) and J = (3,3, 2), leading to the factorization
N(¢) N(¢3)¢s —N(G2)C
k=1 N(G)G  N(G) 1
Cz G2 N(¢2)
1
X N(G) —N(G)G eilt2—t1) ‘
N(G1)G1 N(G) e

These factorizations have many interesting interpretations and applications, many of which are due to
n

Lu [26]. For example the coordinates {Cz}z(iz diagonalize the so-called Evens-Lu Poisson structure on the
top-dimensional isotypic part of K, they diagonalize Haar measure for K, they can be used to derive Harish-
Chandra’s famous formula for the diagonal distribution of K, and so on. We will discuss these applications
in more depth in Chapter 1.

The reduced words for wg can be interpreted in terms of the action of S, on R"™, by permuting the
standard basis vectors: ge; = ey (;). This action identifies S,, with the group generated by reflections in the

hyperplanes H;; = {x eR"|x

=z, }, and the group of rigid transformations of the hyperplane arrangement
HU == U Hlj
1<i<j<n

The connected components of R™\Hy, called chambers, are permuted by this action. Each reduced word
wy = Si,, R . 8, corresponds to a walk through (%) adjacent chambers, beginning with the fundamental
2

IHere and throughout, we use H to mean a product “directed to the left”, and H to mean a product “directed to
the right”, so that

Hfi:fnfnfl---fly Hfi:fle---fn
i=1 i=1
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ss C

(a) wo = s1s251. (b) wo = s2s182.

Figure 1: The chamber walks corresponding to reduced words wo = s18251 (1a) and wg = 518251 (1b).

chamber
CQZ{fGRn‘JT1>SC2>...>IEn>O}

and ending with —Cj. Figure 0.1 depicts the chamber walks corresponding to the reduced words wg = s182$1
and wy = s35152 for SU(3). The figure shows the intersections of the chambers with the hyperplane 1+
perpendicular to the vector 1 = (1,1, 1); both are fixed by the action of S3 on R3.

A result of Stanley [38] gives the number of decompositions of wy as

(3)!
17=137=2_ (2n — 3)1

Stanley obtained this result by creating certain generating functions, now called Stanley symmetric functions.
Extending Stanley’s result to arbitrary Weyl groups turns out to be a deep and difficult question (Chapter
7, [3]), and T don’t know of a closed formula for the number of reduced words for the longest element of a
general Weyl group. It is interesting to ask whether (0.4) has interpretations in terms of the geometry of
the action of S,, on R™ or 11, or in terms of the braid group associated to S,,.

The sets of indices I and J can also be interpreted in terms of the action of S, on R™. The vectors
a;; = £ (e; —ej), where 1 < ¢ < j < m, are permuted by this action. In terms of Lie theory, the collection of
such vectors is the root system of SU(n). For 1 <i < j < m, theroots e; —e; are called positive, and the roots
— (e; — €5) are called negative. The indices I(m) and J(m) have the following meaning: s;, ... i, €1(m),7(m)
is positive for k& < m, but negative for k£ > m, so that er(), s(m) is the m*™ root flipped from positive to
negative by the successive application of the reflections s;; in the decomposition wg = s; (3 s;,- Figure

0.1 depicts the images of the positive roots for SU(3) under the permutations s, 281, and s15281.
The lexicographically minimal reduced word

(0.4)

Wy = 8152818358281 ...8,—-1Sp—2...851

has been singled out in a similar context [20, 1] for its nice combinatorics; we single it out again in Chapter
1. It has the property that among reduced words wy = sz(g) ...8;,, it minimizes de[(g)] ij, and it produces

the indices
(0.5) I=(1,...,1;2,...,2;...;n—=2,n—2;n—1),
(0.6) J=(2,3,...,n;3,4,...,n;...;n— L,n;n).

(Here and henceforth, semicolons appear in the same positions in both vectors.)

0.2. The Infinite-Dimensional Case LSU(n).
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(a) The positive roots. (b) Their s; images. (c) Their sgs1 images. (d) Their s1s2s1 images.

Figure 2: The images of the positive roots (2a) under successive application of s; (2b), s2 (2¢), and 57 (2d).

0.2.1. The LSU(2) Case. We now want to illustrate the factorization for the simplest loop group, corre-
sponding to K = SU(2), which appears in [32]. This is the group of smooth functions k(z) from S* into
SU(2) (called “loops” or “loops in K”), with pointwise multiplication: (kik2) (2) = k1(2)k2(%). We write an
element of LSU(2)

hz) = (—%(*Z()z) aﬁ*(&) :

where a(2) and B(z) are smooth C-valued functions on S', and if f(2) = 3,z fi2%, then f*(2) = Y ez f-i2".

In this context, the concept of triangular factorization is best understood in terms of the multiplication
operator M}, corresponding to k =Y,z kiz' € LSU(2), where k; is a 2 x 2 matrix. For f(z) € L? (S*,C?),
(M f) (z) = k(2) f(2), and in terms of the Fourier basis {z’¢; } for L? (S',C?), we have the matrix

i€Z,5€[2]
representation
ko k1 ke
(0.7) My, = k-1 ko ki
k_o k_1 ko

A triangular factorization k(z) = [(z)du(z) for k in terms of maps [, d, and u from C to SL(2, C) corresponds
to a factorization My = LDU, where the infinite matrices L = M;, D = My, and U = M, are unipotent
lower-triangular, diagonal, and unipotent upper-triangular, respectively. Letting A and A* be the open unit
disks at zero and infinity, this can be restated as follows: [ is holomorphic on A* and [(c0) is unipotent lower
triangular, d is constant and diagonal, and u is holomorphic on A with «(0) unipotent upper triangular.
Explicitly,

[ ( T4+ Y s hez™ Yl )
lor0 + D s loniz™ 1+ 3750 laguz™
" — (1 iz U112 U120 + D im0 u12;¢24_1)
D izl U215z L4371 uo;iz ™"

Triangular factorization is essentially equivalent to Birkhoff (or Wiener-Hopf, or Riemann-Hilbert) factor-
ization; see [32] or [35] for details.
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The condition a loop must satisfy to have a triangular factorization is also stated in terms of M. From
(0.7), we can see that there are essentially two “principal minors” of Mj. Block-diagonalizing My,

ko ki ky ks
A k_i ko ki ko _(A(k) B(k))
ke k_o k_q ko ki ~\C(k) D))’

k_s k_a k_1 ko

we obtain the first, the Toeplitz operator A(k) associated to k. Shifting our block diagonalization by one
row and one column, we obtain the shifted Toeplitz operator A;(k). A loop k has a triangular factorization
if and only if A(k) and A;(k) are invertible, which is equivalent to having
det (A(k)* A(k)) =: det (|A(k)[*) # 0 % det (A1 (k)* Ay (k)) =: det (|A1(k)[?) .
With this in mind, we have the following [32].

Theorem 0.2. A loop k € LSU(2) has a triangular factorization if and only if it also has a factorization
(0.8) k(z) = k1 (2)A(2)k2(2),
where
5= (exp (ix(2)) )
exp (—ix(2))
forx => ez k¥ € C® (Sl, R), and k1 and ko satisfy the following equivalent conditions.
(1) There are factorizations
M M
p— 1 —7 2" pm 1 Giz™
09 =g IIVe (0 1) k=g TIve (g )
for rapidly decreasing sequences {n;} and {(;}.
(2) There are triangular factorizations

I [ MRS (S I e

where x* and y* are holomorphic on A*, and a1 and as are real, positive constants.
(3) The forms of k1 and ko are

= (B0 BEY () )
—B*(2) a(2)/’ Ba(z)  aa(2)
for functions a; and (3; which are holomorphic on A, such that «;(0) > 0, 52(0) =0, and «; and G;
do not simultaneously vanish on A.
Furthermore, in terms of the coordinates {n, x,(}, we have

M M
ap = lim Z:ON(m), az = lim zVZON(CZ-),
M By M M »
det (JA(K)*) = lim T (1+[n:l*) " exp <— > klxk|2> ITa+1GP)™
i=1 k=—M j=1

We can place (0.9) into the framework of (0.3) by showing that the orders of the factors in (0.9) also
depend on words in a reflection group. The reflection group of interest is the infinite dihedral group D.
It is the group of rigid transformations of the integers. Its generators are s1(n) = —n and sg(n) = 2 —
n, which are, respectively, reflection in the origin and reflection in 1. It is an infinite group, so it has
no longest element. However, there are two infinite reduced sequences of generators, or “infinite reduced
words”, s0s18081 ... and $1898180.... Each of these gives us a sequence of integers, by the rule I(j) =
84y -+ 8i;_; (1 —1i5). The sequence sgs15051 ... gives I = (1,2,3,4,...), while the decomposition s159515¢ ...
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gives I = (0,—1,—2,-3,...). For integers p > 0 and ¢ > 0, we define homomorphisms ¢, and ¢, from SU(2)
into LSU(2) by

(5 ) -Can %) wl(5 ) -G 757,

Jim ﬁl L1(m) (N (G:) (an _fm»

then give us loops of types ko and k;.

We can also describe these sequences as walks on the fundamental domains for D.,. Removing the integers
from the real line leaves behind the “chambers” for the infinite dihedral group, namely the open intervals
(i,24 1). The two infinite reduced words correspond to two infinite walks on intervals, beginning with the
interval (0,1). The sequence sg$180s; - .. corresponds to an interval walk towards oo, while the sequence
5§1508150 - - - corresponds to an interval walk towards —oo

The products

0.2.2. Periodic Infinite Reduced Words. Theorem 0.2 is generalized to arbitrary simply-connected compact
Lie groups in [34]. In general, the factorization (0.8) depends on the choice of an “affine periodic infinite
reduced word” in the affine Weyl group of K, an infinite reflection group. For SU(n), the affine Weyl group
is the affine permutation group S,, the group of permutations of Z which commute with translation by n,
t,, (1) = i +n. This group is generated by the transpositions s;, which swap the indices (i + mn, i + 1+ mn)
for all m € Z, and for i =0,1,...,n— 1.

An infinite reduced sequence or word is a sequence of transpositions { Si; }j N such that for every j € N|
the word s;;s;;_, ...s; cannot be made shorter by applying the relations defining S,,. Such a word is called
periodic if there exists some integer p so that ¢,y = %4, for all integers ¢. An infinite reduced word in S,
can be associated with sequences of indices I, J, and P such that 1 < I(m) < J(m) < n for all m, and
P(m) € Z. This is done in a way similar to the examples we have already seen, but we will not go into it
here.

Focusing on the factor k2(z) in (0.8), which, in the context of the group LSU(n), has a factorization of

the form
_ 1 Cp;ijz_p>)
s A}linoo H IT w ( (Gors) (—Cp;z'jzp 1 7

M]1<i<j<n

we seek periodic infinite reduced Words that produce sequences of indices I, J, and P which order the above
product. (The sequences I and J specify a homomorphism ¢7(;), 7(m), and the sequence P specifies a power
of z appearing in the element of LSU(2) mapped into LSU(n) by t7(m),s(m)-)

In the case of K = SU(3) it is possible to write down examples of such sequences in a fairly simple way.
Two such affine periodic reduced sequences are

50, 51,52, 51, 50,51, 52,51,505 -+, 50, 52,51, 52,50, 52,51,52,50, -
The first of these produces
I=(1,21,1,1,2,1,1,1,...), J=(3,3,3,2,3,3,3,2,...),

P=(1,1,2,1,3,2,4,2,...),

and the factorization

1 a(¢s) a(Cs) Gz
ka(2) =... a (G )_ a(Ce) Gz~ B 1
—a (Cs) C62 a(Ce) —a(¢5) 622 a(¢s)
a(C)  a(C)Gz! a(C3) a(¢s) (322
x | —a(C)Caz a(Ca) B 1
1 —a((3) G322 a(¢3)

1 a(C1) a(C)Giz™!

X a(C2) a () Gzt 1

*G(CZ)C_QZ a(Ca) *G(Cl)C_lZ a(C1)
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) > 2 <
> - <
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) < - ’

(a) The alcove diagram for SU(3).

—

b) The minimal alcove walk ... s152515051525150-

Figure 3: Alcoves for SU(3).

You may notice that both the given affine periodic sequences for K = SU(3) have the form sowosowg - . .,
for some reduced word wq for wg. The same is true for the sequence sgsisgsy ..., since s; is the longest
element of the Weyl group of SU(2), a cyclic group of order 2. It is surprising that this pattern does not
continue for higher rank groups, where it is more difficult to produce examples of affine periodic sequences.
This is one of the main points addressed in this dissertation.

The major new results in this document are examples of affine periodic reduced sequences producing
factorizations of the form (0.8) for all the classical Lie groups. Such sequences have been studied in several
contexts [8, 24] by investigators including Cellini & Papi, Ito, Shi, and Lam & Pylyavskyy, a fact we discovered
late in our investigations. The overlap between the present work and previous research is still being explored,
but will be discussed in Chapter 2.

Our approach relies on a geometric realization of the affine Weyl group, and a closer analysis of the
situation for SU(3). The affine symmetric group, like the symmetric group, acts on R™. It is the group of

reflections in the hyperplanes H,.;; = {i“' cR”

T — T = p}, or the group of rigid transformations of the

hyperplane arrangement

PEZL
1<i<j<n

For i € [n — 1], s; is the reflection in the hyperplane Hy,;(;;1), while sq is the reflection in the hyperplane
Hi.1n. (Note that the action of Do on R can be obtained from the action of 52 on R? by projecting the
latter space onto the line e; + es = 0, which is 1 in this case.) The connected components of R"\'H are
called alcoves, and the alcoves are permuted by the action of S,,. Figure 3a shows the intersection of the
alcove diagram for SU(3) with 1+.

Infinite reduced words correspond to infinite alcove walks which are “minimal” in the sense that all their
initial subwalks are as short as possible. Periodic infinite reduced words correspond to so-called affine periodic
infinite minimal alcove walks. These walks have the property that for some p € Z, the walk from p* alcove
on is a translation of the original walk. The periodic reduced sequences we seek correspond to affine periodic
infinite minimal walks which begin with the fundamental alcove

Aoz{feR"‘x1>$2>...>xn, ml—xn<1}

and proceed infinitely far into the interior of the fundamental Weyl chamber Cjy. The alcove walk corre-
sponding to the sequence sg, s1, S2, S1, S0, S1, S2, S1, S0, - - - appears in Figure 3b.
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L

< <
< <

(a) Repeated translation by h*. (b) The reduced word ty = s1525150. (c) The reduced word tp+ = s2515250.

1

Figure 4: Constructing infinite reduced words in SU(3).

The action of S,, on R” allows it to be realized as the semidirect product of S,, with the set of translations
by the lattice T = Z"N1+. One way to construct a reduced word corresponding to an affine periodic minimal
walk is to choose a translation ¢, choose a reduced word t for that translation, and then repeat t (Figure
0.2.2). In SU(3), we have chosen a translation by h* = e; — e3. To explain this, note that the closure Cy of
Cy is the convex hull of the lines spanned by the vectors ©1 = e, O3 = €7 + €3, and e; + e3 + e3, and the
sum of these vectors, which is clearly contained in Cy, projects to e; — e3 in 1+.

Each alcove walk is equivalent to a walk on the “dual graph” obtained by placing a vertex at the center
of each alcove, and connecting the vertices of alcoves which share a boundary. The dual graph for the alcove
diagram of SU(3) is a tiling of the plane by hexagons. The two alcove walks from Ag to Ay + h* correspond
to the two ways of traveling around a hexagon. Indeed, any walk from Aj into Cy can be reduced to a set of
successive choices of whether to go right or left at a given vertex of the dual graph. Going right is equivalent,
on the dual graph, to a translation by ©1, and going left is equivalent to a translation by ©,. This discussion
leads us to the following.

Proposition 1. Let A be an alcove in the alcove diagram of SU(3) such that
center(A) — center (4g) = aO; + bO,.
Then the number of minimal alcove walks from Ag to A is (¢1?).

Furthermore, we can express the reduced words corresponding to these minimal alcove walks in terms of
the transpositions sg, s1, and s3, and we can characterize the sets of indices I, J, and P they produce. Let
Wi = sgsa, let Wy = sgs1, and let Wz(k) = So+kS1+k, Where the indices are taken mod n.

Proposition 2. (1) For any alcove A in the alcove diagram of SU(3), the minimal path from Ay to A
corresponding to o € [*F?] C {1, 214t corresponds to the reduced word

W(o’) = W (2?2571 Ui) - WO’3 (01+02)W0201W01.

Ta+b
(2) The reduced word W (o) produces sets of indices I, J, and P, where
1 dd 3 dd
I(m) = m odd, J(m) = m odd,
Omj2 M even, Oms2+1 m even,

L%J m odd,
6130777,/2 (Zl<m/2 61,01 + 1) + 6270m/2 (Zl<m/2 62,01 + 1) m even.
In Chapter 2, we provide generalizations of Proposition 2 for all the classical Lie groups. Unfortunately,

we have found no such generalizations of Proposition 1. In this affine case, so-called affine Stanley symmetric
functions have been developed, and these can be used to enumerate the number of reduced words of a given

P(M):{
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element. However, I know of neither closed-form expressions, nor of geometric interpretations, for these
numbers.
The reduced words W) appearing in the version of Proposition 2 for SU(n) are

-1
—

W = H SI414+kSI424k - - - Sn—1+kSk-
k=0

The above word produces the indices
rP=(,...,1), I=(1,...;1;2,...,2;...51,...,1),
J=mnmn—-1,...0+Lnn—-1,...;0+1;..5n,n—1,..., 1+ 1).
This leads us to propose the following affine analogue of the lexicographically minimal reduced word,
Wo = Wo ("2 W@ w, M,

Why is this an affine analog of the lexicographically minimal reduced word? Its length is minimal among
reduced words for which the indices I and J run through all possible pairs i,j with 1 <14 < j < n, and we
have

I=(1,...,51,...,1,2,...,2;...51,2,...,n— 1),
J=(nn—-1,...,2sn,n—1,....,3,n,n—1,...,3;...;n,n,...,n),
which we invite the reader to compare with (0.5). The indices P are given by
P=(Q1,...,1;2,...,2,1,...,1;...;n—1,n—2,...,1).

For arbitrary n, Cy is the convex hull of lines spanned by the vectors ©; = e; + ... + ¢;, where [ € [n].
The vector

p= Z@l:nel+...+en
l€[n]

N =

projects onto an element of 7" only if n is odd. Thus, we take

W {ép n odd,

p  mneven.

When n is odd, Wy is a reduced word for tj-; when n is even, WO((Q))WO is a reduced word for this
translation.

0.2.3. The LSU(n) Case. In general, the Lie algebra Lsu(n) of LSU(n) has the basis
{Xijzp, Y;;2P, HjzP ‘ 1<i<j<n,l€en],pe Z},
and combining the Fourier transform with (0.2), we have the additive decomposition
Z() =Y D i Xij+spisYis) + > tpuHi | 27
peZ \ 1<i<j<n i€[n)
for Z € Lsu(n).
The corresponding factorization at the group level is given in the following analogue of Theorem 0.8. Let

A = (1) denote the space of alternating [-linear forms on C", having basis

{eil/\.../\eil Ze[n]l, ’LJ#Z]C}

For a set of indices i € [n]! with i; # ix, we let ¢ A ... A ¢*k denote the vector in A!C™ whose entries are
the determinants of all [ X [ minors lying in rows iy, ..., of k.
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Theorem 0.3. A loop k € LSU(n) has a triangular factorization if and only if it also has a factorization

k(z) = ki ()M (2)k2(2),
where

exp (ix1(2))

exp (i (x2(2) — x1(2)))

exp (—ixn—1(2))
for functions x; € C* (5’17R), and k1 and ko satisfy the following equivalent pairs conditions.

(1) For the sequences I, J, and P produced by the sequence W™, and the sequences I', J', and P’
produced by the sequence wo *W™, where wq is a reduced word for the longest element of S,,, there
are factorizations

1 _n zP(m)
k= hm H LI(m),J (m) ( (1m) ( »—P(m) 77p1 )) ’

1 mZ_Pl(m)
ko = hm pr(m) J'(m ( (Gm) (-C P’ (m) ‘ 1 >>

for rapidly decreasing sequences {nm} and {(mn}.
(2) There are triangular factorizations

kl = Zl(z)alul(z), kQ = ZQ(Z)GQUQ(Z),

where 1y s unipotent lower-triangular and 11(0) = I, Iy is unipotent upper triangular, and a1 and ay
are real, positive diagonal matrices with determinant one.
(3) For each i € [n—1] and j € [2,n], the functions

AN Pk - ST — AICT, N NPy s ST — AmTHLCR
are holomorphic and nonvanishing on A, and there are real, positive numbers r1 and ro such that
S AL AGRL(0) =Tier AL Aey, &N NP h2(0) =Taej AL Aey.

Furthermore, in terms of the coordinates {n, x,(}, we have

M
- )
ay = ]\}gnoo H brr(m), g (m) (( N(nm)_l 7

az = lim_ H’/l(m)J(m (( N ()™ )>

M M
—P(i —-P@
det (JAR)) = tim [T (1) " exp <nzk|Xk|2>H 141627
=(5) - e

We will now illustrate this theorem in the cases n = 4,5, extending §5 of [34]. When n = 4, we have
W1 = 525350, Wy = 50518350, W3 = s25150,
and

Wo =51505351525051525350,

the =8352515350525350515251505351525051525350-
The word Wy produces the indices
I=(1,1,1,1,1,2,2,1,2,3), J=1(4,3,2,4,3,4,3,4,4,4),
P=(1,1,1,2,2,1,1,3,2,1).
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Thus, a product of type ko begins

1 1 * *
1 * * 1
ky = * 1 1
* * * *
1 1 * * * *
* * 1 1
x 1 * * 1
1 * * 1 * *
* * * *
« 1 1
1 * * 1
1 1 * *

We have the triangular factorization ko = laagus, where ly = exp (L) for

0 Faz l4... Foz Y4 T2 24... T1z 4+ Tuz 24Tz 3+...
0 1_772’714*... 56271+9_392’72+...
Ly = 0 -1
T10% + ...
0

: -1 -1 -1
and ap = diag ((121, (22057 , 023055 , Go3 ), for

an= J[ N, aw= [] NG, as= J[ N

i£6,7,9,10,... i#3,10,... i#£2,3,5,7,...

Finally, for £ = k{ Ak2 as in the theorem, we have

det (JAG)1?) = [T (1 + 1mif?) ™" exp (<43 k) [T (1 + 16127,
where the infinite sequence P begins
P=(1,1,1,2,2,1,1,3,2,1,4,3,2,5,4,3,2,6,4,2,7,5,3,8,6,5,3,9,6,3,...).
For SU(5), we have
Wi = s2835480, Wa = 845081835450, W3 = S18250515480, Wi = 83528180,

and
W =ty = 5453525154505354525350515254505152535450,

which produces the indices

I (17 17 1’ 17 17 17 17 2’ 27 27 17 17 2’ 2) 3737 1’ 2’ 3’ 4)7
J :(57 47 3’ 27 57 47 37 5’ 47 37 57 47 5’ 47 57 47 57 5’ 5’ 5)7
P=(1,1,1,1,2,2,2,1,1,1,3,3,2,2,1,1,4,3,2,1).
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Thus, a product of type ko begins

1 1 1 * *
1 1 * * 1
ko =... 1 * * 1 1
* ok 1 1 1
x ok * * * * * *
1 1 1 1
1 1 * * * *
X * ok * * 1 1
* % 1 * * 1
1 * * 1 * *
* * * * 1 1
1 1 * % * *
X 1 1 * % 1
* * 1 1 * *
1 * * 1 1
1 * * * * * *
* * 1 1 1
X 1 * * 1 1
1 1 * * 1
* * 1 1 * *
* % * * * * * *
* ok 1 1 1
X 1 * * 1 1
1 1 * * 1
1 1 1 * *

We have the triangular factorization ke = laagus, where Iy = exp (L) for

0 Zz::éi,...jiz_l doi=3,7,.. Tiz ™ Y lim2612,. Tz 7! Y li=1,5,11,17,.. Tz
j=1,... 3j .

. j=1,2,... _ =1,3,3,... ‘ J=1,2,3.4,... ‘
0 >i=10,... Tz > i=0,14,... Tz 7! > i=8,13,18,... TiZ 7
=1, =12, _ j=1,2.3,0. _
Ly = 0 > i=16,... Tiz ™! D i=15,19,... Tiz77
=1, J=1,2,... ‘
0 > i=20,... Tz
Jj=1,

. —1 —1 -1 -1
and ap = diag (agl,aggam , 023055 , 024053 , Qoy ), for

ag = II N(G),  axn= II N(G),

i#8—10,13—16,18—20,... i#4,15,16,19,20,...

-1
w- I M@ e- I Nv@©
i#3,4,7,10,15,20, ... i#£2-4,6,7,9,10,12,14,16,...

Finally, for k = ki Aky as in the theorem, we have

—P(9) P(j
det (JAMR)P) = [T 1+ Iml?) ™ exp (=5 kxi) [ 1 +1¢D"Y
where the infinite sequence P begins
P=(1,1,1,1,2,2,2,1,1,1,3,3,2,2,1,1,4,3,2, 1,
5,4,3,2,6,5,4,4,3,2,7,6,5,4,3,2,8,6,4,2,...).
0.3. Plan of this Dissertation. We now describe the contents of the rest of this document, indicating the

dependence of the different chapters on each other. Notation which we refer to here will be introduced more
thoroughly at the beginning of each chapter.
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0.3.1. Chapter 1. In this mostly expository digression from the rest of the dissertation, we seek to put the
finite-dimensional factorization appearing in Theorem 0.1 in a broader context. We also attempt to point
out some of the unanswered questions regarding this factorization even in finite dimensions, and to motivate
further results and questions about the infinite-dimensional version of this factorization.

The factorization and parametrization in which we are interested have a general form which appears
multiple times in Lie theory. To a reduced word s;,,, ... s, for an element w of the Weyl group W of G,
we associate an ordered set {ﬁl, . ,ﬁl(w)} of (positive) roots of G, and a product

(0.10) 9=9 Biw)s Tiw)) - -9 (B1, 1),

where g (8;,2;) € G and the parameters x; take values in a parameter space X. The resulting map
X L GiZ—g

parametrizes some subset G, which corresponds to w. In this mostly expository chapter, after fixing notation
for Lie algebras and groups, we discuss several such factorizations, and illustrate them with examples. Our
focus is on reviewing and comparing parametrizations of the Birkhoff strata and Bruhat cells of a simple
compact group K, studied in [26, 5, 6]. These include the generalization of Theorem 0.1 to arbitrary K.

We first review parametrizations for which #; = «a;;, the simple root corresponding to the simple reflection
si;- When X = C and

1T 1
(0.11) g(ﬁjaxj) = L, (N (mJ) ( 1] 7i53j)) )
where 15, denotes the root homomorphism corresponding to 3;, (0.10) defines a diffeomorphism from Clw)
to the Schubert cell C,, of the flag manifold K/T. We explain the relationship of this parametrization to the
topology and geometry of the flag manifold, and give a related formula for Haar measure, and an induced
parametrization of the Bruhat cell CX of K. We then briefly discuss the case w = wy, X = R, and

(0.12) 9(Bj,25) = exp (xjeg,)

where eg, denotes the positive root vector corresponding to ;. This case yields a parametrization of the
space of totally positive matrices. Finally, we study parametrizations of unipotent subgroups of G = K©
obtained by taking (0.12) and X = C, and examine the heuristic relationship between these coordinates and
the coordinates on Schubert cells.

We then give examples of parametrizations for which 38; = s;, ...s;,_, a;;, starting with coordinates on
the Birkhoff stratum X,, C K/T obtained by taking X = C and

9(Bj,x5) = ug, (N (5) <jzwj zf)) '

Following Caine & Pickrell, we use the relationship between C,, and ¥, to derive these coordinates and their
properties; Theorem 0.1 is a special case of Proposition 7. We then put coordinates on certain unipotent
subgroups of G by taking X = C and (0.12), and (heuristically) push these forward to X, using the Iwasawa
decomposition. Finally, we embed C,, into the top-dimensional stratum, ;.

0.3.2. Chapter 2. In Chapter 2, we provide generalizations of Proposition 2 for affine Weyl groups of types
An_1, Bp, C,, and D, which correspond, respectively, to the groups SU(n), SO(2n 4+ 1), Sp(n), and
SO(2n). Formulas for the words W) in terms of the generators s; for these groups are given in the following
table, where for a reduced word w = s;, ...s;,,, and a permutation o of the integers, we use the notation

(0.13) W) = s kSigk Stk W= Sa(iy) - So(it(w))’

where, in the case of SU(n), indices are to be read mod n, and in all other cases, indices are to be read mod
n+ 1.
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Type W,
-1
An Wi=]li=0 a C] = SISI41 - --Sn—15n
: i
— o}
i_1C le2,n
B, W, = [li=1c 2, 7] Cl = S1Si4+1---Sn—15nSn—1 - - - 835250
S0C2 =1
l
c W, — (Cl) l e [1,77, — 1} C1=S1S|4+1---Sn—1SnSn—1---5150
n 1= n—1
Hi:O di l=n diZSiSifl...Slso
é i
g,
[ e (2
SpC2 =1
C1=s51S eSp—28nSn—1...5352S
Dn le L";ZJ ldll+1 n—29n°n—1 35250
. — i—Si—-18—-2...515;S;—1-..-S2S8
Hi:Q—(nmod2)d21 l=n i—S8i—15i—2 15¢5i—1 250
=y
E—— On—1 _
Hi:%(n mod 2) o l=n-1

By combining the reduced words W), we obtain reduced words ty,» for translations ¢;+ by the shortest element
h* € T N Cy.

Type h*
A, e O14+...+60,=p n even
201 +...4+20, =2p n odd
B e O1+...+0,=p n =0,3 mod 4
" 120, 4+65+... 40, =p+6, n=1,2 mod 4
Cp h"=0,+...4+460,.1+20, =p+06,
D e O,+...+40,=p n =0,1 mod 4
" 1201465+ ... 40, =5+6; n=2,3 mod 4

For type A,,_1, the proof is by induction. For the other types, our main tools in obtaining these results
are permutation representations of the corresponding affine Weyl groups, homomorphisms mapping these
groups into S, [2, 3, 11]. After fixing notation and giving some basic facts about affine Weyl groups, we
present proofs for type A,_1. Next, we present the permutation representations of the classical affine Weyl
groups, and use them to prove results for types B,,, C},, and D,,.

When possible, we connect our results to previous work on reduced words in affine Weyl groups. We
discuss infinite elements and reduced words [8, 16], their geometric interpretation [36], and their relation to
periodic infinite reduced words [8, 16]; these results are due to a number of researchers, including Cellini &
Papi, Ito, and Shi. We then discuss a method of Lam & Pylyavskyy [24] for finding reduced words for certain
translations in S,,. We use the aforementioned permutation representations to extend this method to the
other classical affine Weyl groups, and compare their method to ours. Finally, we discuss the relationship
between minimal alcove walks into Cjy and ad-nilpotent ideals of Borel subalgebras, as developed by Kostant
[22], Cellini & Papi [9], and others.

0.3.3. Chapter 3. In the final chapter, we review the generalization to arbitrary K of Theorem 0.3. As we’ve
noted, this material was recently published in [34], and our presentation will follow the presentation there
closely.

First, we establish notation for affine Kac-Moody Lie algebras, and for loop groups and their central
extensions. Our notation for Kac-Moody algebras and loop groups differs slightly from that appearing in
[34], and we point out these differences.
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Second, we study finite and infinite products of the form

ko = H la (N(Ca)(ll fj>)7
aELS— D+ %

where the factors are ordered by a total reflection ordering (a choice of reduced word for) the infinite inversion
set Z6 — ®T. In Theorem 3.1, we prove the equivalence of the three conditions characterizing loops of this
type. We generalize condition (3) in Theorem 0.3 by characterizing these products in terms of their actions
in representations of the finite-dimensional Lie group.

In Theorem 3.4, we prove that a loop k € LK has a triangular factorization if and only if it has a
factorization k = kjAky. Finally, we indicate what variations of this factorization might look like, with a
Proposition regarding LSU (n).

1. FACTORIZATION AND COORDINATES FOR FINITE-DIMENSIONAL LIE GROUPS

In our notation for Lie groups and Lie algebras, we try to follow Carter [7] as closely as possible. For an
elementary introduction to these topics, we can recommend Hall’s excellent book [14]. More comprehensive
expositions are given in Carter, as well as Knapp’s classic [19].

1.1. Lie Algebras. Throughout, we define ¢ to be a simple, finite-dimensional Lie algebra of compact type
with bracket [, ], g := £ to be its complexification, and x — —z* to be the anticomplex involution fixing .
We choose a maximal abelian (Cartan) subalgebra t of € b := (© is a Cartan subalgebra for g, and we define
br := it. The complex dimension of b is equal to the real dimension of t and hg. This number is called the
rank of g or ¢ and denoted r := rkg = rkt.

1.1.1. Roots. For each X,Y € g, we define adx(Y) = [X,Y]. The roots « of g or £ are elements of hi; the
i€ [r}}, and
these span hj. We denote the set of positive roots with respect to A by ®*, and the set of negative roots
by ®~. The height of @ = 3 ;c;,ynic; € @ is ht () := 37}, ni; the unique highest root is denoted by 6.
We will also make use of the vector

finite set of roots will be denoted ®. We denote the set of simple positive roots by A = {ai

The root lattice of g is

1.1.2. Coroots. A negative definite bilinear form on hg, called the Killing form, is defined by x(-,-) :=
tr (ad(yad(.)). We also denote the dual form on b by  (-,-). The dual Coxeter number is g = 3£ (6,6),
and we let () := %n(, -) denote this bilinear form on both hr and b, so that (#,0) = 2. The bilinear
form (-, -) induces the following correspondences (as sets) between hgr and by:

hiy: bh — bz hey: b — b
A R o (B, ) = AC), A=y (has) = o5y AC)-

Then {ha

a € <I>} is the set of coroots, {ha|a € <I>+} is the set of positive coroots, the simple positive

i€ [r]}, and

coroots are {hi = ha,

The coroot lattice of g is

We remark that if ® is presented in a basis orthornormal with respect to (-,-), then we can identify b and
A, and write hy = ﬁ)\.
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1.1.3. Weights and Coweights. A weight of g is any element A of b having A (h;) € Z for all i € [r]. We
define the set of fundamental weights of g to be the set

{Ai € br | As (hy) =645, 4,7 € [T]}-

The weight lattice of g is

The set of fundamental coweights of g is the set {G)i € br ‘ a; (0;) =6;5, 1,5 € [r]}, and

(o, o) (Mg, Ag)
. I,

i, Q)

_
;=7

[
My, =

R= @Z@i.

i€[r]

The coweight lattice of g is

The lattices 7' and T are in duality, as are the lattices R and R. We will make use of the identities
i€[r] ]

1.1.4. Simply-Laced Groups. We say g is simply-laced if every root « has the same length. In this case,

(a, ) = 2 for all a« € @, and for i € [r],

h; = h’ai, 0, = h;&p
so that

Wy =T, Wy = R.
In other words, under the isomorphism of hr and b induced by (-, ), roots are identified with coroots, and
weights are identified with coweights. In particular, p = h/,.

1.1.5. The Weyl Group. The Weyl group W of g is the finite Coxeter group generated by the reflections
{si | i€ [7“]}, which act on « € b by
sio =a — a(h;) ay,
and on h € hr by
Sl'h =h— Olz(h)hz
A word of length n for an element w € W is a sequence of simple reflections s;,,...,s;, such that
w = 8, ...8;. The minimum length of a word for w is called the length of w, and denoted I(w). Any
word of length I(w) for w is called a reduced word for w. To distinguish a reduced word from the Weyl
group element it “spells”, we will use Roman typeface. Thus, when we write w = s;, ... s;,, W denotes the
sequence Si,, ..., ;. , which gives a reduced word for w. The longest element of W will be denoted wo; it
sends & to .
The inversion set of w € W is

Inv(w) = {oz c ot | wa € fIf} =w e Nt
We have Inv(wg) = ®+.
Given a reduced word w = s;, ... si,, for m € [I(w)] define wy,, = s;,, ...s;,, and

Tm(W) = W;Llilaim = Siy - Sip 10, -
Lemma 1. Proposition 4.4.6, [3] Form € [l(w)], T (w) € ®T. For j < m, wjT,(w) € ®F, while for j > m,
W;Tm(w) € ®7. Thus,
{Fm (W) b2 = Tov(w),

m=1

and l(w) = # (Inv(w)).

oL : : . !
Characterizations of inversion sets, and orderings {7, (w)}.*)

m=1>

were provided by Dyer [10].

Definition. A subset I C ®* is called biconvex if
(1) whenever o, 3 € I, and oo + 3 € &, then a + 3 € I, and
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(2) whenever o, 8 € ®* and o+ 3 € I, either a € I or § € I.

Definition. An order < on a biconvex subset I C ®1 is a total reflection order if

(1) whenever a, B,a+ 3 € I, eithera <a+ 3 <For 8 <a+f<a, and
(2) whenever a,a+ €I and § ¢ I, then a < o + .

Proposition 3. The biconvex subsets of ®T are in correspondence with the elements of W, such thatw € W
corresponds to Inv(w). The total reflection orders on Inv(w) are in correspondence with the reduced words
for w. The order <y, corresponding to w is defined by setting 7;,(w) < 7;(w) whenever i < j.

Given the central importance of inversion sets in this document, we provide a proof of this result.

Proof. First, we show that every set of the form Inv(w) is biconvex, and every ordering <, is a total reflection
ordering, by induction on I{(w). Certainly a; = Inv (s;) is biconvex, and, vacuously, the “ordering” on «; is
a total reflection ordering. Assume now that Inv(w) is biconvex, and every ordering <y, is a total reflection
ordering, for all w € W with I(w) < k < I (wp).

Let [(w) = k, and let ws; be reduced. Then

(1.1) Inv (ws;) = {a;} U s;Inv(w),

and «; ¢ Inv(w). Since s; permutes @\ {a;} and s; is linear, s;Inv(w) is biconvex. Now, if 3 € Inv(w) and
a; + s;3 € ®T, then again because s; permutes ®*\ {a;}, 3 — a; € ®T. Since o; ¢ Inv(w), wa; € d+ and
w(f— ;) =wh —wa; € P, so that f—a; € Inv(w) and a; + 8,0 € Inv (ws;). Thus Inv (ws;) is biconvex.

Next, for any reduced word w, 71 (ws;) = «; and for j > 2, 7; (ws;) = s;7j—1 (w). Now, assume o, a+3, 3 €
I. First, assume « # «; # (. Then, we have a = s;7, 8 = ;0 for v,0,7+ 6 € Inv(w), and v < v+ I <w I
implies @ <ws;, @ + B <ws;, 0. Next, assume o = ;. Then o; <ws, @; + 0 and a; <y B. Furthermore,
B = s;v for some v € Inv (w), and s; (a; + B) = v — a, while ;8 = . Thus, v — «;,7 € Inv(w), while
a; ¢ Inv(w), so that v — a; <y 7, and @ + 0 <ys, 8. Thus <y, is a total reflection ordering.

Now, we show that every biconvex set is the inversion set of some w € W. Indeed, (1.1) shows us how
to construct a reduced word w for w inductively. If #(I) = 1, then the definition of biconvexity forces
I = {a;} for some simple root «;, and so I = Inv(s;). Now, assume that for all biconvex sets I with
#(I) < k < I(wp), there exists some unique wy € W such that I = Inv(wr). Let J be biconvex with
#(J) = k+ 1. The definition of biconvexity guarantees that J contains a simple root «;, and we have

J={aif U\ {ai} = {ai} Usisi (J\ {a;})
={ai} Usilny (W, o\ foip) = TV (@s, 1\ 0y 5:) -

This argument also basically shows that every total reflection order on an inversion set I corresponds to a
reduced word for the corresponding Weyl group element. We simply point out that the first element in any
total reflection ordering of I is necessarily some simple root «; € I. Next, the “push forward” by s; onto
s\ {c;} of a total reflection ordering on I is also a total reflection ordering. ]

1.1.6. Root Spaces and Triangular Decomposition. The root spaces are the eigenspaces of ady, = {adh | h e bR},
nt = {X e gj[h,X] = +a(h)X Vh € b]R} .
We have

+ ] _ o+
(1.2) [na,nﬁ] =1, 5
The fact that b = t© implies that (nf)" = nT.
The subalgebras of g
wt e @)
acdt

are nilpotent, and (nT)* = n~. There is a decomposition
g=n"a@hen,

called the triangular decomposition of g with respect to h.
The formula (1.2) implies the following.
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Proposition 4. For w € W, the spaces
= P ol = P
aclnv(w) aclnv(w)
are subalgebras of n and n~.
1.1.7. Chevalley Generators. The Chevalley generators of g,
{ei,e,i €y ‘ i€ [7“]},
are eigenvectors of A, so that for all h € b,
[h, ei] = ai(h)es, [h,e—i] = —ai(h)e—;.

They satisfy the additional relation
[ei, 672‘] = hi.

Then {ei,ei, hi|ié€ [r]} generates g.

1.1.8. Root Isomorphisms. For each i € [r], we fix the root isomorphism ¢; : s/(2,C) — g determined by

) I (R IS (I

1.2. Lie Groups. We denote the simply-connected groups corresponding to g and ¢ by G and K, respec-
tively. Let N* = exp (n*), H = exp (h), T = exp (t), and A = exp (hgr). The Borel subgroups of G with
respect to H are BT = HN¥*. For i € [r], we define ¢; : SL(2,C) — G by ; (exp (X)) = exp (1; (X)) for
each X €5l(2,C).

1.2.1. The Iwasawa Decomposition. The Iwasawa decomposition for G is
G=KANT,
so that g € G has a unique Iwasawa decomposition

g =k(g)a(g)n(g).

Note that ¢, and k commute.

1.2.2. The Weyl Group. The Weyl group for g is isomorphic to the quotient groups W = Ng (H)/H =
Nk (T)/T. A representative for w € W will be denoted with bold type w. Such a representative acts
on g € G by conjugation, and on X € g by the derivative of conjugation, denoted Ad. Examples of

representatives are the elements
s=u((2r o)
T\ 0 '

A reduced word w = s, ... s;, for w € W, along with a set of representatives s; for the simple reflections,
gives a set of representatives for wy,, namely wm = s, ...s1,. Given w = s;, _, ...s;;, we define the root
homomorphisms ¢, (w) : s(2,C) — g by

0 0 1 0
brj(w) ((1 0)) = Adw;_, e—i;, brj(w) ((0 _1)) = Adw;_, hi,
0 1
bri(w) ((0 0)) = Adwy €4y

where Ad denotes the derivative of conjugation at the identity. We define ¢r (wy : SL(2,C) — G by
Lr;(w) €XD (X)) = exp (7, (w) (X)) for each X € sl(2,C).
For w € W, we define the subgroups
N =exp (ng) ~“NTAw 'N~w, N,

w

= exp (n;) ~ N Nnw 'Ntw,

as well as the “opposite” subgroups

N} = NN\N} 2 Nt nw 'Ntw, N, =N"\N, 2N nw 'N w.

w

These do not depend on the choice of representative w.



20 BENJAMIN PITTMAN-POLLETTA

Example. For SL(3,C), the Weyl group is the group of 3 x 3 permutation matrices. It has six elements,
and two generators,

01 0 1 0 0
S1 = 1 O O 5 S9 = 0 O 1 3
0 0 1 01 0
which act by conjugation on elements of SL(3,C). We also have
1 % 0 1 00
Ni={lo 1 0]}, Ni={[0 1 «
0 01 0 01
1 % =% 1 0 =
Fo=3lo 1t o)y, N =<S[0 1 «
0 1 0 01

1.2.3. Triangular Factorization and the Bruhat and Birkhoff Decompositions. An element g € N"HN™ has
a unique triangular decomposition

g=1(g)d(g)u(g), where d(g)=m(g)a(g) = H ai(g),

and o;(g) = ¢a, (ma,(g)va,) is the fundamental matrix coefficient for the highest weight vector corresponding
to AZ
There are also more general decompositions for G. The Birkhoff decomposition for G is

G=|]=¢ =¢=NwHN'
weWw
The Bruhat decomposition for G is
G=|]cd, cf=N'wHN'.
weWw

Thus, N"HN* = ¢ = C’ucfo. Neither the Bruhat cells C$ nor the Birkhoff strata ¢ depend on the choice
of representative w.
We can intersect both of these decompositions with K, obtaining Bruhat and Birkhoff decompositions for

K:
K=|]ck=1]]=F
weWw ’LUGW
CK .= N*wHN*NnK, SK.=N"wHNTNK.

In finite dimensions, the Bruhat and Birkhoff decompositions are equivalent. More specifically, we have
the following.

Lemma 2. C,, and X, are diffeomorphic, with the diffeomorphism given by left translation by wo.

Proof. We have

woCyw = WoNTwo 'woWwHNT = N"wowHN' = Ywow-

Example. For SL(3,C), we have

1 0
* 1
* %
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The Birkhoff strata are

x ok
Y. =N HN't = * )
x k%
01 0 0 * =
g, =N"11 0 O HNT = * k% ,
0 0 1 * k%
1 0 0 z  w %
Yo, =N |0 0 1])HN't = wz  pw ok ,
01 0 * * ok
0 0 1 0 0 =
Y, =N"|1 0 0)HNT = * ok % ,
0 1 0 * ok %
01 0 0 * =
Yoo =N"[0 0 1 HNT = 0 % = ,
1 0 0 * k%
0 0 1 0 0 =
Ywo=N"(0 1 0)HN" = 0 * =x
1 0 0 x % %

The Bruhat cells are

* ok %
Ci,=NTHNT = 0 % = ,
0 0 =«
0 1 0 * ok %
C'Sl:N+ 1 0 0)HNT = * ok % ,
0 0 1 0 0 =«
1 0 0 ¥ % %
C’gQ:N+ 0 0 1|HNT= 0 = = ,
0 1 0 0 * =«
0 0 1 ¥ % %
Cos,=NT|1 0 0)HNT = x %k ,
0 1 0 0 * =«
0 1 0 * * %
08231:N+ 0 0 1 HN+: V4 w * s
1 0 0 Wz pw ok
0 0 1 * k%
Coo=NT{0 1 0)|HN" = ¥ % %
1 0 0 * ok %

1.2.4. The Flag Manifold G/B*. The (generalized) flag manifold of G is the quotient space G/B*. This
space can also be presented as K/T. The diffeomorphism between the two quotient spaces is provided by
the Iwasawa decomposition, so we identify gB* and k(g)T.

By intersecting the Bruhat cells and Birkhoff strata with G/B™, we obtain cell decompositions of the flag

manifold:
G/B = || Co=|] Su

weW wEW

Cy:=NtwB*/Bt, ¥,:=N wB'/B".
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The cells C,, are called the Schubert cells of the flag manifold, and their closures C,, are algebraic varieties
representing the homology classes of G/B™, denoted Schubert varieties.

The two presentations of the flag manifold lead to two presentations of the Schubert cells and the Birkhoff
strata.

Lemma 3. There are diffeomorphisms
NJ,I —>Cw—>NI,1WAN+ﬂK, ]\_/'l;,1 —>Zw—>N;,1WAN+ﬂK.

Proof. The first pair of diffeomorphisms result from the fact that N+ acts transitively on the coset space
N*wB*/B*. The stabilizer of the point wB* is N* N wN*w~!. This leaves the quotient isomorphic to
Nt/ (Ni N WN+W_1), which in turn is isomorphic to N* N wN~w~!. The second two diffeomorphisms
result from the fact that adpz Nt = N*T. O
We note for future use that these two presentations are related by diffeomorphisms

N;L,l — NJ:,IWANJF NnNK ]\71;,1 — N;,IWAN+ NnNK

U k (uw), l — k (Ilw).
This allows us to describe the Bruhat cells and Birkhoff strata in G more completely.

Lemma 4. The multiplication map induces diffeomorphisms
NI x{w}x HxN" — CZ, N, x{w}x HxN" — x¢.
In particular, we have
Y1=N =N ANTNK.
This can be seen directly. If g = ldu, then gBt = IBT. Furthermore, if | € Nt has Iwasawa decomposition
I =k(l)a(l)n(l), then k(I) has the triangular factorization
k() =) a()" =la@)"" (a@)n@)tal)™),
so that k(l) e N"ANTNK.

1.3. Parametrizations with Sequences of Simple Roots. A reduced word w = Sit(wy - -+ Sin for an

element w € W determines a sequence of simple roots {aij }é(:l) . Such sequences of simple roots play a role
in parametrizations of several important objects in Lie theory and algebra, namely Schubert cells, Bruhat
cells, and totally positive matrices.

1.3.1. Parametrizations of Schubert and Bruhat Cells. The first such factorization is incipient in the work
of Bott & Samelson [4], who used the map

Loy (SU2)/SY) x ... xu, (SU(2)/S") — K/T,

where S is identified with the diagonal subgroup of SU(2), to study the homology of the flag manifold. The
homology of K/T is generated by the two-cells appearing on the left-hand side of the product above, and
in fact Ho (K/T,7Z) = Z", where the rank r of K is the number of simple roots. The first relations between
the homology classes appear in dimension 4, and can be given in terms of the structure constants of g [4].
Soibelman was the first to write down the implied parametrization of the Bruhat cell C,, [37], which was
also used by Lu [26]. We parametrize C,, by parametrizing ¢;, (SU(2)/S') by a single complex coordinate

¢j. Defining the normalization factor N(¢) = (1 + \C|2)71/2, we have the following.

Theorem 1.1. For each reduced decomposition w = ;... Si,, there is a diffeomorphism

1(w)

S
(1.3) ' —Cy: C— ] 4w <V —1N () <Cj ¢ )) '
=1 L =G
This parametrization has some topological significance. A beautiful fact about flag manifolds is that the
Schubert cells form a basis for the homology of K/T. This is in line with the results of Bott & Samelson,
since

Cy, = 1 (SU(2)/5") .
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The inclusion of a cell Cy in the variety C,, occurs if and only if w > w’ in the Bruhat ordering on W
(p- 29, [3]). Thus, understanding the topology of K/T reduces to understanding the Bruhat ordering on
W. The meaning of w > w’ is that we can obtain a reduced expression for w’ by leaving out some of the
simple reflections, say those with indices Iy, ..., Ijw)—i(w), in a reduced decomposition of w. In this case,
we reach (', by going to infinity along the negative imaginary axis in the coordinates <117""<Iz(w)7z<w/)
for C,,. Taking all the coordinates to infinity in this way, we reach the point corresponding to the identity.
Conversely, the coordinate 5 = 0 corresponds to the point

Al )

W:Lil(w)(( /—_1 <o bgy (( /7_1
This coordinate system has several other nice properties. Pickrell [30] showed the following.

Theorem 1.2. In the coordinates (1.3), the diagonal component of k € C,, is the product of the diagonal
components of its factors,
(Ve

- T (9 )
=11 N (G)

i=1
The coordinates also have significance to the Poisson geometry of K/T. A Poisson structure on a manifold

M is a bilinear map

{53 s CF(M) x C(M) — C(M)
which is antisymmetric, satisfies a Leibniz rule in each slot, and satisfies the Jacobi identity. It can be
represented as a bivector field IT € A2T'M, and this bivector field induces a map

0% . T*M — TM : w — T(w, -).

The image of IT# is an involutive distribution on M, and its integrable submanifolds are symplectic manifolds,
called the symplectic leaves of II.

The Lu-Weinstein Poisson structure or the standard Poisson Lie group structure is a Poisson structure
on K denoted here by wa [27]. HfW is invariant under right translation by 7', so it descends to a Poisson
structure on K /T, which we will also denote Iz . The symplectic leaves of Iy are exactly the Schubert
cells Cy,.

The forms dual to the cells C,,, which give a basis for the de Rham cohomology of K/T, were discovered
by Kostant [21]. Lu used the above factorization to give a Poisson geometric interpretation to Kostant’s
harmonic forms [26] with respect to IIp . Using the multiplicativity of Iy, she showed the following.

Theorem 1.3. The symplectic form Q,, induced by Upw on C,, is diagonal in the coordinates (1.8), and
given by the expression

Qw:i 2/—1 1

d¢; A dC;.
(i, i) T+ G2 !

j=1
In the process, she showed that Haar measure p,, on the subgroup N} is a product measure in the ¢
coordinates.

Theorem 1.4. The Haar measure on N} in the coordinates (1.3) is given by the expression

dp lﬁlp(h_ )(1+|<v|2)4p(h”(““)_ldg‘-dg‘«.
w 271_\/: 75 (W) J j a6

Jj=1

These results can be “lifted” to the Bruhat cells CX of K, by pairing the ¢ coordinates with coordinates
on T. All the results about C,, still hold for CX  more or less. The symplectic leaves of wa foliate the
cells CK.

One result of these facts is a product expression for Haar measure px on K, since Cy, is a set of full
measure with respect to pr. Let uy+ and pr be the Haar measures on N+ and T, respectively, and let
{6;}._, be a suitable set of coordinates on T'. The following appears in [26].
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Theorem 1.5. We can express pux as

e (8) =< II <p”a>) A1) dju - (n (1)) (1)
acd+ V7

#(2F) 1 . 2 Qp(th(w))*ld e 1 46
1l 3T oy 60 ot Loz

1.3.2. Parametrizations of Totally Positive Matrices.

Definition. A totally positive (nonnegative) matrix A € GL(n,R) is a matrix all of whose minors are > 0
(> 0). The space of totally positive (nonnegative) matrices will be denoted TP (TNN).

The study of nonnegative matrices has a long history. Perron discovered in 1907 [29] that if a matrix
A € GL(n,R) has entries in R+, then the eigenvalue of largest modulus is simple, real and positive. In the
30s, Gantmacher & Krein [13] observed that if the determinant of every minor of A is also real and positive,
then all the eigenvalues of A are simple, real, and positive. The study of these matrices, and their relations
to canonical bases for quantum groups, was pursued by Lusztig, Berenstein, Fomin, Zelevinsky, and many
others [28, 1]. An introduction to the subject can be found in [28].

Since the entries of the triangular factorization of A can be written as ratios of minors of A, if A = LDU,
then L and U also have real, positive entries. Indeed, L and U are totally positive, in the following sense.
Let a minor whose determinant is not identically zero on N* be denoted a minor for N+,

Definition. A lower-triangular unipotent matrix L € GL(n,R) will be called totally positive (nonnegative)
if all the minors for N~ are > 0 (> 0) for L. The space of totally positive (nonnegative) lower-triangular
matrices will be denoted TP~ (TNN ™).

The same definitions can be made regarding upper-triangular matrices. We will call the space of all totally
positive (nonnegative) unipotent upper-triangular matrices TP (TNNT).

The question of the parametrization of TP thus reduces to the parametrization of TP*. The following
interpretation of a result of Whitney [40] is due to Loewner [25].

Proposition 5. Given a reduced word wo = S;,,,, - ..Si, for the longest permutation wq in the permutation

()

group S,_1, there are diffeomorphisms

Given two reduced words wo and wj, the transition maps Ry" = f‘;,l o fw, have been studied in the paper
0
[1]. These transition maps provide the connection between total positivity and canonical bases for quantum
groups.
As in the case of the flag manifold, intersecting the Bruhat decomposition of GL(n,C) with TN N* yields
cell decompositions
TNN* = | | TPE.
weWw
Given a reduced decomposition w = s;, ... Siy0» €ach cell TP is completely parametrized by (R>0)l(w),
1(w)
S

(Roo)!™ — TP 71— T exp (rjes,) -
j=1
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In fact, TP} is the set of upper-triangular totally nonnegative matrices A such that wA is totally positive
[28]. These concepts have been extended to more general groups, including recent extensions to loop groups
by Lam & Pylyavskyy [23, 24].

1.3.3. Parametrizations of N2 . Of course, the parametrizations intermediate between these two, which we
have not mentioned, are the parametrizations of Nt by C!(*). Indeed, we have the following.

Proposition 6. Given o set of indices I = {i1,...,in}, with each i; € [r], the map

o

fr:C*" — N*: (r— Hexp (Cjeij)

j=1
s a diffeomorphism onto its image if and only if s;, ...si, s a reduced word in W; in this case, its image is
N}
Proof. We proceed by induction on n. For n =1, we have f; : { — exp (Ce;), and f; is clearly a diffeomor-
phism from C to NS“; =Nt Ns;Ns;.

Assume the proposition is true for n < k. Now, choose a set of indices I = {i1,...,4x}, with each i; € [r],
and let I’ = {i1,...,ix_1}. Then, if f;r is not a diffeomorphism onto its image, neither is f;. Thus, we
consider only the case where w =s;, |, ...s;, is a reduced word for w € W.

For each reduced word w' = s, , ...s;, for w, write I(w’) = {j1,..., jk—1}. Given reduced words w’ and
w' for w, the composition R;Ez,)) = fl_(iv,,) o frw : CHw) — CHw) is also a diffeomorphism.

Now, let iy = ¢, and assume that s;w is not reduced. This means [ (s;w) = k — 2, and there is a
reduced word w* = s;8j, ,...8j, for w. Given the standard basis {)\;} for C¥, let { = > iclk] GiAq and
(= > ick—1] GiAi- Then we have

F1(C) = exp (Gred) f1r (C) = exp (Crei) Frwey o R ().
But then,

1 (5) =exp (Cre;) exp ((Rff(w*) (5))1671 €i> n

o (6 (R @) ) e €.
I

where ("' = CuAp_1 + RI,(W*) (5’) Thus f; cannot be a diffeomorphism.

Now assume that s;w is reduced, and let w” = s;8;,_,...8,. The induction hypothesis gives us a
diffeomorphism from fr(y : C¥~1 — N7, Then, Inv(w”s;,) = {a;, }Us;, Inv(w”). Since s;, Inv(w) C &,
we know «;, ¢ Inv(w). Thus, by the properties of biconvex sets and (1.2), the multiplication map gives a
diffeomorphism

N}, x exp (Ce;) — N,

Composing this with f7(y) yields a diffeomorphism fg;;, . i} : Cck — Ns"i‘w. This proves the result. 0

Lot

I have said that these parametrizations are intermediate between those for Schubert cells and totally
positive matrices mentioned above. The connection between the parametrizations of N* and TP, is simply
a change in the parameter space from C to Rsq. Is there a direct way to obtain the parametrization of
NtwAN™T N K from this parametrization of N, ? The answer is yes, sort of. Recalling that the map
u +— k (uw) is a diffeomorphism from N:Ull onto NTwANTNK, the following heuristic manipulations take
us from one parametrization to another:

k H exp (Cjeij) w | ~k H (exp (Cjeij) Sij)
Jj=1 j=1
1(w)

= I k(exp (Geiy) si) -

Jj=1
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To see that the final product gives the parametrization we’ve written down in Theorem 1.1, note that

ke Ge)m) = k(6 9) (& %))
=1, <ﬁN (¢) <<f ,1@_)) :
We might ask the following question. Given a set of n indices i; € [r]|, when is the map
. ﬁf (v iven (§ L))

a diffeomorphism? I don’t know of any results that answer this question, but Proposition 6 seems to suggest
that s;, ...s;; must be a reduced word. We will see below that for Birkhoff cells, a different answer is
suggested.

Example. For SU(3), for the set of indices {1, 2,2}, s2s281 = s1 is not a reduced word. Abbreviating N (¢;)
by N;, we have the map C3 — K/T given by

. V=IN3(s  V—1N3_ V=IN2(  V—=1INy 1
(— | V—=IN3 —V=1INs(3 V=INy  —V/—=1Na(o V=INi¢i  V=1IN;
1 1 V=IN  —V/=1INiG

—NoN3 (1+G6)  V=ININ2N3Gi (G — G3) V—IN;N3Ns (¢ — (3)
= | —NaN3(C2—C)  —V=INiNaN3Gi (14 Gas)  —V—IN1NoN3 (1 + (a(3)
0 V=1 —V/=IN1Gy

Since the image of this map lies (at best) in Cy,s,, a manifold of complex dimension two, it cannot be a
diffeomorphism.

1.4. Parametrizations with Inversion Sets.

1.4.1. Parametrizations of Birkhoff Cells. Using the diffeomorphism between C,, and £,,,.,, we can use (1.3)
to parametrize the Birkhoff strata. The resulting parametrization utilizes the inversion set of wwy.

Proposition 7. For each reduced decomposition w = s;, ... i, , there is a diffeomorphism

L(wow)

(1.4) cte) — 5w [T i (V@) ()

Jj=1

Proof. Take the reduced decomposition

_ -1 _ . . . .
wo = (wow)w ™~ = (sl#((ﬁ) -~-3u(u,>+1) (s“ -~-5n(m)) ,

Also choose the representatives

)]

The diffeomorphism wy, 1Cw0w = 3, induces the parametrization

so we have wow = Siy(at) St i1

#e)

o sy cawyt T w (VNG (S L)),

j=l(w)+1
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Then, we have
#(**)

wo' I 4 <ﬁN(Cj)<<1j 71@))

j=l(w)+1

#(¢+)71(w)
- 7

=W E (WOW)] 11 Si1(w) 43t (FN (CJ) (C _1@.)) (Wow)j—l
Slwow)

=w Jl;[l (Wow); ) Liywy s <(_\2_—1 _\éjl) V—=1N (¢) (Clj —16]‘)) (Wow); 4
PN _

v T e (V@I (¢ 7))

In particular, for each reduced word wq, we have the following parametrization of ¥:

) )

) i T e (VO (L E)).

j=1
Pickrell’s result (1.2) has the following corollary.

Corollary 1. In the coordinates (1.4), the real diagonal part of k € Xy, is

L(wow)

— Tbﬁ(wow) ((N (()Cj) N((Oj)l)> '

Recent results of Caine & Pickrell on homogeneous Poisson structures for symmetric spaces [6] give a
Poisson-geometric interpretation to the Birkhoff strata of K, and to the above coordinates. This involves
the canonical Poisson structure for Riemannian symmetric spaces constructed by Evens & Lu [12]. Consider
K = {(k,k)|k € K} as a homogeneous space for K x K, which acts on itself by the action (k1, ko) x (K}, kb)) =
(klk ky 1, kikbky ) When K is identified with the symmetric space K x K/K, the Evens-Lu construction
produces a K x K-homogeneous Poisson structure on K, which we will denote I1%, [5].

Caine showed in [5] that the symplectic leaves of I1%, foliate the Birkhoff strata YE of K. The leaves
contained in ¥X are parametrized by representatives w of w in Ng(T). Each such symplectic leaf is
diffeomorphic to 3,,, and admits a Hamiltonian action by a subtorus T, of T'; an action of T\T,, takes one
symplectic leaf to another [6].

In fact, this is entirely isomorphic to the Bruhat picture. The following appears in §5 of [6].

Theorem 1.6. Left multiplication by wq is a Poisson map from (C’f,ﬂfw) to (Ew, HEL)
Thus we also have the following.

Corollary 2. The symplectic form on X, induced by HfE{L is given in the coordinates (1.4) by

" 2y/—1 1 _
dé; Nd(C;.
Z (i, aq,) 14112 G A

j=1

Finally, we can rewrite all the topological facts about the Bruhat decomposition in terms of the Birkhoff
decomposition, replacing w with wow. (This has the effect of reversing the Bruhat order on W.) Unfortu-
nately, showing the inclusion relations using our coordinate system is more complicated. We merely point
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out that Q? = (0,...,0) again corresponds to w, and if we take all the coordinates for 3,, to infinity along
the negative imaginary axis, we reach the point

l(wow) l(wow)
Jlwow)
0 V-
w H Lz, (wow) <( — >> =w H (Wow);. s,j (Wow)._,
j=1 V-1 ’

T 1 -1
=ww lwy! (WOW)j(wouw)—1 (Wow)l(wow)72 Siywowy 1 - - - (WOW)y (WoW)y sy

1.2 2 _ ol
= W0 Siygw_1 S = Wo

which is also a representative for wy.

Example. For SU(3), choosing the reduced word wo = s35152 yields the diffeomorphism C* — ¥, given
by

C— k(<)
N(G)  —N(G)G N (¢2) N (G2) G 1 B
= N(G)G NG 1 N(G) —N(G)G

1 N (¢2) G2 N (¢2) N(¢1) G N (¢1)
NaNs  —NiNs(3 — NiNaN3CiCa  NiN3(iGs — NiN2N3Go
= | NaN3(z N1N3— N1NaN3(i1GeCz  —N1N3G — N1NaN3(a(s |,
Na(o NiN>(Gy NN,

where in the second expression we have replaced N ({;) with N; to save space. The point k (5) has a
triangular factorization given by

1
k)= & 1 )
N%E) N (¢1) (% + ClCB) 1
N (¢1) N (¢3)
a(k) = N(GQ)N(¢)™"

(N ()N (@)™

It is easy to see that the map from 5 to k is a diffeomorphism, since 1(k) is a unique, arbitrary element of
N—. If T C SU(3) is given coordinates {61, 02}, the Haar measure for SU(3) has the expression

-1
s = Y (141 (4 16 (14 G ) I e g

For SU(4), Stanley’s result [38] tells us that there are 16 reduced decomp051tlons of wp, and so 16 possible
choices of coordinates. From the reduced decomposition wg = s25152535251 we obtain the diffeomorphism

C— k(<)
1 - 1 -
_ N(G) —N(G)Gs N (C5) =N (¢5) s
N(G)¢ N (C) 1
1 N (¢5) s N (¢5)
1 N (C3) —N (¢3) Gs
1 1
- N(G) =N 1
N((1)CG  N(G) N (¢3) C3 N (¢3)
N (¢2) —N (¢2) ¢ N(G) —N(G)G
« 1 N(G)¢G  N(G)
(C2) G2 (C2) 1 ’
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where (replacing N (¢;) with N; for compactness) k has a triangular factorization with

1
) — Ns (ﬁﬁ + NuGs (N%@sz - C3>) 1
(k) = N5Ge (ﬁ@ + NuGs (N%Cz@ - C3)) + Ny (N%Cz - C3€t4) G 1
N (§v G + Na (G + 5626a)) G oG 1
MNoN;
a(k) = N Ny 'NyNg*

N3N, Ns
Given coordinates {61,02,05} on T C SU(4), the Haar measure for SU(4) has the expression

psvw =Y+ TL 00+ 16P) TL 0+16P)" (4 16)” TT dcede TT o0

i=1,4,6 7j=2,5 kel6) l€[3]

1.4.2. Parametrizations of N and Subgroups. We might also try to put coordinates on ¥, by starting with
coordinates on N;&. The easiest way to put coordinates on a Lie group near the identity is to use the inverse
exponential map, which maps the Lie group to its (Euclidean) Lie algebra. This is especially convenient for
NZ, since we have

NE =exp (nf) = exp (Bactnv(w)Ceta) -

For any indexing Inv(w) = {51, N ) }, there are diffeomorphisms

l(w)
(Cl(w) BN le . E|—> exp ZQeim )
=1

which give us holomorphic coordinates {(;};c(,) O NZE.

Another possibility is to multiply the factors exp ((;e4,) together in N *. In contrast to Proposition 6,
we have the following.

Proposition 8. For any w € W, any indexing Inv(w) = {ﬁl, e ,ﬂl(w)}, and any choice of root vectors
e+8; € n?i_, there is a diffeomorphism

L(w)
—

') — NE: ([ exp(Giess,) -
i=1
Proof. Composing the given smooth map with the logarithm on N+ gives us a smooth map f from C*) to
itself. By the Baker-Campbell Hausdorff formula and (1.2), we see that

H exp (Zaezl:a) = exp Z UaCta |,

aclnv(w) aclnv(w)

where for a, 3 € T, u, depends on zg if and only if & = 8+ for some v € ®*. Thus, for the simple roots,
Uq, = Za,;, alld we can solve for the roots of height k in terms of the roots of height k — 1. Thus, f is one to
one. ]

Example (SL(n,C)). Recall that the positive roots for SL(n,C) can be identified with pairs of indices
(4,7), where 1 < i < j < n. The root a;; corresponds to the vector A; — A; € C" = T', where {\i};c(,
denotes the standard orthonormal basis for C". The simple roots are denoted a; = @;(i11) = Ai — A(i1)s
and we have a;; = o; + ... + ;. There is a natural choice of root vector for a;;, namely €ai; = €ijs where

ei; is a matrix having a one in the (3, 7)™ position and zeros elsewhere.
For N— C SL(4,C), if

Bi=a1, o=, Bz=a3 [a=o1+a, [s=as+as, [Bs=a1+a+as,
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we have the coordinates

1 1 1
6 _ = G 1 1 1
C5¢— 1 G o1 1
1 1 G o1
1 1 1
« 1 1 1
Ca 1 1 1
1 s 1 e 1
1
_ G1 1
Ga+C1C2 G2 1

C6 +C1Cs +C1¢2C3 (5 +CC@s ¢3 1

A nicer coordinate system is given by taking

Br=ar+az+az, fo=aztaz, Bz=a3, [s=a+oa, Bs=a [s=a,

in which case we have

1
647 G 1
¢ G ¢ 1
1 G G 1

Indeed, this last coordinate system can be generalized. Every element m € N* C SL(n,C) is of the form
m= I, + Z Mij€ij,
1<i<j<n

where I, is the n X n identity matrix. Then any ordering of the pairs {(i,j)}1<i<j<n for which the index j
is nondecreasing yields (;; = my;.

Proposition 9. Let {0, }36[2 1] with op € S; be any set of permutations. Then we have the equality

oo gt
H H P (Gieo,ryg) =In+ D Gia,itan
=2

i=1 1<i<j<n

for any ( = {Cij}1§i<j§n ec®.
Proof. We will prove the equality for NT; the version for N~ is proven analogously. For i,k € [j — 1], since
i+ ag; =N + Ak — 2 ¢ @1, we have [n(t ,njk ] = 0. Thus the subalgebra

“c; Dielj- 1]n Cn

which contains matrices with nonzero entries only in the superdlagonal part of the j' column, is abelian.
So is the subgroup Néf)j = exp <nJCCJ> Thus, we have

Ji—1

PR P
(1.5) I TI exp (Gien, Hexp Y Gitaamag | =TI { It Do Gieoaii
j=2 i=1 i€[j—1] Jj=2 i€[j—1]
Now, since e;jexr = 0jreq, for i € [j] and i’ € [j — 1], e;(;41)ei; = 0. Thus, in expanding the right-hand side

of (1.5), all the terms not of the form I,,m where m € Naj vanish, and

<
Hexp Z Gijeo;_1(i)j | =Int Z Gij€o,_1(3).-
j=2

i€lj—1] 1<i<j<n
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There is a version of Proposition 9 for N™. In that context, any ordering of the pairs {(i,7)},<;;<, for
which j is nonincreasing yields (;; = m;;.
To use Proposition 8 to put coordinates on %,,, we first put coordinates on N, . Observing that
P Nw e =& Nw twy T = ~Inv (wow) ,
so that
N, = @ Ce—a = Nyguws
aclnv(wow)
we have the following.

Corollary 3. For any ordering Inv (wow) = {61, e ,ﬂl(wow)} and any choice of root vectors e_g, € ng,
there is a diffeomorphism

I(wgw)

(Cl(wow) N ]\_]7; : 5»—) H €xXp (Ciefﬁi) :
=1

We might now use the same sort of heuristic reasoning we used for Schubert cells to get from coordinates
on N, _, to coordinates on N~-wAN™T N K, using the diffeomorphism | — k (Iw):

k H exp (Cae—a) | W | » H k (exp (Cae—a)) W.

a€lnv(wow~1) a€lnv(wow 1)

w2 D) (@ F)

This suggests that, if we are only concerned with obtaining a parametrization of ¥, the order of the factors
may not matter. However, the geometric, topological, and measure-theoretic applications of the coordinate
system (1.4) seem to depend crucially on ordering the factors using a total reflection ordering of the roots.

Note that we have

Example. For SU(3), with the ordering 8; = a1 + e, 82 = a1, f3 = ag, we have the map

C— k()
1 0 (U N(C) —N(¢)¢ 0 N(G) 0 =N(@GQ)aG
=10 N(G) —N(G)G N ()¢ N(R) 0 0 1 0
0 N(G)&  N(G) 0 0 1 N()¢G 0 N(C)
1 0 0
= <N (¢s) (& — wE7GiGs) L 0 )aku(k).
N (¢3) <C2C3 + ﬁﬁ) 7&7\[1&(5)221%2% 1
Say we fix
1 0 O
=0 1 O
s 1o 1

Then, we have the following relationships between ¢; and ;.

(g) = N (Gs) <C13 _1(3) (N%Z)) ’ lr =N () (413 _1(3> * N (C2) C16as

where the action * is by a linear-fractional transformation. It is not clear whether or not this map is a
diffeomorphism.
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1.4.3. Injections into 31. The element w can be dropped from Lemma 4 to obtain embeddings of the strata
Y into Xy,
N, .WwANtTNK — N_ ,ANTNK C%;.

It is easy to put parameters on the latter set. The following proof is adapted from [6, 34].
Theorem 1.7. For each w € W and each reduced word wwo = 8;, ... Si(wuy), there is a diffeomorphism

Clwwo) N~ AN*NK C ¥,

L(wwg)
—

C—= k(=TI (o) (N(CJ)QJ- _fj))

i=1

and
L(wwg)
B N (G) 0 ))
2= T gy (57 wey))
Proof. We will use induction on m := l(wwg). We will write @ = (wwp) ', 7; for 7; ((wwo)il)’ and

Wk = Siy ... S, for k € [m]. We will also use the more compact notation k (Cje_Tj) for the factors in the

product defining & (C), and we will use the triangular factorization

k (exp (¢je—r,)) = exp (Ce—r, ) N (Cj)hfﬂ‘ exp (—(jer,) -
When m = 1, the theorem is trivial. For m > 2, let

m—1

() = T (e (Ge-r,)) = st st

j=1
where l,,_1 € exp (@;n:_ll (Ce_Tj>. Then,

k) = exp (Cmfr, ) N (Cm)h”" exp (—Zmer,, ) lm—10m—1Um—1.

Then, we have

exp (_Emerm) lm—1 =exp <_§mev~v;£10‘im> =1

:«,;171 exp (7C_meaim) ‘;-mellm—l
:W;£1 exXp (7C_meaim) (‘}vvm_llm_l\x’;llil) “i’m—l-

Now,

m—1
~ ~ 1 _
Wim—1lm—1W,,_1 € €xp <@ (Ce_;leTj) =Ng .

j=1
We now have
exp (_C_me'rm) lp—1 = ‘;'V;zlflnwmfla
where n € NT. Since we can decompose N1 as

+_ Nt Nt
Nt =N, NiL
1

m— m—1

we can decompose n as n = ning, where ny € N;,l and ng € N;,l . Then, we have

m—1 m—1

kM) = L Qo U
where
lm =exp ((me—r,,) N (Cm)hTm (W;l_lnlfvm_l) N (Cm)_hTm

am =N (Cm)hfm Am—1-
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Now,
N (Gn)" ™ (R Wa) N (G) ™" €9, NS
=N"nNw, ' \N*Wn_1=Ng .
We complete the proof by noting that [,, is a unique but arbitrary element of N = _;,17 since the

multiplication map gives a diffeomorphism

exp(Ce_,, )X Ng —— N_.

Wm—1 w

Note that the parametrization of X7 given by this result agrees with that given by Proposition 7.

1.4.4. The “Lezicographically Minimal” Factorization for SU(n). By Proposition 9, and since e_o,; = €j,
applying Corollary 3 to the lexicographically minimal reduced word wy = $15251535281-.-8n—18n—2---81
yields a diffeomorphism c) —, Ny = N~ C SL(n,C), given by

1
G 1

. G Gy 1
Cr—In+ Z Cm(i,j)€ji = : : ,

1<i<j<
= Cn-1 Con—4a - C(g)_z 1

G Gan-z oo G )
where m(i, j) = (3) — (}) +j — i.
The corresponding factorization for ElsU(n) = N"HN*TNSU(n) is the following.

Proposition 10. An element k € SU(n) has a triangular factorization if and only if it has a factorization
k=k (51) ka (52) vk (En—l) t,

wheret € T, C_; = (i1, Cjn—yj) € C"7I, the element

- )
1 G _
ki = H Ljti,j <N (i) (Cﬁ fj )) € Ng; = exp (Diej+1.nCeij)
i=1

has a triangular factorization with

I
1
Gi1 1
N(Ci1)N(Ciz)---N(Cjn—j)

) = CZ'
l(k]) N(Cj2)~-~1\J’(Cj,n—j) 1 ’

Cw'z—j
N(Cjn—y) 1

N (G1) - N (Gn—yj)

1+¢i2 % +1¢52|*
N(¢j2)

141¢5n—j P+HICim—gl*
N(¢

jin—3)
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and k has a triangular factorization with

nl

H au (k1) ...au(k;j_1)1(k;) (au (k1) ...au (k1)) ",

-1 1 ( 90 )

j€n—1]i€[n—j]

Proof. This follows from Theorem 1.7, taking w, ! to be the lexicographically minimal word for wg, writing
k =k (7) for ij € c(3 ) and letting

(5)-("%") 0
v m—(g)[— (3) o <N (17m) <771n _?1”))

and (j; = () (9) s The formulas for 1(k;) and a (k;) are obtained easily by induction. O

2. REDUCED WORDS FOR INFINITE ELEMENTS OF AFFINE WEYL GROUPS

In our notation for the affine Weyl group, we again try to follow Carter [7] when possible. Otherwise, we
follow the literature on the subject, including Shi [36], Cellini & Papi [8], Ito [16], and Lam & Pylyavskyy
[23, 24]. For combinatorial aspects of affine Weyl groups, we point the reader to Bjorner & Brenti [3]; a less
up-to-date but still excellent introduction is given in [15].

2.1. The Affine Weyl Group W,g.

2.1.1. The Extended Cartan Subalgebra. We will see in the next section that the extensions of hg defined
below play the role of Cartan subalgebras for (central extensions) of Lg, the Lie algebra of LG. Thus, they
are the natural domains for the action of the affine Weyl group, which plays the role of Weyl group for LG.

Let hr be the real part of the Cartan subalgebra of g, equipped with the inner product < -} as defined in
the previous chapter The extended Cartan subalgebras for g are the sets hR = hr®Rcand hR = hr®RcPRd.
We extend (-,-) to hr by setting

(d,h) = {c,h) = (d,d) = {(¢c,c) =0, (d,cy = 1.

Note that (-, ) is degenerate on ER, and indeed, there is no nondegenerate invariant bilinear form on F)R? this
is the reason for extending hr to obtain hg.
The dual of the extended Cartan subalgebra is h = by @ Ry & R6, where we have

<67 Oé> = <’}/,Oé> = <(S’ 6> = <777> =0, <57 7> =1

The action of 6{& on GR is given by
a(c) = a(d) = 6(h) = 6(c) = y(h) =~(d) =0

for o € b and h € hr. Also, y(c) = 1, and, for all the classical affine Lie algebras, 6(d) = 1 (the full story
can be found in [7]).

2.1.2. Extended Root and Coroot Systems. Just as the Weyl group W is defined in terms of the root system
of g, Wag is defined in terms of the root system of Lg, also known as the extended root system of g, and
denoted

> =753 (®U{0}).

Define g = & — #. The set A = {ag,...,a;} is a set of simple roots for $: Each a € & can be written as a
sum of simple roots av = > i n;cy, where the integer coefficients n; all have the same sign. The sign of «
is the sign of the n;, and we have the sets of positive and negative roots

Ot = (Zopd @ (DU{0}))UBT, P = (Zogd® (DU{0}))UD.
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Using (-,-) to identify GR and 6]’{%, we can define coroots in the same way as for finite-dimensional Lie
algebras. The set of simple coroots for Lg is

{ho = Cih’ﬁvhlv"'vhr}'
2.1.3. The Affine Weyl Group. For each simple root «; € A, define the simple reflection s;, which acts on
o € by and h € br by
sio = a— a(h) ag, sih = h — a; (h) h;.
Then the affine Weyl group W,g is the infinite Coxeter group generated by the simple reflections.

A major difference between W,g and W is that Wog does not act transitively (or freely) on the extended
root system @ of g. This fact is captured in the division of ® into real and imaginary sets, as follows.

Definition. A root o € @ is called real if there exist o; € A and w € Wag so that w (o) = . Otherwise,
« is called imaginary.

For all classical Lie algebras, the sets dr and &7 of real and imaginary roots are given by
(i)R:WaH-A:Z(S@‘I), (i’I:(i)\‘i)R:Z(S

(For the full story, see Theorem 17.17 of [7].) The choice of A divides ®5 into positive and negative subsets
as well:

L =(Nopd)Udt,  dp=(-Ni@d)UD .

The distinction between real and imaginary roots is useful in understanding W,g. For each root « € @%

and each h € GR, define
saff =6 — 0 (ha) a, sah=h—a(h)a,
so that s, is the reflection in the hyperplane
H, =ker(sq) = {h € 6R|a(h) = 0} .
Then
Wag D {sa)aeéﬁ‘f}.

Indeed W,g is generated by this set of reflections, and we can identify W,g with the group of rigid automor-

phisms of H = Uaeé;Ha-

2.1.4. Action on bhr. The affine Weyl group Wog derives its name from the fact that it acts as a group
of affine reflections on hg. This action is obtained by identifying hg with an affine subspace of GR. Since
a(c) = 0 for all o € by, Wag acts trivially on Re C hg. Furthermore, since 6(wh) = (w=16) (h) = 6(h), the
action of Wog on hr @ Rd fixes the affine subspace

bei = {hebr®Rd|5(h) =1}.

We identify 6R71 with hg, and we introduce the projection

7T56R*>UR5h+Clc+ﬁd}—>h.

We can use 7 to derive the action of Wog on hr. First, define the hyperplane
Hyo = {h € be|a(h) =k},
and let sy o be the reflection in Hy, o, which acts on h € hr by
Sk,ah =h+ (k — a(h)) hq.
Then, for k> 0, and o € ®T, we have [9]
T (Hrs—a) = Hi a, O Sps—q = Sk,a O,
while for £ > 0 and a € ®T, we have

m (Hk5+a) = ka,om O Ské+a = S—k,a OT.
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Figure 5: The alcove diagram for Ga.

Thus, the affine Weyl group is generated by the reflections {Sk,a ‘ keZ,ae <I>+}, and is the rigid auto-

morphism group of the hyperplane arrangement

H= |J Hio

kEZ,acdt

Like all affine reflections, the affine reflection sy, can be written as the composition of a (non-affine)
reflection and a translation:
Skah = (h —a(h)hy) + kho = soh + khq.
Thus, the affine action of W,og on b further identifies Waog with the semidirect product Woag = W o< T,
where the elements 7 € T act by translation,

t:h=h+T,
and we have the identities
(2.1) wtyw ! =ty Ska = thha S S0 = th, Se-

2.1.5. Alcoves. The connected components of hr\H are called alcoves. The alcoves are the fundamental
domains for the action of Wog on bhg, and the group Wog acts freely and transitively on the set A of alcoves.
The hyperplane arrangement H is sometimes called the alcove diagram of g. Figure 2.1.5 shows the alcove
diagram for G5. We single out the fundamental alcove

Ay = {he f)R|O&0(h) < 1,0[1(h) >O,i:1,...,r},

which is the bounded set carved out by Hyp; and Hg, 0,...,Ha, 0. Analogous to the fundamental Weyl
chamber Cj, the fundamental alcove is the unique subset of hr on which each simple root is positive. The
set of alcoves is in correspondence with the elements of W,g, and the choice of Ay allows us to make this
correspondence precise: Given an alcove A, there is exactly one wy € W,g satisfying wzle = A. The
geometric perspective this affords us is at the heart of our approach.

2.1.6. Reduced Words and Alcove Walks. A word of length n for w € W,g is a sequence of simple reflections
SiysSiny- -y Sin, 45 € [0,7], s0 that w = s, ... s;,5;,. The length {(w) of w is the minimum length of a word
for w, and any word for w of length I(w) is called a reduced word for w. As in the finite-dimensional case,
we will use Roman typeface to distinguish reduced words from the Weyl group elements they represent, and
we will sometimes say that w spells w.
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Definition. A sequence of alcoves P = {Ai}ie[n] is called a walk of length n from A; to A, if A;NA; 41 =10
and 0A; NOA;11 # (. If there is no shorter walk from A; to 4,, we will call P a minimal walk.

In terms of the correspondence between W,og and the set of alcoves, each word for w corresponds to a walk
from Ag to w™ Ag, and each minimal walk corresponds to a reduced word for w. We will call such a minimal
walk a minimal walk for w. Given a reduced word w = s;, . ... s;,, for m € [l[(w)], define w,,, = s;, 54, ... 54,

Then w = sy, - - s, corresponds to the minimal walk {Wr_nl—le}me[l(w)H]'

2.1.7. Inversion Sets. Similarly to the finite-dimensional case, the inversion set of w € W,g is the set of
positive real roots mapped to negative real roots by w.

Definition. The inversion set of w € Wyg is the set
Inv(w) = {a € i’%‘wa € é;{}

Given a reduced word w = s, ...8;; for w, Inv(w) can be calculated explicitly in the following way.

For m € [l(w)], define

| L — a. . .
T (W) = W, @, = 8i, oo Siy, Q-

Lemma 5.
I(w
Inv(w) = {7 (W)} -

It is known that w flips kd — a if and only if Hy . lies between Ay and w™tAp, and w flips k§ + « if and
only if H_j, o lies between Ay and w~tAg [9]. Thus we have the following.

Lemma 6. If {AO,Al, e Ay = wAO} is a minimal walk for w, and Hy, g, is the common boundary of
Ai_1 and A; fori € [l[(w)], then

Inv(w) = {kié s

ki > 1} U {*ki5+ﬂi

kig()}.

Furthermore, a minimal alcove walk from Ay to w™!'Ag can only cross H, k,o if it also crosses Hj , for all
le[k+1,0],if £ <0, and for all [ € [k —1], if k > 2. Thus, to find Inv(w), and indeed to identify the alcove
w1 Ay, it is sufficient to know, for each a € &, the k of largest magnitude for which H, k.o lies between Ay
and w~!Ag, and the sign of that k. This motivates the following definition.

Definition. Given a minimal walk {AO, Apy oo, Ay = wAO} for w, and the set of hyperplanes {Hy, g, }
such that Hy, g, is the common boundary of A;_; and A;, define

i€l]

-1 k; > 1, fB; =« for some i € [n],

Ma = k’L ) (1 =
(w) max (|k;|) sgn, (w) {+1 ki <0, fB; = a for some i € [n].

{ilBi=a}
By design, we then have the following.

Lemma 7.

vw)= ) -, Ma(w)s—a}u |J Ha,...,Ma(w)d+a},
acd™ acd™
sgn, (w)=—1 sgn, (w)=+1
(w)y= Y Ma(w)+ Y (Ma(w)+1).
acdt acdt
sgn, (w)=-1 sgn, (w)=+1

Since w~! Ay lies between Hggn_ (w)Ma(w),a a0d Hygy (w)(M. (w)+1),a, a1 €asy way to determine the numbers
sgn,, (w) and M, (w) is given in the following lemma, which is key in this chapter.

Lemma 8.
M (w) = ||a (center (w™4)) ], sgn,, (w) = —sgn (o (center (w™'Ag))).

Proof. If Hy o is between Ay and w1 Ap, then for each h € w™'Ag, the integer k lies between the real
numbers a(h) and 0. Furthermore, we have center (w™A4g) = w™ center (4g) € w™' Ay. O
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The numbers sgn, (w) and M, (w), which determine w (see Theorem 2.1 below, originally from [36]),
appear at multiple points in the study of inversion sets of affine Weyl groups. For example, they arise
naturally when considering biconvex sets of positive roots in the affine context.

Definition. A subset I C @% is called biconvex if

(1) whenever a,f € I, and a+ 3 € ®, then o+ 3 € I.

(2) whenever o, 3 € ®* and a+ 3 € I, either a« € T or 3 € I.
The following was proven by Dyer [10].

Proposition 11. The finite biconver subsets of @% are in bijection with the elements of Wag, with the
bijection given by w — Inv(w).

For o € &7, let « be the set containing all linear combinations of § and a which lie in CTD%
a={...,20—o,0 —a,0,0 + 0,20 + «,...}.

The definition of biconvexity guarantees that if I is biconvex and #(I) < oo, then

Ina=¢{a,d+a,...,myd+a},
{6 —a,20 —a,...,m_s0 — a},

for positive integers m,. Note that only one of m,(w) and m_,(w) is defined, and we have
n%gna(w)a(ug =:A4@(U0.

The ®-tuple of integers (mq),cq determines the biconvex set I, and thus it determines a unique element
w € Wag with I = Inv(w). In studies of the permutation realizations of Wag for the classical groups, the
®-tuple (1m4),cq was dubbed the inversion table of w [2, 3, 11]. Lemma 7 can be restated in terms of
inversion tables as follows.

Lemma 9. Given the inversion table (ma(w)),cq

Inv(w) = U {a, 0+ a,...,mq(w)d + a} U U {6+ a,20 4+ a,...,mq(w)d + a},
aedt acd—

and l(w) = 3 qeqt (Ma(w) +1) + 3 aea- Ma-

We would be remiss if we did not mention a related ®*-tuple of numbers discovered by Shi [36], which
he called the alcove form. Define the infinite strip

Hﬁaz{hem)k<am)<k+j}

=H! Then, each alcove is of the form N cq+r H: for some integers m,,.

a Mo ,00

so that H,z’f ke

Definition. The alcove form of w € Wag is the ®T-tuple (14 (w)),cqe+ such that

w_lAO = ﬂ H1~

ma(w),a*
acdt

For example, the alcove form of e is (1q = 0) 4+, Since

1
Ao= () Hja
acdt
and the alcove form of s; is 7mq, = —1 and 7 = 0 for o # a € @, since 5,40 = HY | . NN, 2aco+ Ho o

Shi also characterized the ®*-tuples of integers which are alcove forms of elements of Wg [36].

Theorem 2.1. A ®T-tuple (Ma)qcp+ 15 the alcove form of an element w € Wag if and only if for any
o, B,y € 1 with vy = a + 3,

(2.2) Mo +mMmg < Magg < Mo +mg+ 1
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(a) The minimal alcove walk for w. (b) The alcove form for w. (¢) The biconvex domain for w.

Figure 6: The minimal alcove walk, alcove form, and biconvex domain for w = s95¢5152505251-

The integers m, and m, are related as follows
_ Mo > 1
(2.3) Mo =" M=
—Mgy — 1, meq < 0.
The alcove form prompts us to identify elements of W,g with what we will denote biconvex domains in
bR-
Definition. The biconvex domain corresponding to w € W,g is the open set
Mo (w)+1
ﬁla(w)g_l ﬁla(’w)ZO
These have the property that every minimal alcove walk for w lies in B(w).
Example. In the affine Weyl group of type As, the simple roots are a1, as, and ag =6 — 0 = § — a3 — as.
For the reduced word w = s5505152505251, we have
(W) = ay, To(W) = s1a0 = 0, T3(W) = 8180000 = § + T4(W) = 81828002 = § — g,
75 (W) = 81828082001 = 20 + auy, Te (W) = 818280828100 = 20 — (g, T7(W) = 81828082518002 = 30 + oy,
so that
Inv(w) = {aq, 0, 0 + a1, 0 — g, 20 + a1, 20 — e, 30 + a1},
and the set {Hp, 3, };c () 19
{Ho,o0> Hopy H-1,005 Hiapy H-2.0,5 H200y H-30,}-
We have
M,, (w) =3, M,,(w) =2, My(w) =0,
and
sgn,, (W) =—1,  sgn,,(w) =1, sgny(w) =—1.
We can check Lemma 8 as follows. We have ©, = (%, %, %), Oy = (%, %, %), 014+ 605 =(1,0,—1) = hy, and
center (Ag) = 1 (1,0,—1). Also, we can expand w™" using 2.1 and the reduced word sy = wo = s2515:

-1
W =81525052515052 = S152 (thySo) S251 (th,Se) S2

=5182th, (525152) S251th, (525152) S2 = S1tssneth, 5251
=s1t(2,—-1,-1)5251-

Thus, w™center (4g) = (—%, 2, —%), and we have

1

e (wilcenter (Ag)) =-3— 3’

Qs (wflcentel‘ (Ao)) =2+ g, 0 (wflcenter (AO)) = —;.
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We also have
o NInv(w) = {a1, 6 + a1, 264+ a1, 30 + a1}, apNInv(w) = {§ — ag, 20 — aa}, ONInv(w) = {6},
so that
Moy, = 3, M_q, = 2, mg = 0.
The alcove form of w is given by
g, = —4,  Tha, =2,  1g=—1,

and we have
w Ay = H! NHy,, NH B(w) = H

—4,a1 —4,a1

NHy,,NH? .
This example is illustrated in Figure 2.1.7.

2.2. Infinite Reduced Words and Infinite Elements of Wg.

Definition. An infinite reduced word (or infinite reduced sequence) is a sequence of simple reflections
W= (Sij)jeN such that the length of w;, =s; ...s; is p for each p € N.

We denote the set of infinite reduced words RW. The correspondence between reduced words and minimal
alcove paths tells us that infinite reduced words correspond to infinite alcove paths {4;},c,_ all of whose

initial subpaths {Ao, A1, ..., A} are minimal. Such alcove paths will be called infinite minimal alcove paths.

Definition. An infinite reduced word w € RV is said to be periodic if there exists some p € Z such that

Si;y, = 8i; for all j € Z.

The infinite minimal alcove path corresponding to a periodic infinite reduced word has the following
property, which we denote affine periodicity [34].

Definition. An affine periodic infinite minimal alcove path is a path with the property that there exist p
and 7 € 1" such that {A;p}, ., = {tTAi}iezzo’

The fact that periodic reduced words correspond to affine periodic alcove walks is pointed out in [24]. It can
be proven simply as follows. Write w,, = vt, for 7 € 7" and v € W. Then, for all m,

—(m—1) mflvf(m72)t m—2

w;":v v ~U Loovty = 0™,

t v
where w = 7+ v~ 17 + ... + v~ "1 Since W is finite, there is some m such that v™ = 1, and w,' s a
translation.

We extend the concept of inversion sets to infinite reduced words as follows.

Definition. If w = (s;,) is an infinite reduced word, then

jeN
Inv (w) = UjenInv (w;) = {7;(w)}; oy -
This leads us to the following definition of an infinite element of W,g.

Definition. An infinite set of roots I C ‘i)7+z is an infinite element of Wg if it is the inversion set of an
infinite reduced word.

The set of infinite elements of W,g will be denoted W. It is equal to the set of equivalence classes of
RW under the relation w ~ w’ if Inv(w) = Inv(w’). As in the finite-dimensional case, we will denote the
equivalence class of w by w, and we may write w € W; by this we intend that Inv(w) € W.

If I € W, then by Proposition 11 it is an infinite biconvex set, and we have [24]

0,
{a,0 + «,...,mu0 + a},

(2.4) INa=¢{d—a,20—a,...,m_,6 —a},
{o,6+a,...},

{§—a,20 —,...}.

In the last two cases, we say m,(I) = co and m_,(I) = oo, respectively.
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Definition. The inversion table of I € W is the ®-tuple (mq (1))
(2.4).

acaos With mq (1) € NU {oc}, defined by

Clearly, for w € RW we have mq(w) = lim,_,o mq (wp). The infinite values of m, for w can thus be
determined as follows.

Proposition 12. Define the asymptotic direction of w to be

dir(w) = lim 1 (center (w;lAO)) .

p—oo P
Then,
00 o (@(W)) <0
Me (W) = ¢ < 00 o (dir(w)) =0
0 o (dir(w)) >0

In the last case, we have m_,(w) = 0.

With these concepts in hand, we are in a position to prove the major fact about infinite reduced words for
affine Weyl groups needed in Chapter 3. Those only interested in the factorization results of that Chapter
can skip ahead after the following.

Proposition 13. N§ — & ¢ W, and there exists a periodic reduced word for N6 — &+,

Proof. There are many ways to show this result. Perhaps the most straightforward is to show that N§ — &+
is biconvex. We follow instead the proof appearing in [34], which predates our discovery of the work on
biconvex sets. Finding any w with dir(w) € Cy will prove that N§ — ® € W, since if dir(w) = h € Cy, then
a(h) > 0 for all o implies that m_, = oo for all «. We construct a periodic reduced word for N§ — ®* as
follows. Choose h* € Cy NT, for example h* = 2, and choose a minimal alcove walk from Ay to Ag + h*.
Let t_p« = sIl(th*) ...sy, be the corresponding reduced word for ¢t_j« € Waog. Then the infinite reduced

word w = {s,} defined by s

1€ZL>0 it (tg,x) = 51, has

— 1 1
dir(w) = lim - (center (t}.A4p)) = lim (fcenter (Ao) + h*) =h".

p——00 p p— 00 p
This proves the result. O

We can also define an alcove form for an element I € W, using the relation (2.3).

Definition. The alcove form of I € W is the ®T-tuple {mq (1)}, cqp+ With ma(I) € Z U {£oo} given in
terms of the inversion table of I by relation (2.3), with the convention that oo — 1 = oco.

From Theorem 2.1, we obtain the following after taking limits.
Proposition 14. A &t -tuple (Ma)qcapt 18 the alcove form of an element I € W if and only if
(2.5) Mo +Mmg < Magp < Mo +mpg + 1,

where we observe the conventions that oo £ m = +oo for allm € Z, £00 + o0 = +00, and £oo F oo can
be anything.

For type A, _1, the previous proposition also appears in [24].
The alcove form of an element I € W allows us to relate it to the alcove diagram of hg. For @ € ¥, let

He = {hebe|am) >0}, HE . ={neb|a(n) <0}
Definition. The biconvex subset corresponding to I = Inv(w) € W is the open set

B(I) = B(w) = (] Hy's"*,
acd

with the convention that co + 1 = co.

If w € RW is a reduced word for I € W, the infinite alcove path corresponding to w is contained in B(I).
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2.3. Coweight Elements, and their Reduced Words in Type A,_;. Lemma 8, along with the fact
that the fundamental coweights ©; satisfy «a; (©;) = d;;, motivates us to choose the following “building
blocks” for elements of Wg.

Definition. The I*® coweight element is the unique element W; € W,g satisfying

center (W, ' Ag) — center (Ay) = ©;.
The inversion set Inv (W) is easy to find. By Lemma 8, for all @ = },(,j nia; € @ we have
(2.6) m_q (W) = | (0; + center (Ag))] = a (0;) = ny,

where we use the fact that a (center (4g)) < 1 for all & € ®*. Defining &, = {o € ®* | a(6;) > 0}, we
have

Inv(W;) = {kad —a | @ € By, ko € [m_o (W))]}.

We will use these facts to identify reduced words for W;.
We will also be interested in the smallest possible translations in the direction of ©;, and their reduced
words.

Definition. The I'" coweight translation is the unique translation element 7} satisfying
center (Tl_le) — center (Ag) = kO
for the smallest possible integer k.

Again applying Lemma 8, we have that m_,, (T}) = ka (0;) for some integer k which is independent of a.
We will use this criterion to find reduced words for T;.

For the Lie algebra of type A, _1, corresponding to the compact, simple Lie group SU(n), the affine Weyl
group is also called the affine symmetric group, and denoted S,,. For S‘n, we can find reduced words W) for
the elements W, as well as combinations of the reduced words W) which are also reduced, directly. We now
do so.

In this chapter, we will prove that a word w = s;,...s;, is reduced and spells an element w € W,z by
calculating its inversion set. If [(w) = # (Inv(w)) = p, then w is reduced, and if Inv (w) = Inv(w), then w
spells w. By Theorem 4.15.9 in [?], for a (not necessarily reduced) word w = s; ... s;,, we have

Inv (w) = {7 (W)}, N ot

Thus, if 7, (w) is positive for all m € [p], then w is reduced.
In an orthonormal basis {)‘i}ie[n] with respect to the Killing form, the set of positive roots for the root
system of type A,,_1 is

(I)+:{Ozij12)\i—)\j+1 1§z§]§n—1}7

where we will employ the convention for simple roots that a; := a;; = \j — A\jy1. Wehave ap =6 —a1 -1 =
0 —a; —...— an—1. The fundamental coweights are ©; = A1 + ...+ A; for [ € [n — 1]. Thus,

27) @& = {aij ’ie [0, j € [l,n—l]}, Inv (W) =6 — &, = {5—% ‘ie 1, j € [z,n—1]}.

We define

B p nodd,
N 2p n even.

Given w = s;, ...8;, € Sy, we recall from (0.13) the notation
W(k) = Sip+k - Sii+k
where in this section indices should be read mod n.
Proposition 15. In S, forl € [n—1], let

C] = S{41S142 - - - Sn—150, di =s;_1...5180.
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(Note that sg appears only once in the words ¢ and dy, so thatl(c;) =n—1, 1(d;) =4, and cu—1 = dy = s¢.)
Then the I'* coweight element W, has reduced words

& n—1—1
W, = H Cli)v Wi = H dl(ii)'
i=1 i=1

We remark that Wy = W] = s983...8,-150, and Wy,_1 = W/ _| = $,_25,_1 ... 5150.

Example. In the simplest case, SU(2), we have ¢; = so and d; = sgp, so that Wy = sg. In the simplest
interesting case, SU(3), we have

C1 = 5250, C2 = S0, di = so, dy = s150.
Thus,
Wy =c = Wy = Ve, = =
1 = C1 = S250, 2 = Cy "C2 = Sp+150 = S150,
while
Wi =d{"Vq, = = W, =dy =
1 =4 1 = S0—1S0 = 5250, 9 = d2 = 5150.

In the case of SU(4), we have

C1 = $28350, C2 = 8350, C3 = So, di = s0, dp = 5180, dz = 525150,
so that
Wi=c = Wy = cyes = =
1 = C1 = $25350, 2 = C2 Coy = 53+180+15350 = S0S183S0,
_ 2 1, _ _
W3 =c37c3 '3 = 5042804150 = 525150,
and

/ (=2) 5(-1) 1 (=1)
W1 = dl dl d1 = S50-250-150 = $25350, Wg = d2 d2 = 851-150—-151S0 = S053S5150,

Wg = dg = 8$25150.

Proof. According to our convention for reduced words, the symbol W) denotes a (known) reduced word for
-1

W;. Thus, in this proof, we will denote H: cl(z) by W. We will simultaneously show that W is reduced,

and that Inv (W) = Inv (W), by calculating 7,,, (W) for m € [I(n —1)]. Showing that each 7,,, (W) is positive

will imply that W is reduced; we will then show that 7,,, (W) runs over Inv (W) as m runs over [[(n —1)].
Let m € [I(n —1)], and let m = p(n — 1) + ¢, where ¢ € [n — ], and p € [0,] — 1]. Thus, p tells us in which

“multiple” of ¢; index m lies, and ¢ tells us how far into cl(p ) index m lies. We will see that Tm (W) is a sum

of simple roots with adjacent indices, in which each simple root has multiplicity one. The lower index of

summation depends on ¢, and the upper index of summation depends on p:

where indices are to be read mod n. This sum has p+ ¢ terms, since 1 —q¢ > 1+ 1—n = [+ 1 mod n implies
that 1 — ¢ > p.
To prove this, first recall that

—Qy J=1i
sio; = a; + @ jef{i—-1,i+1}
o otherwise
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where, again, indices should be read mod n. We calculate

Tm (W) = SiSi—1 - Si+i+1 SpSp—1++-Sp—q+2Qp—qg+1

P
SiSi—1 - Si+i+1 Sp—1Sp—2 -+ - Sp+l E a;
1=0 Jj=p—q+1

P
SiSi—1 .-+ Sit+i+1 Sp—1Sp—2-.-Sp—¢q E a
1=0 Jj=p—q+1

P
SiSi—1+--Sit+i+1 E ay

where in the third equality we used the fact that p—g¢+1>p—(n—1)+1=p+1+ 1 mod n. This shows
that 7,,, (W) is positive for all m.
To see that Inv (W) = Inv (W), note that

p
Y aj=ag+ (
=1—gq J

P n—1

" > aj =ag+ap+ an_grin-1=0— Qptin—g.
1 j=n—q+1

j =
Since p+1e€[lJand n—q € [I,n—1], apt1,n—g € ;. Furthermore, as m runs over [I(n —{)], p+ 1 runs over
[7], and for each value of p+1, n— ¢ runs over [[,n—1]. Thus, recalling (2.7), we see that Inv (W) = Inv (IW}).

The proof for W] is similar. O

We also have the following.

Corollary 4. In S,. the word W, flips the roots in Inv (W)) in lexicographical order with respect to the
alphabet {1, A2, ..., A\p,}. In other words, § — (A\; — X;) is flipped before 6 — (A, — Ny) if ¢ < k, orifi =k
and j > 1.

Example. For n =5, we have
Py ={0— A1+, 6=A1+ X5, 0= Ao+, d— Ao+ X5, d —As+ Ay, §— A3+ A5}

To find the order in which these roots are flipped by Wi, we weight A; less than A; if j > 4. Thus, the roots
containing the summand —\; come first; out of the two of these, the root containing the summand + X5 is
“smaller” than the root containing the summand + M4, and so on. The (total reflection) ordering < given to
these roots by W is thus

O— A+ < 0= A+ < 0—Qo+X5 < 0—Ag+M < F—A3+X5 < §— A3+ 4.

We remark that the condition on < can be restated as follows:

1) Hfaed,nN® and B P,NP;, thenifi<j, 6 —a<d—p0.
(2) If a, B € ®; NPy, and ht () > ht (5), then kd —a < kd — 5 (k= 1,2).

Recall that we associate the positive root a;; for SU(n) with the (4,7)" superdiagonal entry of an n x n
matrix. From this perspective, the roots in ®; correspond to the block of entries to the northeast of (I,1+1),
the entry corresponding to «;. The total inversion ordering < that W) gives to ®; corresponds to reading
this block from right to left, and from top to bottom.
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Example. Again considering n = 5, we have the correspondences

Q1 Q13 Q14 Qg5 Q14 015 Q14 < Qi3
ay  agy Qs Q4 Qs N

P — az azs |, P3e— ag a3z |, < ¢ aoq — as.
Qg \

Q3 < Q35

We can put the words W) together to obtain other reduced words. Just how we do this is the content of
the next theorem.

Theorem 2.2. Let w € S, be such that for positive integers a;,
center (wile) — center (Ag) = Z a;9;
i€[n—1]
let P=3%",ai, and let J € ZP be a vector of a1 ones, followed by az twos, a3 threes, and so on. For any

o € Sp and m € [P], define K, ., = Zie[m] Jo(i)- Then, for any o € Sp, w has the reduced word

. Ko p- Ko,
W (@,0) = Wiz wifeow,

We will need the following lemma.
Lemma 10.
0+ ay j=k+I,
()~ :
(W) oy =S aw -6 j=k+2,
o otherwise.

Proof. These are straightforward calculations, where all indices are to be taken mod n. If j € [k+1+ 1,k +
20 — 1], then

1 -1
(F)\™ —
(W aj =] (Sktp - Sktprira) oy
p=0
j—k—1
= H (Sk+p e 5k+p+l+1) Sn—l+j - Sj+105
p=0
j—k—I1-1 n—Il+j
= H (Sk+p N 3k+p+l+1) Sp—l4+j—1---5j E Q5
p=0 =j
j—k—1-2
= H (Sk+p N 5k+p+l+1) Sp—l4+j—2---Sj—1Qn_[|4j
p=0

=Qjtn—l = Q5.

Next, if j € [k + 2l + 1,k + 1 — 1], then
-1 =

(Wl(k)) a; = (Sk+p ce 5k+p—n+l+1> Sk4l—1---5j-105

[\v]

-~ 3
i1

(Sktp - - Shtp—n+i41) Ski—1-- -85 (aj + aj_1)

~ 3
i1

= (Sk+p N 3k+p7n+l+1) Sk4l—1---Sj+1 (a)j—l

= 1] Sktp- - Sktp—nti+1) @j—2
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Now, if j =k + [, then
k) L T
(Wl( )> aj = | I (Skp -+ Skp—ntid1l) Skal—1 -+ - Sk2l—nClhl

]

p=0
1-3
= (Sktp -« Skbp—ntitl) Skti—2 -« Skt2l—n—1 (QWhti—1 + Qpt1)
p=0
k1
=S8k -+ - Sk—n+i+1 E Qg
i=k+1
k-1 k-1
=Sk E o; = 20y, + E Q.
i=k+1 i=k+1
Finally, if j = k + 2I, then
1-2
(Nt
W, aj = || (Skap---Sktp-ntit1) Skti—1--- Skt20—nChki2l

= (Sk+p cee Sk+p7n+l+1) Sk+4l—1 - -+ Sk4+21+1 (_ak+2l)

3 k-1
= || (Sktp--- Skap—ntit1) Skgi—2 - - - Sky21—1 | — E i

p=0 k+21
-3 k+1-1
= (Sktp - - Skp—n+i+1) (‘ Z ozi)
p=0 k+20—1
k+i—1
- Y o
i=k+l+1

O

Proof (Theorem 2.2). Our strategy will be to determine Inv (W (@, o)) by determining m_,, (W (@, o)) for all
a € &, We will show that # (Inv (W (@, 0))) = Y ej,—1) ail(n—1), which is the number of simple reflections
in the expression W (@, ). This will allow us to conclude that W (@, o) is reduced. We will also show that
Mm—o (W (d,0)) = m_q(w) for each o € *, allowing us to conclude that W (a@, o) spells w.

First, we determine Inv(w) and I(w) by the same method. For a;; € ®*, we have

aij | Y wl | = Y we (0)= > a,

l€[n—1] l€[n—1] i<I<j
and thus by (2.6),
m_q(w) = Z aj.
i<I<j

By Lemma 9, we have

l(w) = Z m_q,; (w) = Z Z a; = Z ail(n —1).

1<i<j<n 1<i<j<n l€[i,j—1] le[n—1]

(k)
J

Now, we calculate m_,, (W (a@,0)) for a € ®+. For any i,j € Z, write ;= Qitg + ...+ g, with

indices taken mod n, and note that §(*) = §. Also, for a set S C X, let xg be the characteristic function of
S, so that for x € X, xg(x) =1 if and only if € S. We will show the following.
(1) Iy (W) = Tnv (W) ®.

-1

@ (W) (06— ai) ™ = (0 — i)™ + xps -0y ()6,
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Putting these together, along with the fact that wd = § for all w € W,g, we have

(W)™ Iy (WD) = (64 (Dy (W) 0Ty (W3))) U (Tnv (W) \Inv (19))
= (20— (@) U (6 — (@\ @) ®

Thus,
k k+1
Moy, (WIOWEH) = x5 (0 + Xy (1)

and, continuing in this way, we have

(2.8) m,a” ZX[” 1] a(k Z ap =m_q,;( (w).

ke[P] lefi,j—1]
To show (1), let m € [I(n —1)], and let m = pl + q(n — 1), where p € [0,] — 1] and ¢ € [n — []. We have
(k) (k)71 = (k)
Tm (W1 ) = (Wl )m—l Ak4p—q+1 = Z Q; = (6 - O[p+1,n—q) 3
k+1—q
so that

Inv (Wl(k)) = Inv (W)™

To show (2), let m € [I'(n —1")], and let m = pl’ + q(n —1’), where p € [0,I' — 1] and ¢ € [n —1']. We want
—1
to determine (Wl(k)) (6 — apiin_q) " ™. We have

where indices are to be taken mod n, and this sum contains p + ¢ terms.
First, assume that p <1 —1 and ¢ < n — 1, so that (6 — ap+17n_q)(k+l)
itisin 6 — (®,) ™), and k+20 ¢ [k+1+1— g k+p]. Then,

€d— (CIDZ)(kH) (we already know

1 k+l+p k+1-1 k+l+p

(Wl(k)>_ Z o = (Wl(k))_l Z o; + (0775 + Z (67
k+l4+1—q k+l4+1—q k4141
k+p

Z az+2ak+2az+2az

k+1—q k+1 k41
k—+p n—1

= Z oy + Z o
k+1—q 0
k+p

=0+ Z a; = (26 - ap-i-l,n—q)(k) .
k+1—q
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Next, if either p > 1 or ¢ > n — 1+ 1 (both is not possible), then

4 k+Il+p 1
W(k) _ W(k) )
1 Q= 1 a; + g+ apyo
k+l+1—q i€lk+l+1—q,k+1+p]
i¢ {k+1,k+21}
n—1 k+1—-1
= E Oéi-i-ak-i-g a; — g %

i€lk+1—q,k+p] 1 k+1+1

ig¢{k,k+1}

Z Qi + o + Qg4
i€[k+1—q,k+p]
i@ {kk+1}

k+p

Z a; = (6 - ap-i-l,n—q)(k) .

k+1—q

Thus, we have shown (2). Applying it iteratively to W (o, @) yields (2.8), showing that W (o, @) spells w. O
Defining
(("21)
WO =W 12 .. .Wg(B)WQ(l)Wl,

n—

we can apply this theorem to obtain reduced words

b = Wo TLOdd7
b= WO((EL))WO n even.

We also have the following.

Corollary 5. The roots in No—®; are flipped in lexicographic order with respect to the alphabet {5, A1,..., An}
by the reduced word H;:_O Cl(i).

2.4. Permutation Realizations of the Classical Affine Weyl Groups. The permutation realizations
of the classical affine Weyl groups are discussed at length in [3]. Our presentation differs from that one in
two ways. First, we consider the fundamental interval for the action of the affine Weyl groups of types B,,,
C,, and D,, to be [2n] rather than [—n, n]. Second, we “absorb” the mirrors at 0 and n + 1 by moving them
to 1/2 and n + 1/2. This makes our formulas for the inversion set of a permutation different from those
appearing in [3].

Let P(Z) be the group of permutations of Z, with composition giving the group operation. We will
write p € P (Z) either as an explicit map on integers i — p(4), or as an infinite vector with the value p(7)
appearing in position ¢, and a semicolon appearing between position 0 and position 1. Thus, 73,1/2, the
reflection in 3 + %, is defined by 7341/2(7) = 7 — i, and can be written

rai1jo=(-..,9,87,6,54,3,2,1,0,...).

For p € P(Z) and m € $Z, we define Lp,(p) = {n > m|p(n) < m}, the set of values moved left of m by
p, and Ry, (p) = {n < m‘p(n) > m}, the set of values moved right of m by p.

Definition. A permutation p € P(Z) is locally finite if L;/5(p) < oo, and Ry/2(p) = L1/2(p). We denote
the subgroup of locally finite permutations as Ps,(Z). A permutation p € P(Z) is locally even at m if
L., (p) = R (p) = 2k for k € Z>(. We denote the subgroup of permutations locally even at m by E,,.

2.4.1. Type A,,_1. Lusztig was the first to notice that the affine Weyl group of type A,,_1, also called the
affine symmetric group S,,, can be realized as a subgroup of P(Z).

Proposition 16. The group S, is the group of elements w € P5n(Z) satisfying
n n

dowli) =Y i= @), wlitn) =wi)+n.

i=1 i=1
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We will think of elements of S, acting on positions, so that (wv)(i) = v(w(i)). We will denote the simple
reflections for S, by 09,01,...,0n—1; these are the transpositions (i,7 + 1), where indices are taken mod n,
so that multiplying by (¢,7 + 1) on the right swaps w(i + kn) with w(i + 1 + kn), for all k.

Since w(i + n) = w(i) + n, the values w(l),...,w(n) uniquely determine w. Put another way, the set
[n] is a fundamental domain for the action of S,. Thus, we will frequently refer to w € S,, by its window
notation w = [w(1),...,w(n)]. For example, the window notation for oy € Sy is og = [0,2,3,5].

The coroot lattice 7" is identified with the subset of Z" perpendicular to 1 = (1,1,...,1), and for 7 =
(t1,...,m0) €T,

(2.9) tr(w(l),...,wn)] =[w()+nm,...,wn) +nr,).

The inversion table of w € S, can be determined from its permutation representation. Recall that the
set of positive roots for A,,_1 is

fI)Jr:{oz,;j::/\if)\j_H‘1§i§j§n71}.

Proposition 17. For w € S,, define

n

o) = [P0 0)]

Then the inversion table of w is

—fnij(w), m”(UJ) < 0,

MMsgn(rivis (w)) o (w) = {mij (w) —1, My (w) > 0.

Example. To illustrate these ideas, we calculate the window notation and the inversion table for our running
example W = $9505152505251, a reduced word in the affine Weyl group of type As. To calculate the window
notation for w, we act on the window notation for the identity permutation e = [1,2,3]. Thus,

$2808182808251 =$2505152505281[1, 2, 3] = $28081525052(2, 1, 3] = $280815250(2, 3,1]
282808182[—2, 37 5} = 828051[—2, 5, 3] = 5280[5, —2, 3] = 82[0, —2, 8]
=[0, 8, —2].

In applying sg, we use the fact that w(i + n) = w(i) + n. For example, sy swaps s2$1(3) with s251(4), and
we have s251(4) = s281(1) +3 = —1 4+ 3 = 2. Alternatively, we can write the permutation sas; as

s981 = (...;—4,-3,-5;-1,0,-2;2,3,1;5,6,4;...),
where we’ve placed a semicolon between 0 and 1, mod n, and we have
so(...;—4,-3,-5;-1,0,-2;2,3,1;5,6,4;...) = (...; —-8,-3,-1;-5,0,2; —2,3,5; 1,6,8; . ..).

Next we calculate the inversion table of w. We have

So, we have

Thus, applying Proposition 17, we recover the inversion table

M, (W) = 3, Mgy (W) = 2, Mg (W) = 0.
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2.4.2. Types B, & C,,. The root systems of types B,, and C,, (for n > 2) are dual to each other, so that the
roots for one are the coroots for the other. Thus, they share the same Weyl group W.

In an orthonormal basis {)‘i}z‘e[n] with respect to the Killing form, the set of positive roots for B,, (and
the set of positive coroots for C,) is

<I>+:{)\Z-—)\j, XA A ‘ 1<i<j<n, ke[n]}

The set of positive roots for C,, (and the set of positive coroots for B,,) is
<1>+:{Ai—Aj7 A+ A, 2N ’ 1<i<j<n, ke [n]}.

The long roots £2\; for C), can be thought of as the centers of the faces of a cube in R™, centered at
the origin and with edges of length 4. The Weyl group W (for both B, and C,) is the automorphism
group of this cube. It is isomorphic to the semidirect product S, o (S2)". The subgroup S, acts by
simultaneously permuting the face centers {2)\1»}1-6[”] and the face centers {—ZAi}ie[n], while the abelian
subgroup (S2)" changes the signs of the face centers, swapping 2)\; and —2);. The group W is also isomorphic
to the subgroup of the symmetric group Sa,, acting on symbols {1,2,...,2n}, which commutes with the
permutation rn+%(k‘) = 2n + 1 — k. The permutation Tpyl SWaps the face centers 2)\; and —2\; for each
i € [n]. The group W is generated by the elements s; = (¢,4+ 1)(2n —4,2n + 1 — ) for ¢ € [n — 1] and the
element s, = (n,n + 1).

The affine Weyl groups of types B,, and C, are not isomorphic, since the highest root for B, is § = A1+ Aa,
while the highest root for C, is # = 2\;. Indeed, the affine Weyl group of type B, is defined only for n > 4,
while the affine Weyl group of type C,, is defined for n > 2. However, the previous discussion regarding the
Weyl group for these types suggests permutation representations of the corresponding affine Weyl groups.
These were first written down rigorously by Eriksson & Eriksson [11], although these authors acknowledged
that this was not their first appearance in the literature.

Proposition 18. For n > 2, the affine Weyl group of type C,, is the subgroup of San commuting with the
reflection Trgd i—2n+1—14. Forn >4, the affine Weyl group of type B, is the subgroup of So, N E%
commuting with otk

For Wag of type C,,, the simple reflections are the transpositions s; = (i,7 + 1)(2n — 4,2n + 1 — 4) for
i€n—1], s, = (n,n+1), and sp = (0,1), where the indices are taken mod n. For W,g of type B,, the
simple reflections are the transpositions s; = (4,4 + 1)(2n —i,2n+1—14) for i € [n — 1], s, = (n,n+ 1), and
so = (—1,1)(0,2), where the indices are again taken mod n. In terms of the simple reflections for Son, we
have s; = 0;09,—; when i € [n—1] and s,, = o, for both types, while for C,, s9 = ¢ and for B,, s = cpo100.

For both types, we identify Z™ C hr with

{(z,-2) ez’ | 7€ 2"} CT Csl(2n,C),

so that \; € b is identified with A\; — Agpy1-5 € T, and translation by )\, is defined (as an element of S'gn) for
all 7, even though it may not be an element of W,g for B,, or C,. The coroot lattices for types B, and C,
can then be thought of as sublattices of the coroot lattice for type As,_1, so that translation by an element
of the coroot lattice for type B, or C, is also given by (2.9.

We recover the inversion table for w € Wog as follows.

Proposition 19. For w € Wag C Pin(Z) and o € ®%, calculate mq(w) as follows. For type By,

mi(2n+17i)(w)

in,a, () = (), s, () = |
For type C,,,
M- (W) = mj(w), 1oy, (W) = Miny1-i (W),  Mr4x; (W) = Myi@nr1—j) (W)
Then, the inversion table of w is

—1he(w), Me(w) <0,

Misgn (i (w))a (W) = {ma(w) -1, e (w) > 0.
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Example. In type By, consider w = s35452505152. We calculate the window notation and the inversion table
for this reduced word by acting on the window notation for the identity permutation e = [1,2,3,4,5,6,7, 8.
Thus,

535452505152 2838482808182[1, 2, 3, 4, 5, 6, 7, 8] = 58354525051 [1, 37 2, 4, 5, 7, 6, 8] = 53548230[3, 1, 2, 4, 5, 7, 8, 6]
=535452[0,—2,2,4,5,7,11,9] = s5354[0,2,—2,4,5,11,7,9] = s3[0,2,-2,5,4,11,7, 9]
=[0,2,5,-2,11,4,7,9].

Now,
wli(1l)=w1(9-8)=w"1(9) -8=0, w1(5) = 3,
w(2) =2, w(6) =w(-2+8) =w1(-2) +8 =12,
wl3)=w (11 -8) =w (11) - 8 = -3, w (7)) =7,
wl(4) =6, wl®) =wl(0+8)=w1(0)+8=9
Thus, we have
N [0— (-3 . 0—127 . 0-9
Mz = é )—‘ =1, Mg = [T =1, Mg = [T—‘ = -1,
. (2 —(-3 . 2 —127 . —-3—-6
M3 = é )—‘ =1, Mo = [78 =-1, mgyq = [ 3 } =-1,
(-3 —12 6—3]
7 = —| = =1 % = | —1 =1
m36 3 w ) Mys [ 3 ;

with 772;; = 0 for all other ¢ € [4] and j € [i+1,9—¢]. Thus, applying Proposition 19, we recover the inversion
table

Mxy—As (W) =1,

m>\4(w) =1,

m*(/\1+>\3)(w) =1,

m_(xs-xg)(W) =1,

M, —as (W) =1,
M_(xg+xq) (W) =1,

with mq (w) = 0 for all other o € ®, and
Inv(w) ={A — A3, 6 = (M1 +A3), Aa— A3, d — (A2 4+ A3), 6 — (As — A1), At}

In type C5, consider the reduced word w = s959s1. We have

s95051[1,2,3,4] = s250[2,1,4,3] = s9[~1,1,4,6] = [-1,4,1,6],
so that
wli(1)=3, w2 =wl6-4)=wl(6)-4=0,
wliB) =w (-1 +4)=w(-1)+4=5  wl4)=2
Thus,
. 3-0 . 3-2 . 0-5
= [0 [0 e [5]

with m,; = 0 for all other ¢ € [4] and j € [ + 1,5 —4]. Again applying Proposition 19, we recover

Mx;—X; (W) =1, mMax, (W) =1, M—2x, (W) =1,
with mq (w) = 0 for all other o € ®, and

Inv (W) = {)\1 — )\27 2)\1, o — 2)\2} .
2.4.3. Type D,,. The long roots of a root system of type B,, form a root system of type D,,. In an orthonormal
basis {)\i}ie[n]7 the positive simple roots of D,, are the vectors a; := \; — \jy1 fori = 1,...,n — 1, and
an = An—1 + An. The set of positive roots is

ot ={NEN | 1<p<a<n}.

It is thus possible to recover a permutation representation of Weg for D,, (defined for n > 5) from the
permutation representation of W,g for B,,, and we have the following.

Proposition 20. Forn > 5, the affine Weyl group of type D,, is the subgroup of SQW,OE% ﬁEm_% commuting
with vy, 1.
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The simple reflections for this group are the transpositions s; = (i,i+1)(2n —i,2n+1—1) for i € [n—2],
so = (—1,1)(0,2), and s, = (n — 1,n + 1)(n,n +2), where the indices are as usual taken mod n. In terms of
the simple reflections for Ss,,, we have s; = 0;02,—; when i € [n — 2|, so = 090100, and 8, = 05,10, —1.

Finally, we have the following.

Proposition 21. For type D,, w € Wag, and o € ®T, define mq(w) to be
- (W) =1 (w), Mg, = Miepr—j) (W)
Then, the inversion table of w is
—1g (w), Me(w) <0,
Mion (s w) =
sen(inn () () {ma(w) —1, Mg (w) > 0.

Example. In type Dg, consider w = spS253558654. We calculate the window notation and the inver-
sion table for this reduced word by acting on the window notation for the identity permutation e =
[1,2,3,4,5,6,7,8,9,10,11,12]. Thus,

S505253558654 2808283858684[1, 2, 3, 4, 5, 67 7, 8, 9, 10, 11, 12} = 8082838586[17 2, 3, 5, 47 6, 7, 9, 87 107 117 12]
280828385[1, 2, 37 5, 7, 97 4, 6, 8, 10, 11, 12] = 505283[1, 2, 3, 5, 97 7, 6, 47 8, 107 11, 12]
=5082[1,2,5,3,9,7,6,4,10,8,11,12] = s0[1,5,2,3,9,7,6,4,10,11, 8, 12]
=[-4,0,2,3,9,7,6,4,10,11,13,17].

Now,
wl(1) =w (13 - 12) = —1, wl(5) =w1(17 — 12) =0, wl(9)=5
w1(2) =3, w(6) =1, w1(10) =9
w1(3) = 4, w(7) = 6, w1(11) = 10
wl(4) =38, wl(8) =w (-4 +12) =13, wl(12) = w1 (0 + 12) = 14.

mig = —1, Mas = M35 = Mgy = Nge = Mgy = 1,
with m;; = 0 for all other ¢ € [6] and j € [ + 1,12 —4]. Thus, applying Proposition 21, we recover the
inversion table

m,()\1+/\5)(W) = 1’ m>\2—)\5 (W) = m)\s—AF, (W) = mA4—A5 (W) = mk4—)\6 - m)\4+k6 - 17
with mq (w) = 0 for all other a € @, so that
Inv(w) = {0 — (A1 —X6), Aa— A5, A3 — A5, s — A5, Ada— Ag, A+ Ag}-

2.5. Reduced Words for the Coweight Elements of Other Classical Types. In this section, we find
reduced words for the coweight elements of the affine Weyl groups of types B,,, C,, and D,,.

Most of the proofs involve calculating the window notation for a reduced word, and then calculating the
inversion table of that reduced word from its window notation. We will follow the logic of Theorem 2.2.
Namely, to show that w = s; ...s; is reduced and spells w, we calculate the window notation of w; we
calculate m,(w) from this window notation; we calculate [(w) from m,(w) and show that it equals p; and
we show that mq(w) = mq(w) for all o € ®F.

Since we are not concerned with representatives of Weyl group elements, Iwasawa decompositions, or
triangular decompositions in this section, we will use boldface type to make window notation calculations
easier to follow. Thus, we will use bold type either to follow particular values (or their representatives mod
n) through a series of manipulations, as in

000201[1,2,3] = 0902(2,1,3] = 09[2,3,1] = [-2, 3, 5],
or to indicate the changes taking place in a series of manipulations, as in

000201[1,2,3] = 0¢02(2,1,3] = 09[2,3,1] = [-2,3, 5].
For o € P(Z), we define the notation

w? = Sg(in) e Sg(i1)7

where, in this section, indices should be taken mod n.
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2.5.1. Type B,,. The fundamental coweights for type B, are the vectors ©; = Ay + ...+ X for [ € [n]. If 1
is even, then ©; € T since
O, = ()\1+>\2)+---+(>\l—1+>\l)-
If [ is odd, then 20, € T. If I’ is also odd (for definiteness let I’ > 1), then ©; + O, € T, since I’ — [ is even,
and we have
O +0; =2\ +...+2N+ Nt1+Ng2) oo+ Qv + ).
Thus the shortest element of T'N Cy is given by

B O,+...+0, n =0,3 mod 4
200 +...4+ 0, n=1,2 mod 4.
We also have

D ={N=A At A | i€l jel+1nl keli+lnl},

Inv(Wl):{(S—()\i—)\j), §— i+ M), 0=\
U{26—()\i+)\j) ‘z’,je[l]}.

Proposition 22. In Wog of type By, for l € [n], define

iell,jell+1,n] ke [i—l—l,n]}

Cl = SiSi+1++-S5n—15nSn—1...535250-
(Note that I (c;) = 2n—i.) Then for | € [2,n], the I'" coweight element for Wag of type By, has reduced word
W, = (Claogl)s . [ =2s,
ca(ca)’ I=2s+1,

while
W1 = S0C2 = S0S283...Sn—-15nSn—1.-.835250.

Example. In the simplest case, By, we have

C1 = 51525354535250, Co = 525354535250, C3 = 5354535250, Cq4 = 54835250,
and
W1 = 50525354535250, Wy = 595354535251525354535250,
W; = W, = 2
3 = $35453525053545352515354535250, 4 = (5453525154535250)" .

In the case of By, we have

C1 = 515253545554535250, Co = 5253545554535250, C3 = 53545554535250, Cq4 = 5554535250,
and
W1 = 505253545554535250, Wa = 52535455545352515253545554535250,
2
W3 — 538455584535250535455545352515354555845835250, W4 = (848584838281848554838280) s
W = 2
5 = 8554835250 (55545352515584838280) .

Proof. We act on the window notation for the identity permutation e = [1,...,2n] with W), and calculate

the inversion table of the result. Acting on the window notation for e, the word ¢/°c;, pulls two values from
the ends of the subsequent and previous windows, and then moves these values into positions [ — 1,1 and
2n — 1+ 1,2n — [ 4 2, respectively:

clall,...,2n]
=¢°51S141 - Sp—15nSn—1-..5352[—1,0,3,...,2n — 2,2n + 1,2n + 2]
=c°[-1,3,...,,2n+1,1+1,...,2n = 1[,0,2n — 1 +1,...,2n — 2,2n + 2]
=103..,,2n+1,2n+2,1+1,...,2n—1,-1,0,2n — 1+ 1,...,2n — 2.
Thus, if [ = 2s, we have
(¢f°c)®=[2n+1,...,2n+11+1,....2n—1,-1+1,...,0]
=e+[2n,...,2n,0,...,0,=2n,...,=2n] =t 10,..0-1,.,-1) = le,.
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Alternatively, if [ = 25 4+ 1, we have

c (¢f%e)’

=q[l,2n+1,....20n4+1-1,1+1,....2n—1,-14+2,...,0,2n — [ + 1]

=8...8,...82[2n,—-14+1,2n+2,....2n+1—-1,1+1,....2n—1,—1+2,...,—1,2n+ 1 4n + 1]
=[-2n,2n+2,....2n+L1+1,....2n -0, -1+ 1,...,—1,4n + 1]
=oo2n+1,....2n+ 01 +1,....2n—1,-1+1,...,—1,0]

=ool(1,...,1,0,...,0,-1,...,.—1) = Oote,,
where in the last line we are thinking of ©; as an element of T' C sl(2n, C). Thus, we have
W (1) = W, H(dn + 1) — 4n = —2n,
Wt (2n) = W (=2n) + 4n = 4n + 1,
and
Wl (2n+i) —2n=i—2n i€(2,1]
W) =< iel+1,2n—1]
Wl (=@2n+1—-i)+1)+2n=i+2n i€[2n—1+1,2n—1].

This gives us

0 i,j€[L] -3 k=1
Z’ ) A
Th,\i—,\jZ{ o ) my, =< -2 ke[l
~1 el jell+ 1) 0 helsim
-2 Z,jE[l,l]
m)\ri-/\j: -1 ie[lalL j€[l+1,n]
0 4,j€[l+1,n]
so that
. (0 djel] o _rie
M) T ey, jeli+1,m], M0 iefl+1,n),
2 ije(L]
M_(N4X;) — 1 ’L'E[l,l], jE[l+1,n]

0 i,jell+1,n].
Thus, the inversion set of Wy is Inv (W;). Furthermore,

W) = > (moaueny) W)+ m_ga4n,) (W) + > moy, (W)

1<i<j<n ken]
=ln—1)+1+2() +1n—1)=2nl-1?
which is the number of simple reflections in W}, and we conclude that Wy is reduced. Next,
80C2 = 808283 -+ - Sp—18nSn—1 - - - $35250[1,2,3,...,2n — 2,2n — 1, 2n)]
= 508253 .- Sp—15n8n—1---8352[—1,0,3,...,2n —2,2n + 1, 2n + 2]
=s9[—-1,2n+1,3,...,2n—2,0,2n + 2]
=[-2n,2,3,...,2n—2,2n — 1,4n + 1]
=o00[2n+1,2,...,2n — 1,0] = oot (1,0,....0,—1) = Oote, -
Thus,
Wit =Wt (dn 4+ 1) —4n = —2n,
Wit ©2n) =W (—2n) +4n = 4n + 1,
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and W' (i) =i for i € [2,2n — 1]. This gives

M\ =X) = -1, m—x, = -1, M—(M+A,) = -1

for k € [2,n], as desired. O

We then have the following.
Corollary 6. In type B,, the reduced word Wy flips the roots in Inv (W) according to the (total inversion)
order <, where < is determined by the following conditions.
(1) For fixed k, the roots kd—« are flipped in lexicographic order with respect to the alphabet {\1, A, ..., An}.
(2) Forjel2,r], and i€ [j—1],
6_(>\j+)\l) -<2(5—(Ai+)\j) '<5_()\j+/\l+1)-
As in the case A,,_1, the first condition on < can be restated as follows:
(la) fae®,N®, and B € &, NP, thenif i < j, 6 —a <0 —F.
(1b) If o, B € ®; N @, and ht (a) > ht (B), then ké — o < ké — 8 (k =1,2).

Example. For n =6 and [ = 2, we have

O—(A14+A)<d—(AM+X3) <=M +X) <=M+ X5) <0— (A1 + Xg)
<=M <A1 =) <0—(A —A5) <0—(M —Ag) <0— (A1 — N3)
<20 —(A14+A) <d—(Aa+A3) < —(Aa+Xg) <0—(Na+ Xs5)
<0—=A2<0—(A2—X) <0 —(A2—A5) <0 — (A2 —Ay) <3 — (A2 — A3),

while for n = 6 and [ = 5, we have

O—(A14+A) <=M+ X3) <=M +X)=d=(A1+X5) <0 — (A1 + Xs)
<0—=A1 <6 — (A1 — X¢)
<0—(A2+A3) < — A2+ A1) <5 — (A2 + As)

<20 — (A1 4+ X)) <25 — (A1 +A3) <26 — (M +XMq) <20 — (A1 + X5)
<0—(A24+X) < —Aa <d—(Aa— Ng)
<0—(A3+ A1) <d— (A3 + Xs)

<20 —(A2+A3) <20 — (A2 + A1) <20 — (A2 + As)
<0—(A34+X) <0—A3 <3 — (A3 — Xg)

<0—(Ag+Xs5)

<20 — (A3 4+ A1) <25 — (A3 + As)
<0—(A1+X) <=M <I— (A1 — )

<20 — (A4 4+ Xs5)

<0—(As+X) < —A5 <6 — (A5 — Xg).

In combining the reduced words Wi, the following lemma on commutation relations will be useful. It also
provides us with reduced words for the coweight translations 7;.

Lemma 11. In type B,,, for odd numbers I,1' and even numbers k, k', we have
WiWy = WWy =to, 1o, WIPW) = WP°Wy = te,ye, WreW; = WiWy = oote, 1o,

Proof. The commutation relation for even coweight elements is due to the fact that these elements are
translations by elements of T'. For the remaining relations, we first calculate the window notation for Wy°.
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We have

ac’[1,...,2n]

=ql2,...,,2n,l+1,....2n—0,1,2n — 1+ 1,...,2n — 1]

= SISI4+1---Sn—18nSn—1-..8382[—2,-1,4,...,,2n,l+1,...,2n — 1,1,
2n—1+41,...,2n—3,2n+ 2,2n + 3]

=[-2,4,...,,2n,2n+1,1+1,...,2n—1,-1,1,2n— 1+ 1,...,2n — 3,2n + 3|.

Thus, for k = 2s, we have

(ckey®)® (1, ..., 2n]
=cke [k +2,k,2n,2n+2,... 2n+k -2,k +1,...
2=k —k—1,...,—1,1,2n+1—k,2n+k— 1]
=clk,2n,2n+2,...,.2n+ k-1, k+1,...,2n —k,—-k+2,...,-1,1,2n+ 1 — k]
=Sk...8p...8[2n+1,-k+1,2n+2,....2n+k—-1,k+1,...,2n — k,
—k+2,...,—1,2n +k,4n]
=[-2n+1,2n+2,....20+k k+1,....,2n—k,—k+1,...,—1,4n]
=e+[-2n,2n,...,2n,0,...,0,—2n,..., —2n,2n]

=1t(-1,1,...,1,0,..,0,~1,....—1,1) = Loo0} -

Now, let k£ be even and [ be odd. Then we have

(e
W W) =t5,0,00te, = 0000tsy0,00te, = Ootoyo0,te, = Oote,+0,,

while
WiWy = oote,te, = oote,+o,-
To check the commutation relation for odd elements, let [ = 2s +1 and I’ = 2s’ + 1, and let I’ < I. Then,

WoOW,

=W [-2n,2n+2,....2n+0,01+1,....2n -, =1 +1,...,—1,4n + 1]

= (cPc) 2n+2,. . 2+l An+ 120+ + 1, 20+ 11+1,...
2n—=L=l+1,. = =20, -1+ 1, 1]

= () T 2n+4,. 204+ An+ 1,40+ 2. 4n+ 320+ 1 +1,. . 2n+ 11 +1, ...
2n =1 —=l+1,...,-l',-2n—2,-2n—1,-2n,-0' +1,...,-3]

=cler2n+l' = 1,2n+ U dn+1,.. . dn+1' =2 2n+1"+1,... 2n+ 1,1 +1,...
2n—lL=l+1,..., = =2n—1U"+2,...,=2n,=U', 1" +1]

=[An+1,...4n+U2n+1U"+1,....20n+ 1,1+ 1,....2n = 1,1+ 1,...,=U',=2n—1',...,—2n]

=%2,..,21,..,1,0,....0,—1,...—1,—2,....—2) = lO,+0,;
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while

WoW,

=Wy [-2n,2n+2,....2n+ 1 I'+1,....2n =1, ="+ 1,...,—-1,4n + 1]

= (¢/ C n—+2,...,2n+ +1,..., n+1,i+1,...
(%) [2n+2,.... 20+ U1 +1,..., 1, 4n+ 1,0+ 1
2n—1,—-2n2n—1+1,....2n =0, =U'+1,...,-1]

= () 2n 44, .., 204+ 11 1,1, 4n+ 1,404+ 2,4n + 3,1+ 1,...
n2n—10,-2n—-2 -2n—-1,-2n2n—1+1,....2n =", =" +1,...,-3]

=call-1L,L4n+1,. .. dn+U2n+ 0"+ 1,....2n+1—2,1+1,...,2n -,
143, =, =2n—U+1,....,-2n,2n — 1+ 1,2n — | + 2]

=[An+1,...4n+U2n+1U"+1,....2n+ 1,1+ 1,....2n =1, —l+1,...,=U',-2n—1"+1,...,—2n]

=12,..,2,1,..,1,0,....0,—1,...—1,—2,...,.—2) = t@,+O, -

We can now specify reduced words for the coweight translations T;.

Proposition 23. In type B, for | € [2,n], the I'*® coweight translation has reduced word

T, — (¢f%)® l=2s,
Tl 1=25 41,

while the first coweight translation has reduced words
Ty = cf, T = s1¢5%s0Ca.

Proof. The coweight words for [ € [2,n] follow from the calculation in the proof of Proposition 22, and from
Proposition 11. For [ = 1, we have
T) = 5182...8080—1--.5281[—2n,2,3,...,2n —2,2n — 1,4n + 1]
=[4n+1,2,3,...,2n—2,2n — 1, —2n]
=e+ [47’L, 0, N ,0, *471] = t(2,07___,07_2) = tQ@l.

Finally, we have

T1 =c¢15182...Sp—18n8Sn—1---8352[—1,0,3,...,2n —2,2n + 1, 2n + 2]
=c[2n+1,-1,3,...,2n — 2,2n + 2,0]
= 8182...87-15n8n—1---8382[2,—2n,3,...,2n —2,4n+1,2n — 1]
=[4n+1,2,3,...,2n — 2,2n — 1, —2n]
=e+[4n,0,...,0,—4n] =t20,. 0,—2) = t20,-

We can put the words W) together to get reduced words for other elements as follows.
Theorem 2.3. For type B, let w € Wog be such that for positive integers a;,

center (w™"Ag) — center (4g) = Z a0,
le[n]

let P =5 ya;, and let J € 7' be a vector of a1 ones, followed by ay twos, as threes, and so on. For any
o € Sp and m € [P], define Ko, = 1 Jo(i)- Then, for any o € Sp, w has the reduced word

1€[m

Ky p-1 Kg 2 Jo(1)

W (@,0) = W7o LW W Wy

N epy Jozy o2 o(1)"
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Proof. By 2.6, we have
m_q(w) =« Z 9 | = Z aa (0)).
len—1] le[n—1]
More precisely, we have
M_x 4\, = Z ag, m_y, = Z ag, M_x—\; = Z ap+ 2 Z ag.
lefi,j—1] l€fi,n] lefi,j—1] lej,n]
Thus,

= > 3 al+ZZal+ > S w+2 ) a

1<i<j<nlefi,j—1] n] l€[i,n] 1<i<j<n \I€[i,j—1] lej,n]
=) (U n—l)+l+2(2))al = (2n—1D)la,
l€[n] le[n]

which is the number of reflections in W (d, o).

We will show that particular choices of o yield reduced words for wj; all other reduced words will follow
from applying the commutation relations of Lemma 11. Let E' = Y, ., a;, and choose o so that J,(;
is even for i € [E] and J,(;) is odd for i € [E + 1, P]. There are two cases we wish to consider, the case

when O = 37 jqq @ is odd, and the case when it is even. In the latter case, ) jcp,) wi©: € T, and we can
write down this translation by pairing off the odd coroots and writing down the resulting translations using

Lemma 11. More precisely, letting
To = Z a0, Te = Z a0,

l odd l even

H Wit T Waag, =t

i=FE+1 1€[F)
In the case that O is odd, we need only apply Wj_ ., to a translation of the aforementioned type. Now, let
Z Oy = Z 01O,
i€[P—1] le[n]
and let B; = Zle[i,n] by. Then, if | = J,(p),
W (o,d) = Wi[1+2nB1,2+4+2nBs,...,n+2nB,,n+1—2nB,,...,2n — 2nB]
=0ol(1,..1,0,....0,-1,..,—1)[1 +2nBy,...,n+2nBy,n+1—-2nB,,...,2n — 2nB]
=oo[l+2n(B1+1),...,04+2n(B;+1),l+1+2nB11,...,n+ 2nB,,
n+1—2nB,,....,.2n—1—2nBj11,2n+1—-1—-2n(B;+1),...,2n —2n(B; + 1)]
=2n-2n(B1+2),2+2n(Ba+1),....,0+2n(B;+1),l+142nBj41,...,n+ 2nB,,
n+1fQan,...,anlanBl_H,anLlflan(Bl+1),...,2n7172nB2,1+2n(B1+2)].
Thus,
W(o,d) ' (1)=-2n(B1+1), W(o,a) ' (2n) =1+2n(Bi +2),
and otherwise
1—2n(B;+1) €12,
W (o,d) " (i) = Z:— 2nB; ell+1,n]
i+ 2nBopi1—; €n+1,2n—1]
i+ 2n (Bopt1—i + 1) €2n+1-102n-1].

R —1-2n(2B1+3 2B; — 3
e )F{il [=- T u-s
le[1,n]

Thus

)
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and for j € [2,{] and k € [l + 1,n],

~ _ __j —2n (Bl
My X, = o w > b,
le[1,j—1]
R [—2n—14j—2n(B1+ B; +2)
m)\1+>\j: ] 2n( ! —‘ Z bl—22b1—2
lefl,j—1] lelj,n]
. [—k —2n(B; — B; +1)
Tirg —a = — ]z— Z b —1,
le[1,j—1]
. [—k—2n(By+ B, +1
MA +A, = (2; J )lz— Z bl—QZbl—l.
lefl,5—1] l€[j,n]
Also, for2<i< j<land k€ [2],
. _[i=j—2n(Bi—B;)] _
My —x; = o =— Z by,
le[l,]—l]
[—on (2B; + 2
mAk:MW:_ b —1,
4dn
L€[i,n]
R [i+j—3—-2n(B;+ B; +
Mx+x; = / 2751 ]:_ Z bl_QZbl—27
lefi,j—1] l€[j,n]
while for 2 <i <l < j<nandk € [l,n],
) i—j—1-2n(B;—B;+1
R e e IR SRS
lefi,ji—1]
. —2n (2B;)
O L0 B
l€fi,n]
R [i+j—2—-2n(B; + B; +2)
M 4N, = J 215 w Z by —2 Z b —1,
lefi,j—1] lelj,n]
. [i+j—2—-2n(B;+B; +1)
g, = | =222 SDIEED I
lefi,j—1] 1€[j,n]
But these give exactly the values of m_, that w has, so W (¢, d) is a reduced word for w. O
As an application of this theorem, we have reduced words
Wn (anlwnfg)go Wn,?, N W5W4 (WgWQ)UO Wl n =0 mod 4
¢ - (ann_l)ao WD_QWH_?, e (W5W4)UO W3W2W(170W1 n =1 mod 4
MY WOOW, L W oW, W Wy (W Wa) 7 Wy n =2 mod 4
annfl (anzwnfg)go PN (W5W4)00 W3W2W(170W1 n = 3 mod 4.

Example. For n =4, we have
the = WaWSOWIOWy

2
= (5453825154835250)" $35453525153545352805354835251

X 89835483525052535453525150525354535250,

which gives Inv (¢5+) the total reflection ordering
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d—(M4+X) <=M +X3) <d—(M+X\) ==X < 0—(A1—\y)
< 5—(A1—=A3) = d—(A\1—A) <
20— (M4 X)) < 20—(A1+A3) <20—(M+X) < 20—A1 < 20— (A1 — A1) < 20— (A1 —A3)
<3—(AM1+X) < 0—(M24+X3) < d—(Ma+N) < =X <F—(Na—Xg) = —(Aa—N3) <
40— (M + X)) < 30—(M+X3) <30—(AM+X) <30—XA1 < 30— (A1 —\g)
< 25— (Aa+A3) < 50— (A +A2) < 25— Ao+ M) < 26—Xa < 26— (Ao — \g)
< 46— (M +A3) < 36— (Aa+A3) < 6—A3+As) < 6—Ag < 6— (Ag— \y)
66 — (M1 +Xa) < 50— (A 4+ Ag) < 46 — (A1 +Ag) < 46—\
<45 —(Aa+A3) < 30—(Aa+X) < T0—(A1+X) < 30—y
< 26— (As+ A1) < 60— (A1 +A3) < 56— Ao+ Ag) < 26— Ag
< 50— (A4 A1) < 46— (Aa+Ag) < 30— A3+ A1) < 6— s

2.5.2. Type C,. The fundamental coweights for C,, are the vectors ©;, = A; + st A; and the vector
O, =1 (A1 +...+Ay). The vector h* = Y iefn—1] ©1 + 20, is in the coroot lattice 7', since

W=n\+m—1Dda+...+ 21+ My
and J; is a coroot for each i. We also have
o, :{)\i—)\j, 2, Ai + A ‘ iell], jell+1,n], ke [i+1,n]},
Inv (W)) :{5—(&—&-), §—2), 6— (A + M) ‘ie 0, 5€ll+1,n), ke [i+1,n]}

U {25—2&-, 26— (A + A)) ) iell], je [i—i—l,l]}
for I € [n —1], and

Inv (W,) = {572&-, §— (A + ) ( icn), je [z’+1,n]}.
Thus, letting ¢ € [n — 1], we have

W) =2in—d)+2i+2(3)=2n+1—1)1, IWp)=%B)+n= ("JQFI)
Proposition 24. In the affine Weyl group of type Cy,, for 1 € [n], define
C] = SiS141---Sn—15nSn—1 - - - $25150, dy =s981...81-1,

so thatl(c;) =2n+1—14 and [ (d;) =i. Then, letting | € [n — 1], the coweight elements have reduced words
&
W) =d, W, =[]
=1

Example. For n = 2, we have
Co = 5051825150, C1 = 51525150, do = s0, d1 = sgs1,
and
W1 = S§1825150, Wg = S50S150-
For n = 3, we have

Co = S0S5152535258150, C1 = $152583525150, C2 = $253525150,

do = so, d1 = sps1, ds = sgs152,
and
W1 = 518283525150, WQ = §28352851505283525150, W3 = 505152505150-
For n = 4, we have
Co = 505152535453525150, C1 = 5152535453525150, C2 = 52535453525150, C3 = 535453525150,

do = so, di = 5051, dp = 505152, dp = 505815253,
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and

W = §152835183525150, Wy = (s2535483525150)°

W3 = (838483828180) 5 W4 = 50515253505152505150-
Proof. Note first that for all ¢ € [n], we have | (W;) = [ (W;). We act on the window notation for the identity
permutation e = [1,...,2n] with W), and calculate the inversion table of the result. The effect of ¢; on w is
to swap w(1) and w(0), and w(2n) and w(2n + 1), and to rotate the latter values into positions 2n + 1 — 1
and [, respectively:

all,...,2n] =s18141 -+ - Sn—15nSn—1---5251[0,2,...,2n — 1,2n + 1]
=2,...,,2n+1,l+1,....,2n—1,0,2n+1—1,...,2n — 1].

Thus, for I € [1,n — 1], we have

ol =c M2, . L 2n+1,0+1,...,2n - 1,0,2n+ 1~ 1,...,2n — 1]
=2n+1,....2n+11+1,..., n—l,—1+1,...,0]
=e+[2n,...,2n,0,...,0,—2n,...,—2n] = te,.

Next,
s s
W, =[]l =[[dl0.2,...,2n— 1,2n +1]
1=1 1=2
o
:Hd[—1,0,3,...,2n—272n+1,2n+2]
1=3
=[-n+ 50,2n+1,...,3n]
=e+[— n,...,—n,n,...,n].
Thus,
1 (Wo) ' @n+i)—2n=i—n ic[l,n]
(W)™ (i) = ) —een
(Wn) " (i—2n)+2n=i+n i€n+1,2n],
so that for 1 <i < j < n,
m—()\i—AJ') = O) m—()\l-‘r)\J) = 17 mf?)\,’, = 1)
and Inv (W,) = Inv (W,,). O

We have the following corollary.
Corollary 7. In type Cy, for l € [n — 1], the reduced word W\ flips the roots in Inv (W;) in the (total
inversion) order < determined by the following conditions.
(1) For fixed p, the roots pd—« are flipped in lexicographic order with respect to the alphabet {\1, A2, ..., An}.
(2) Forie[l],
6—()\Z+)\n) <26 —2); '<6_()\i_)\n)~
(3) Forjel2,r], and i€ [j—1],

5—(>\j—|—/\1)%25—(/\i+)\j)<5—()\j+/\l+1).

The reduced word Wy, flips the roots in ®, in reverse lexicographic order with respect to the alphabet
{ A A1y A1}
Again, the first condition on the order for [ € [n — 1] can be restated as follows:

(la) fae®;N®,and 8 € &, NPy, thenif i < j, 6 —a <6 —F.
(1b) If o, B € ®; N P, and ht () > ht (B), then ké — a < ké — 38 (k= 1,2).
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Example. For n =5 and [ = 3, we have
0—2XM <0 — (M +A2) <=M +A3)<0—(A1+ ) <=0—(A1+Xs5)
<20 =2\ <0—(AM—X5) <0 — (A1 —A\y)
<0=2X <0 —(A2a+A3) <20 — (M + X)) <0—(Na+Xg) <0 — A2+ A5)
<20 —2X2<0—(Aa—X5) <0 —(A2a—A\y)
<0—2X3<20— (M +X3) <20 — A2+ A3) <0 — (A3 + 1) < — (A3 + As)
<20 —2X3<0—(A2a—A5) <0 — (A2 —A\y)

while for n =5 and [ = 5, we have

5—2/\1-<5—()\1+)\2)-<5—2>\2-<(5—()\1+)\3)-<5—()\2+)\3)-<(5—2)\3
-<(5—()\1+)\4)-<(5—()\2+)\4)-<(5—()\3+)\4)-<(5—2)\4
<5—()\1+>\5)<6—()\2+/\5)<5—(>\3—|—/\5)%5—(/\44-)\5)%5—2)\5.

We find two reduced words for T,. Recall that r,, /5 is the reflection in § given by r,/5(i) = n —i. For a

word w = s;, ...5;,, let w'»/2 denote the reduced word obtained by applying r,, /5 to the indices of w:
W =8 Sp—iy -

Proposition 25. In type C,,, for | € [n — 1], the coweight translation T) has reduced word T1 = W). The
coweight translation T, has reduced words

Ty = Wi*W,, T =cm.
Proof. The calculation in the previous proof of the window notation of W) shows that it is a translation.
Furthermore, this calculation for c{ is valid when I = n, in which case we have
ch=e+[2n,...,2n,—2n,...,—2n] = ts0,.
For our other reduced word, we have

WIP W, = W2 [—n 4+ 1,...,0,2n + 1,...,3n]

n

o
:de”/z[—n+1,...,—1,2n+1,0,2n+2,...,3n}
1=2
<
:de““[—n+1,...,—2,2n+1,2n+2,—1,0,2n+3,...,3n]
1=3
=[2n+1,...,3n,—n+1,...,0]
=e+[2n,...,2n,—2n,...,—2n] = tse,.
Since I (t20, ) = 21 (W,,), the words we have given for T,, are reduced. O

Since the lattice of translations is an abelian subgroup of W,g, we have the following.
Corollary 8. In type C,,, let w € Wyg be such that for positive integers a;,
center (wile) — center (Ag) = Z a9, + 2a,0,,
le[n—1]

let P="Y%ya;, and let J € Z' be a vector of a; ones, followed by as twos, as threes, and so on. Then, for
any o € Sp, w has the reduced word

W(670):T‘]U(P)...TJ TJ

o(2) o(1)"

As an application of this corollary, we have the reduced words

the = ToToo1...ToTy,  th, =T Tu_y... ToTy.
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Example. For n = 2, we have
/
th* = 598515250515051525150, th* = 52815052515051525150-

The reduced word ty gives Inv (¢5,.) the ordering

5—2)\1-<(5—(A1+/\2)-<25—2/\1-<(5—(/\1—)\2)-<
30 —2)\1 < 26 — ()\1 + /\2) < §—2\ <
45 —2)\1 < 36 — ()\1 + )\2) < 20 — 2)\s.

For n = 3, we have

the = $3525153525350515250515052535251505253525150515253525150,

which gives Inv (¢5.) the ordering

0—2X < 0—(A14+X) <=M +X3) <20—-2\1 < —(A1—X3) < 0—(A1 =) <
36201 < 26— (A1 4+ X)) < 20— (A1 +X3) < 46 -2\ < 26— (A1 — A3) <
§—2X < 36— (A +X) < 6—(Aa+A3) < 26—2Xy < 6—(Aa—Ag) <
56 —2M < 46— (A1 4+ A2) < 30 —2Xy < 36 — (A1 +A3) < 26— (Ao + Ag), 6 —2X3 <
60 —2X1 < 50— (A1 +X2) < 46—2Xy < 46— (A1 +A3) < 30— (Aa+A3) < 25 —2);.

For n = 4, we have

3 2
thr = $483528154535254535450515253505152505150 (535253523150) (5283525180) 515283525150,
which gives Inv (¢p,,) the ordering

§—2X0 < 60— (A 4+A) < 6—(A1+A3) < 6— (A4 M\y)
< 20—2\ < 0—(AM—X) R 0—(M1—X3) < 0—(A1 =) <
36 —2X\ < 26— (A1 4+ A2) < 20— (A1 +A3) < 26— (A1 + \g)
< 45 —2\1 < 26— (A1 — A1) < 20— (A1 —A3) <
§—2X < 35— (M +A) < 0—(Aa+As3) < 6— (A +\y)
< 20—2X < 0—(A2—Ag) = I—(A2—N3) <
56— 201 < 46— (A1 +X2) < 30— (A1 +A3) < 30— (A 4+ M) < 66 —2X; < 36— (A1 — \g) <
30 —2X2 < 20— (A24+A3) < 50— (A1 +A2) < 20— (Aa+ A1) < 40 —2X 2 < 25— (A2 — A\g) <
§—2X3 < 45— (M +A3) < 30— (Aa+A3) < 6—(As+ M) < 20—2x3 < 86— (A3 —Ayg) <
T6—201 < 60— (A1 4+ X)) < B50—Xa < 50— (A1 +XA3) < 46— (Na+2A3) < 35— A3
< 45—(AM+M) <30—(Aa+N) < 20—(A3+XN) < F—Ag <
89 —2A1 <X 70— (AM14+A2) < 60—Aa < 60— (A1 +A3) < 50— (Aa+A3) < 45 — A3
< 50— (A4 A1) < 46— (Aa+ M) < 36— (A3 4+ Ag) < 26— Ay

2.5.3. Type D,,. The fundamental coweights for D,, are the vectors ©; = A\ + ...+ A, for [ € [n — 2],
0,1 = % M+...+ A1 —\y),and O, = % (M4 ...+ Ap). Since (A; — Aj) + (A + Aj) = 2\, the coroot
lattice for D,, is the same as that for B,. As in B, if [ is even, then ©; € T, if | is odd, then 20; € T, and
if 1,1' are odd with [ < I, then ©; + O, € T. If n is odd, then

O, 1+, =X\ +...+\_1 ET.
If n is even, then ©,,_1 + ©,, + ©; € T for any odd I. Thus, the shortest element of 7N Cy for type D,, is

b O;1+...+0, n = 0,1 mod4
20; +...+ 0, n = 2,3 mod4.
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We have
v (W) = {8 = (\i = A7), 8= (i + A i€l jel+ 1] ke 1,7}
u{25—(Ai+Aj) ’1§z’<j§l}
for I € [n — 2], and

Inv(Wn_l):{é—(/\i—/\n), §—(\i+A) 1§i<j§n—1},

We also have
I(W;)=(2n—1—1)1, I(Who1) =1 (W,) = ().

Proposition 26. In Wog of type D,,, forl € [n — 2|, define
Cl = S(Si+1:--S5n—25nSn—1.--535250, d1 = S81—-281—-1...828181—-151—2...8250,

so that I (c;) = 2n — 1 —1i and [ (c;) = 2i — 3. Then for | € [2,n — 2], the I'' coweight element for Wag of
type D,, has reduced word
W, = {(Cfocl)s I =2s,

a(cf®e)” 1=2s+1,
and there are reduced words

12
—

Wi =spcs, Wa= [] da,  Waq=WI

l=n mod 2

Example. In the simplest case, when n = 5, we have
W1 = 5082535554535280, Wa = 5253555453525152535554535250,
W3 = 535554535250535554535251535554535250, W4 = 51525053525155535250,
W5 = 51595053525154538250.

When n = 6, we have

W1 = 50525354565554535250, W2 = $25354565554535251525354565554535250,

W3 = 535456555453525053545655545352515354565554535250,
Wy = (34t'3655343352515456«95343332SO)2 , W5 = 5251535250545352515654535250,
W@ = 5052515835250545352515554535250-

Proof. First, note that the number of simple reflections in W; is [ (W;). To prove that W is reduced for

l € [n — 1], we calculate its window notation and its inversion table.

Just as for type B, the word cl(l’o)cl acts on the window notation for e = [1,.. ., 2n] by pulling two values

from the ends of the subsequent and previous windows, and then moving these values into positions [ — 1, [
and 2n — [+ 1, 2n — [ + 2, respectively:

c/%cll,...,2n]

=¢°S18141 .- Sn—28nSn—1...5352[—1,0,3,...,2n — 2,2n + 1,2n + 2]

=¢/°s;...Sp—25,[—1,3,...,1n,0,2n +1,n+1,...,2n — 2,2n + 2]
=¢/%s...8,—2[-1,3,...,n—1,2n+1,n+1,n,0,n+2,...,2n — 2,2n + 2]
=c¢°[-1,3,....,2n+1,l+1,....n—Lin+1,nn+2,....2n—1,0,2n — 1 +1,...,2n — 2,2n + 2]

=8 ...8,-25.[3,.. ., ,2n+ 1L l+1,....n—1,n+1,-1.2n+2nn+2,....2n—1,0,2n — 1+ 1,...,2n — 2]
=8...8,-2[3,...,,2n+1,1+1,....n—1,2n+2n,n+1,-1,n+2,....2n—1,0,2n — 1+ 1,...,2n — 2]
=[3,...,,2n+1,2n+2,1+1,...,2n—1,-1,0,2n — 1+ 1,...,2n — 2].
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Thus, if I € [2,n — 2] and | = 2s, we have
(7))’ =02n+1,....2n+1,I+1,....2n —1,—1+1,...,0]
=e+[2n,...,2n,0,...,0,—2n,...,—2n]
=101,..,1,0,..,0,—-1,.,—1) = te,-
Alternatively, if [ € [2,n — 2] and | = 2s + 1, we have
a (¢]0e)®
=qll,2n+1,....2n+1—-1,1+1,....2n =1, =1+ 2,...,0,2n — [ + 1]
= SISI41---Sn—28nSn—1...8382[—2n, -1+ 1,2n+2,....2n+1— 1,1+ 1,...
22— 1,—1+2,...,-1,2n+1,4n + 1]
= 88141+ Sp—2Sp[—2n,2n +2,... . 2n+ 1 - 1,1+ 1,...,n,—1+1,
2n+1ln+1,....2n—1,—1+2,...,—1,4n + 1]
= 818141+ Sn—2[—2n,2n+2,...,2n+1—1,l+1,....n—1,2n+1n+1,
n-l+1n+2....2n -0, —-1+2,...,—1,4n+ 1]
=[-2n,2n+2,....2n+1—-1,2n+LI1+1,....n—1,n+1,
non+2,....2n—0,-1+1,-1+2...,—1,4n + 1]
=opop[2n+1,....2n+0L1+1,....2n -1, -1+ 1,...,0]
=000nt(1,..1,0,....0,—1,...,—1) = 000nle,.
Thus, we have
Wl (1) =-2n,  W;'(2n)=4n+1,
and
i—2n ie[2,0]
W (i) =i iel+1,2n—1]
i+2n i€2n—1+1,2n—1].
This gives us
. 0 i,je[1,] ) —2 hjelLl
m”{—1 e, jeli4tn, Memimp= -l iclLl Jefitln
0 4,jell+1,n]

So, whether [ is even or odd, we have

. 2 i,j€[L]]
0 4,5€|1,l . .
Mm_(x;,—x;) = Z J [ } . M—(X;+X;) = 1 i€ [17”7 J € [l + 1777’]
J 1 e, jell+1,n], I 0 ijell+in

and the inversion set of W) is ®;. We conclude that W is reduced, and spells W;.
We calculate the window notation for W, separately. So,

80C2 = 808283 - - Sp—28nSn—1 .- -835250[1,2,3,...,2n — 2,2n — 1, 2n)|
= 805253 ... Sp—28n8n—1...8352[—1,0,3,...,2n —2,2n + 1,2n + 2]
= 805283 ...8p—28,[—1,3,...,n,0,2n+1,n+1,...,2n — 2,2n + 2]
= 508283 ...8p—2[—1,3,...,n—1,2n4+1,n+1,n,0,n+2,...,2n— 2, 2n+ 2]
=s[-1,2n+1,3,...,n—1,n+1,nn+2...,2n—2,0,2n + 2]
=[-2n,2,3,...,n—1,n+1,n,n+2,...,2n —2,2n — 1,4n + 1]
= ooopte,-

Thus,
Wit)=-2n, Wiln)=n+1, Wiln+1)=n, W;'(2n)=4n+1,
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and Wi '(i) =i for i € [2,n — 1] U [n +2,2n — 1]. This gives
mx,—x;, = —1, mx 4+, = —1,

for ¢ € [2,n], which shows that Inv (W;) = ®;, and thus that Wy is reduced and spells Wj.
Next, we calculate the window notation for Wy,. If n is even, say n = 2s, we have

=,

[T dalt,... 2n]

=0
s—1
e

= H dorS$p—2...818p-1...52[-1,0,3,...,n,n+1,...,2n —2,2n+ 1,2n + 2]
=0
s—1
—_—

= I[ d2B,....n,-1,0,2n+1,2n+2,n+1,...,2n — 2]
=0

5—2
= H doi[5,...,n,-3,-2,-1,0,2n+1,2n+2,2n+3,2n+4,n+ 1,...,2n — 4].
1=0

=soln—1,n,—m+3,...,0,2n+1,...,3n —2,n+ 1,n+ 2
=[-n+1,-n+2,—n+3,...,0,2n+1,...,3n — 2,3n — 1, 3n]

=e+[-n,...,—n,n,...,nl,

and

If n is odd, say n = 2s 4+ 1, we have

kN
Hdﬂl,...,?n] =s18280n—2,n—1,n,—n+4,...,0,2n+1,...,3n -3, n+ 1,n+2,n+ 3
I=1

=s$18[-n+2,—n+3,n,—n+4,...,0,2n+1,...,3n—3,n+1,3n — 2,3n — 1]
=n,-n+2-n+3,-n+4,...,0,2n+1,...,3n—3,3n —2,3n — 1,n + 1]

=op(e+[-n,...,—n,n,...,nl]),

and

as desired. Thus W,, is reduced and spells W,.
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Finally, we calculate the window notation for W,,_1. If n is even, say n = 2s, we have

s—1
IT a5 11, 2n)
1=0

5—2

—
= H do1Sp—2...818,8p—-2...52[—1,0,3,....,n,n+1,...,2n —2,2n + 1, 2n + 2]
1=0

—2
= I dasn—z.. s1sa[-1,3,....n=1,0,n,n+ 1,20+ 1,n+2,...,2n — 2,2n + 2]
0

o e~

—2
—

= I[ dasn—2...s1[-1,3,...,n = 1,n+1,20+1,0,n,n+2,...,2n — 2,2n + 2|
=0

=2,
=[] dal3,....n—1Ln+1,-1,2n+1,0,2n+ 2,n,n +2,...,2n — 2]
=0

=son—1n+1,-n+3,...,-1,2n+1,0,2n+ 2,...,3n — 2,n,n + 2]
=[-n,—n+2,-n+3,...,-1,2n+1,0,2n+2,...,3n — 2,3n — 1,3n + 1]
= ogon (€ + oo[—ny ..., —nym, ..., n]).

so that
W h(1)=-n, Wiln)=2n+1, Wiln+1)=0, W,'(2n)=3n+1,
and otherwise
i—n i€[2,n—1]
i+n i€ [n+2,2n—1].

If n is odd, say n = 2s 4+ 1, we have

ER
[Tar ", 20 = +1,-n+2,...,~1,20+1,0,2n+2,...,3n — 1,7,
=1

so that
W l(1)=-n, W.'(n)=2n W n+1)=1 W' (2n)=3n+1,

n—1 n—1

and otherwise

Wil (i) = {?‘" i€l
i+n i€n+2,2n—1].
In either case, for 1 <i<j<n-—1,
mx,—x; =0, My 4+, = —1,
while for i € [n — 1],
my,—a, = —1, M+, = 0.
This is what we seek. Thus W, _; is reduced and spells W,,_1. So ends the proof. O

We then have the following.

Corollary 9. In type D,,, for l € [n — 2], the reduced word W) flips the roots in Inv (W}) in the order <
determined by the following conditions.

(1) For fizxed k, the roots kd—« are flipped in lexicographic order with respect to the alphabet {\1, A2, ..., An}.

(2) Forle[2,n—2],j€[2,]], andi€ [j —1],

(5—()\j+)\l) -<2(5—(Ai+)\j) '<6_()\j+/\l+1)~

The reduced word Wy, flips Inv (W,,_1) in lexicographic order with respect to the alphabet {\1, A2, ..., An—1, —An},
and the reduced word Wy, flips Inv (W,,) in lexicographic order with respect to the alphabet {\1, Aa, ..., An}.
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Example. For n =5, and [ = 1, we have

d—(M4+X) <0—(A14+X3) <=M +XA) < 5—(A\1+X5)
< 5—(/\1—>\5) < 5—()\1—/\4) =< 5—()\1—/\3) =< 5—()\1—/\2),

while for n =5 and [ = 3, we have

F—(AM4+X) < 0—(A14+XA3) <=M +XN) < 5—(A\1+2X5)
< d—(AM1—=A5) < 0—(A1 =Xy <
0—(Aa+A3) < 20— (M +X) <d—(Aa+A) < 5d—(Aa+X5)
< 0—(AM—=X5) < 0—(A1—A\g) <
20— (M1 +XA3) < 20— (Aa+XA3) < d—(A3+A) < d—(A3+X5)
< d—(A3—=X5) < 0—(A3— ).

For n =5 and | = 4, we have

(57(/\1+>\2) < 57()\1+>\3) < 57()\1+)\4) < 67()\17)\5)
< 5—()\2+)\3) < (5—()\24-)\4) < 5—()\2—)\5)
-<6—<)\3+)\4)-<5—()\3—)\5)-<5—()\4—)\5).

and for n =5 and [ = 5, we have

57(/\1+>\2) < 57()\1+>\3) < 67()\1+)\4) < 67()\14’)\5)
< 6—()\24-)\3) < (5—()\24—)\4) < 5—(/\2+)\5)
-<(5—()\3+)\4)-<(5—(/\3+)\5)-<(5—(/\4+)\5).

As in B,,, there are certain commutation relations which will help us to combine the reduced words Wi.
Lemma 12. In type D,,, for odd numbers l,l' and even numbers k,k’, we have

WiWy = Wi Wy =tg, 10,/ WIPW) = WP°Wy = te,ye, WieW; = WiWy = ogonte, +e,-
Proof. The commutation relation for even coweight elements is due to the fact that these elements are

translations by elements of T'. For the remaining relations, we first calculate the window notation for Wre.
We have

ac®[1,...,2n]

= CIS18141 -« - Sn—28n[2,...,n, 1, 2n,n+ 1,...,2n — 1]

=841 -+ -Sn—2[2,...,n—1,2nn+1,n1,n+2...,2n—1]
=ql2,...,,2n,l+1,....n—1,n+1lnn+2,....2n—0,1,2n—14+1,...,2n — 1]
= SISI41---Sn—28nSn—1...8352[—2,-1,4,...;,2n, I+ 1,...,.n—1,n+1,

nn+2,....2n—0,1,2n—1+1,...,2n—3,2n+ 2,2n + 3]

= 88141 - Sn—25n[—2,4,....,2n, I+ 1,...;n—1,n+1,—1,
2n+2,n,n+2,...,.2n—10,1,2n—1+1,...,2n — 3,2n + 3|

= 818141 - - Sn—28n[—2,4, ..., 1,2n, 1+ 1,...,n—1,2n+ 2, n,
n+1,-1,n+2....2n—0,1,2n—1+1,...,2n — 3,2n + 3|

=[-2,4,....,2n,2n+2,1+1,....2n—1,—-1,1,2n -1+ 1,...,2n — 3,2n + 3].
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Thus, for k = 2s, we have
(cxey®)’ [1,. .., 2n]
=cep’[—k+2,k2n,2n+2,... . 2n+k—-2k+1,....2n—k,—k—1,...,-1,1,2n+1—k,2n+ k — 1]
=cklk,2n,2n+2,....2n+k -1, k+1,...,n—1,n+1,
nn+2,....2n—k,—k+2...,-1,1,2n+ 1 — k]
=8g...8p...8[2n+1,-k+12n+2,....2n+k—1,k+1,...,n—1,n+1,
nn+2,...,2n—k,—k+2,...,—1,2n + k, 4n]
=2+ 1,20 4+2,. .. 20+ k—1.2n+kk+1,.... 20—k -k+1,~k+2,...,—1,4n]
=e+[-2n,2n,...,2n,0,...,0,—2n,..., —2n,2n]

= (=1,1,000,1,0,00,0,— 1,000~ 1,1) = LoOy -
Now, let k& be even and [ be odd. Then we have

(o
WPWi = ty00,000nte, = 000 (0n00ts,0,000m) te, = 000nte, soo00,te, = To0nte,+6,,

while

WiWy = ooonte,te, = 0oonte,+e,-

calculations in the previous proof make it clear that if [ = 2s, then (cfocl)s is a translation, thus ©; € T.
On the other hand, if I = 2s + 1 > 2, then ¢ (¢/°¢;)” is not a translation, but (ci’"cl)szr1 is To check the

commutation relation for odd elements, let [ = 2s + 1 and I’ = 2s’ + 1, and let I’ < [. Then,

WOW,
=Wi[-2n,2n+2,....2n+01l+1,...,n—1Ln+1,nn+22n—1,—1+1,...,—1,4n + 1]
:(c{{f)cl/)s' 2n+2,....2n+U An+1.2n+ 1"+ 1,....2n+ 1,1 +1,...
c2n ==+, = =20, " +1,...,-1]
= () T 2n+4,. 2+ An+ 1,40+ 2. 4n+ 320+ 1 +1,. .. 2n+ 11 +1,...
oo 2n—1—l4+1,...,—l''—2n—2,-2n—1,—-2n,—1' +1,...,-3]
=cler2n+l' = 1,2n+ U dn+1,.. . dn+1' = 22n+1"+1,....2n+ 1,1 +1,...
c2n—L=l+1,. = =2 =1+ 2, =2n, =1 = 4]
=[An+1,....4n+U2n+1"+1,....20n+ 1,1+ 1,....2n = |, =1+ 1,...,=U',=2n—1',...,—2n]
=t0,..21,.,1,0,...00—1,....—1,—2,...,.—2) = te,+0,;
while
WOW),
=Wy[-2n,2n+2,....2n+ 0, ' +1,...;.n—1,n+1,nn+2,....2n=0',—-U'+1,...,-1,4n + 1]
=()’ 2n+2,....2n+ 010" +1,..., 1, dn+ 1,1+ 1,. ..
2n—=1-2n2n—1+1,....2n =0 =U'+1,...,—1]

= () 2n44,. .20+ U1 1, L dn+1,4n + 2,40 + 3,1+ 1,. ..
o2n—10,-2n—-2-2n—1,-2n2n—1+1,....2n =", -0'+1,...,-3]
=call-1L,L4n+1,. .. dn+U2n+ 0"+ 1,...2n+1—2,1+1,...,2n -,
—1l+3,..., =, -2n—U'"+1,...,-2n,2n — 1+ 1,2n — | + 2]
=Mdn+1,...dn+U2n+0U'+1,....2n+LI+1,....2n— 1,1+ 1,...,=U',—2n— 1"+ 1,...,—2n]

=1(2,.,2,1,0,1,0,0,0,— 1,000, —1,=2,...,-2) = t©, 40, -

We use these commutation relations to write down reduced words for the coweight translations in D,,.

O
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Proposition 27. Forl € [2,n], the I** coweight translation has reduced word

T — (¢7r)® 1 =2s,
' (cToe)* T I=2s+1,

while the first coweight translation has reduced words
Ty = cf, T, = W{°W,.
Proof. The words for T; when [ € [2,n — 2] follow from Proposition 12. When [ = 1, we have

T} = 5182 ..80-2808n—1-..8251[—2n,2,....,n—1,n+1,nn+2...,2n—1,4n + 1]
=81...8-28.[2,...,n—1,n+1,—2n4dn+1,nn+2, ...,2n— 1]
=81...8,-2[2,...,n—1,4n+1nn+1,-2nn+2,...,2n — 1]
=[4n+1,2,....n—1,n,n+1,n+2,...,2n — 1,—2n]
=e+ [4n,0,...,0,—4n] = t20,.

We also have

Ty =c1s1[-1,2n+1,3,....n—1,n+1,n,n+2,...,2n —2,0,2n + 2]
=c2n+1,-1,3,...,n—Ln+1,nn+2,...,2n—2,2n+ 2,0]
=51...80-28.8n—1-.-82[2,—2n,3...,n—1,n+1lnn+2...,2n—24n+1,2n — 1]
=81...80-25:/2,...,n—1,n+1,-2ndn+1,n,n+2,...,2n — 1]
=81...8p-2[2,...,n—1L4dn+1,n,n+1,-2n,n+2,...,2n— 1]
=[Mdn+1,2,...,2n — 1, -2n] = tse,.

O

Finding the coweight translations for ©,,_; and ©,, is not so simple. We provide the following proposition,
whose proof is straightforward but tedious.

Proposition 28. The (n — 1)t and n*™ coweight translations have reduced words
T, = (W]f]fornnwn)‘m‘r"*l WgDTn/QWn _ Wgn—lTn/2wgogn,lwgorn/2wn = tyo,

and Ty1 = Ti" ' = tye, ;-
The complexity of the above expressions motivates the following.

Proposition 29. There are reduced words
S

cloc ) n:28+1
N (2
n—1,n n n n—1n Cn (CgUCn)S n=2s-+2

satisfying
Inv(Wy_1n) = Inv (W), ) = Inv (W,_1) UInv (W,,),

and there are reduced words for tae, ,+20, given by

. 2 / o oo n—1
Tn—l,n - Wn7n—1a Tn—l,n - (Cn Cn) .
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Proof. For the first reduced word, if n is even, we have

Woim =Wo?[=n,—n+2,—n+3,...,—1,2n+1,0,2n +2,...,3n — 2,3n — 1,3n + 1]
L==2]
Lz
= H dog; 52...sn_181...sn_g[—n,—n+2,—n+3,...,—2,0,2n+2,
=0

-1,2n+1,2n+3,...,3n—2,3n—1,3n + 1]
| 252]

— -

= H doy | s2...8p—120n+1,—n,—n+2,...,-2,2n+ 2,
1=0

—1,2n+2,...,3n—1,3n+1,0]
=]

—

= Il da |2n+1,20+2,—n,—n+2,...,-2,2n+2,
=0

2n+2,...,3n—1,3n+1,—-1,0]
=sp[2n+1,...,3n—2,—n,—n+2,3n—1,3n+1,—n+3,...,0]
=2n+1,...,3n—2,3n—-1,3n+1,—n,-n+2,-n+3,...,0]
=op (e +0n2n,...,2n,—2n,...,—2n]) = outs, 0,-
Similarly, if n is odd, we have
Wicin=02n+1,....3n—-1,nn+1,-n+2,...,-1,0 =te, ,10,-
For the other reduced words, we calculate

c2ocy[l,...,2n]
=c0%8p8p—1...8382[—1,0,3,...,2n — 2,2n + 1,2n + 2]
=c¢/%sp[—1,3,...,1n,0,2n+ 1, n+1,...,2n — 2,2n + 2]
=SpSn—1...8281—1,3,...,n—1,2n+1,n+1,n,0,n+2,...,2n —2,2n + 2]
=sp3,...,n—1,2n+1,n+1,-1,2n+2,n,0,n+2,...,2n — 2]
=[3,...,n—1,2n+1,2n+2n,n+1,-1,0,n+2,...,2n — 2].

Thus, if n =2s+ 1,

!

nein=02n+1...3n-1Lnn+1,-n+2,... .0 =te, 10,
On the other hand, if n = 2s 4 2,

!

nein=Can—1.2n+1,....3n-2nn+1,-n+3,...,0,n+2]

=S$pSp—1-..82[—2n,—n+22n+2....3n—2n,n+1,-n+3,...,—1,3n — 1,4n + 1]
=sp[-2n,2n+2,...,3n—2,n,—n+2,3n—1,n+1,-n+3,...,—1,4n + 1]
=[-2n,2n+2,...,3n—2,3n—1,n+1,n,—n+2,—n+3,...,—1,4n + 1]

=000nto, 1+0,-

Now, if n = 2s + 1, then Tp,_1,, = W2 and TV

n—1n n—ln = (VV;_LH)2 are reduced words for ty@, ,+0,)-
If n =2s+ 2, then

2
Wn,n—l =0nts,0,0ntc,0, =lo,0,0,t0,0, =l0,+0,0,

=1, 1~ 1,0~ 1)+ (1,01, = 1,1,— 1,0, —1) = (2,...,2,0,0,—2,...,—2) = 12(0,,4+©,_1)>
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so that T,_1 5 is again the reduced word we seek, and

T 1n = (%)’ cg?[—2n,2n+2,...,3n —1,n+1,n,—n+2,...,—1,4n +1]
=(c%y) sp2n+2,....3n —1,n+1,-2n,4n+ 1,n,—n+2,...,—1]
=(cy)°[2n+2,...,3n—1,4n+1,n,n+1,-2n,—n+2,...,-1]
=[An+1,...,5n —1,n,n+1,-3n+2,...,-2n| = lye, ,1+0,)-

For the following theorem, we use W, _; to denote Wy, _q .
Theorem 2.4. Let w € Wyg be such that

center (w_lAO) — center (4g) = Z @0+ an—1(0n-1 +60,),
le[n—2]

let P =5 ya;, and let J € ZF be a vector of a; ones, followed by as twos, az threes, and so on. For any
o € Sp and m € [P], define K, = Zie[m] Jo(i)- Then, for any o € Sp, w has the reduced word

oo P-1 K2 O_Jcr(l)
W (7 — w% wSo W
(a’ U) - e HRR A5 Jo(2) Joy

The proof is very similar to the proof of Theorem 2.3. As an application of this theorem, we have reduced
words

(Wae 1.0 W)™ Wa_s ... Wy Wy (W5 W5)% W, n =0 mod 4
o = Wt (W aWag)”™ L WoWs (W5 Wa) ™ W n =1 mod 4
(Wae1aWa2)” Wa_s ... (WsW4)% W3 W, WoOW, n =2 mod 4
Wit (W oaWy3)7 . (W5 Wy) 7 W3 WoWTOW, n = 3 mod 4.

Example. For n =5, we have

the =Wy s W3 W32 W,

—85845355525354515253555051525053525154535250535554535251535554535250535554535251
X 89535554535250525355545352515052535554535250.

2.6. Lam & Pylyavskyy’s Method for Finding Reduced Words. In their work on total positivity for
loop groups [24], Lam & Pylyavskyy perform an in-depth study of the infinite elements of the affine Weyl
group of type A,. They divide W into a finite number of equivalence classes, called blocks; they put a
partial ordering, called the limit weak order, on W; and they give a method for finding reduced words for

the unique minimal elements of each blcok. In this section, we discuss their work and its relationship to the
results appearing in the previous sections.

2.6.1. Blocks and the Limit Weak Order.

Definition. ([24]) The blocks of W are the equivalence classes of the relation ~, where I ~ J if
#UIALT)=#((TUH)\INJ))<O.

Thus, the infinite values of m,, are the same for all I and J in the same block.

Definition. ([24]) For I, J € W, the limit weak order is the order defined by the relation I < J if and only
ifrcJ.

The limit weak order induces an order on the blocks of W, which we will also call the limit weak order.

We can restate these ideas in terms of biconvex subsets of hg as follows: I,J € W are in the same block
if B(I)AB(J) is bounded, and I < J if and only if B(I) C B(J).

Lam & Pylyavskyy give these ideas a tidy geometric interpretation in terms of the Artin arrangement of
W, which we now define.

Intersecting the hyperplane arrangement

HO = Uae<1>+ HO,a
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with the sphere S™ in hg carves S” into a spherical simplicial complex (a simplicial complex with Euler
characteristic zero), called the Coxeter complex. The top-dimensional simplices of the Coxeter complex are
the intersections of the Weyl chambers with S”, having dimension r — 1. The zero-dimensional simplices are
the intersections with S” of lines obtained by intersecting » — 1 hyperplanes Hy o. For example, each of the
coweights O; corresponds to a zero-dimensional simplex of the Coxeter complex.

The Artin arrangement A of W is the set of cones Cg spanned by simplices S of the Coxeter complex.
We can think of it as a simplicial complex whose simplices are unbounded, where we have Cg C Cg- if and
only if S C §’. Following Lam & Pylyavskyy, we will call the simplices of A faces.

Using Proposition 12, we have the following (Remark 4.5 of [24]).

Proposition 30. The elements I,.J € W are in the same block if and only if dir (I) and dir (J) belong to
the same face of A.

Thus, the blocks of W are in correspondence with the faces of the Artin arrangement (Proposition 4.3
of [24]). Furthermore, the limit weak order on blocks is isomorphic to the inclusion order on the faces of
A. The maximal blocks for the limit weak order correspond to the Weyl chambers of W, while the minimal
elements correspond to the one-dimensional faces described above. We denote the block corresponding to a
face F' of the Artin arrangement by Bp.

Using biconvex subsets of hg, we can make this correspondence more direct.

Proposition 31. An element w € W belongs to B if and only if B(w) D F.

This makes it clear that the minimal element of Bp is the element w € W having B(w) = F. We denote
this minimal element by Ir. For example, Z§ — ®T = I, is the minimal element of the (maximal) block
corresponding to Cp; and the minimal elements which are less than Z§ — ®* in the limit weak order are the
elements Z§ — ®; = I (g, for [ € [r].

These facts are hinted at by results of Cellini & Papi [8], who give the following correspondence between
elements of RW and infinite powers of elements of W.

Proposition 32. If I € W, then there exist w € W and 7 € T such that
I= U Inv (vti) =: Inv (vt2°).
JEN
If, further, for all a € ®, mq(I) € {0, +00}, then w = 1, i.e. there exists T € T such that I = Inv (t>°).

Thus, the minimal elements of the limit weak order correspond to infinite translations.

2.6.2. Finding Ezplicit Reduced Words. Their results on the limit weak order motivated Lam & Pylyavskyy
to give a method for finding reduced words for infinite translations in type A,_1. In reviewing their work,
we will use the representation of S, on R™. Recall the positive roots a;; = A\; — A; for 1 <7 < j < n, and
write

HO,i,j = {fe R™

Ti— X = 0} ) Ho = Ui<icj<nHo,i,j-
Lam & Pylyavskyy call the Artin arrangment for type A,,_; the braid arrangement.

Definition. A preorder on a set is a reflexive, transitive relation. A total preorder is a preorder whose
equivalence classes are totally ordered.

Each face of the braid arrangement corresponds to a total preorder on the coefficients x; of elements
Z € R™. For example, if () denotes the line spanned by Z, then

<@l):{f€R”‘xlz...:xl>xl+1:...:xn}, C():{:E’ER"

$1>.’E2>...>£L'n}.

Given a face F of the braid arrangement, there is a unique smallest vector Z¥' € Z" N F whose coefficients
take consecutive values starting with one. The coefficients 2! lie in [n] for all F.

Given an element o € S, = S, o T, let 7(o) denote its projection into the quotient group S,. For
example, 7 (09) = (1,n), while 7 (0;) = (4,7 + 1) for i € [n — 1]. We will assume that 7(o) acts on the
coefficients of ZI" € Z" by permuting the indices of the coefficients (in other words, on positions rather than
values). The following result is due to Lam & Pylyavskyy [24].
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Proposition 33. Let F be a face of the braid arrangement of A,_1, and let the coefficients of ZF take the
values [m] for m <n. If s;,...s; is such that

(1) ™ (Sip . Sil) ZF = ZF

(2) each s;, creates a descent (for example 7 (s;,) is applied to Z° only if zf; < zf;ﬂ)

(3) for each i € [m], the values i and i + 1 are swapped at least once

then w = s, ...s;, is reduced, and Inv (w™>) = Ip.
Example. In A3, let
F:{feR"'x2>x1:m3:x4},
and choose ' = (1,2,1,1). We have
7 (s2835051) (1,2,1,1) = m (s28350) (2,1,1,1) = 7 (s2s3) (1,1,1,2) = 7w (s2) (1,1,2,1) = (1,2,1,1),
so Proposition 33 says that w = s3s38051 is reduced (which we can see by inspection), and Inv (w*) = Ig.

For completeness, we include a proof.

Proof. First, we show that w = s;, ... s;, is reduced, by creating an affine permutation for which it is length-
additive. For i € [m], let M; be the number of coefficients of Z¥ taking value i. We assign a number M (z]")
in [n] to each coefficient of #¥" as follows: we number the ones in Z¥' from left to right, up to Mj, then we
number the twos in ¥ from left to right, up to M; + My, and so on. Then, we let wg € S, C S,, be defined
by the window notation

wp = [M(zf)M(zF)]

n

For example, for Z¥ as above, we have
wrp=[1,4,2,3] =(...,—-3,0,—2,-1,1,4,2,3,5,8,6,7,...).

Now, for 1 <i < j < n, we have mq,; € {0,1}, with m,,; = 1 implying that 25‘1 For our
F

F
N2
(4) wpt(4)
running example, we have

Mayy = Mayy = May, = Magy =0, May, = Magy = 1,

_ _ JF _ F

(@) = =% = 1oz, g,
that wr(i) < wr(j), it is clear that the first condition guarantees that every reflection we apply increases
some My, by one. Thus, w is reduced. For our example, we have

J

P

and zi,l 22F = 2 is greater than either 25,1 = z; = 1. Since zf < sz implies
F F

wwp =82838081[1,4,2,3] = s28350[4, 1,2, 3]
=s983[—1,1,2,8] = s5[-1,1,8,2] = [-1,8,1,2],
so that
Mgy = Magg = Mayy = 0, Moy, = Mag, = Mag, = 2.

Next, to show that w™ is in the block Bp, let Vj, be all the values in wy which correspond to k in 2%,

Vi ={i+qnli € [1,n],# (i) =k,q € Z},
and let P be the set of positions occupied by elements of Vj. For our example,
w={.,-3-2,-1,1,2356,7,...}, Vo={...,0,4,8,...},

while
p={.,-3-1,01,3,4,57.8,...}, P={..,-226,...}.

The second condition, and the fact that wz¥ = Z¥, means that in the window notation for wwp, elements

of Vi, continue to occupy the positions P, but the set Vj has rotated to the left by 1 with respect to the
numbers V,_;. This can be seen in our example:

Wp = [174a2,3]a WWp = [_1783 172]



FACTORIZATION IN LOOP GROUPS 75

Thus, there is some finite number N so that for every k, the values of wNwg at Pj, are some integer multiple
Ny, of n larger than the values of wr at Py. In other words, if x p, is the characteristic function of P, having
ones at the positions P and zeros elsewhere, then

m
N
wwp = wr + E Ninxp,,
p=1

so that w™ has translated wp by the vector 7 = Sie1 Nexp, € T. In our example,

wiwp =[-3,16, -2, -1
=[1,4,2,3] + [-4,12,—4, 4] = t(_1 3 1,-1)[1,4,2,3].

Furthermore, the second condition guarantees that Ny > Nj_; for all k. Thus, 7 liesin F', and w™> =¢°. O

We remark that in fact, the minimum value for N is the least common multiple of {M;,..., M,,}. We
also have the following.

>F

Corollary 10. Let w = s;, ...s;, act on Z* as in the previous proposition, and keep track of the “winding

numbers” of the elements of ZF', so that k=9 indicates a k that has been moved from the n'™ position to the
first ¢ times. If the winding numbers of the entries of wz¥ depend only on the values of wzt', then w is a
translation.

In [24], Lam & Pylyavskyy show that if the dimension of F is one, then one of the reduced words produced
by their technique is a Coxeter element ¢, a product of in which each of the simple reflections s; appears
once. Furthermore, all the other reduced words for the minimal element of Br can be obtained from ¢* by
exchanging commuting simple reflections. In particular, we have the following. Recall that for [ € [n],

Cl = S0SnSn—1---Si+1, d; =s0p81...51-1.

l(n—1 l(n—1
Proposition 34. The words dl(l)cl and cl(l)dl are reduced, (dl(l)cl) (=t and (cl(l)dl) (=t are translations,
and Inv ((dVe)) ™) =Tnv ((c{Vd)) ™) = 26 — @

Proof. The face F' of the braid arrangement corresponding to Zé — @, is

(@0:{56R”

Ty =...=T] > Ti41 :...:mn}7
so the unique element z¥ € Z" N (6;) with coefficients taking consecutive values starting with 1 is
7 =(2,...,2,1,...,1),

a vector with [ twos followed by n — [ ones. Now ¢; rotates the first two n — [ places to the left, so that it
ends up in position [ + 1:

azl' =(1,2,...,2,1,...,1).
Then, dl(l) moves the 1 in position 1 [ places to the right:
dVezF = (2,...,2,1,...,1) = 7.

On the other hand, applying d; to Z¥ rotates the last one through the block of twos to position I, and
following this with cl(l) rotates moves the two in position n to position [. Keeping track of the “winding
numbers” of the ones and twos, we see that when either element has been applied I(n — [) times, the twos

have all been moved n — [ positions to the left, and the ones have all been moved [ positions to the right. [

We also have the following.

Proposition 35. The reduced words Wl[nfl] = cl[l(nfl)] and W;[nfl] = dl[(nfl){z] spell translations.
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2.6.3. Other Types. We begin by establishing maps from the Artin arrangements of classical type to Z2".
The Coxeter complexes of types B,, and C,, are isomorphic. They are obtained by intersecting S™ with
the hyperplane arrangement

HQZ U ({l‘izl‘j}U{l‘i:—l‘j})U U {.131':0}.
1<i<j<n i€[n]

Thus each face of the Artin arrangement for these types corresponds to a preorder on the set
S ={x1,...,2n,0,—2x1,...,—2,} with the property that for all s,s’ € S, s > ¢’ if and only if s < s’. For
example, we have

<@l>={f€Rn’a’:l=...=.7Jl>$l+1=...=xn=—xn=...:—$l+1>—$l=...=—x1},

Co :{fe R"

ml>x2>...>:vn>—xn>...>—x2>—x1}.
The Coxeter complex of type D,, is obtained by intersecting S™ with the hyperplane arrangement

Ho= |J (zi=2}U{ei=—a;}).

1<i<j<n
Thus each face of the braid arrangement for this type corresponds to a preorder on the set {x1,...,2,,0,—21,..., —2,}
with the property that for all s,s’ € S, s > s if and only if —s < —s’, and x,, = —x,,. For example, we have

<@l> :{feR” ‘ml =...=T>X41=...=Tp = —Tp=...= —T|41 >—$l=...=—5€1},

Coz{a_:'eR"’xl>x2>...>xn:—xn>...>—m2>—m1}.

Alternatively, the faces of A are in correspondence with the preorders on

Given a face F of the Artin arrangement for type B,,, Cy,, or D,,, let " be the unique element of Z" N F
having smallest norm, and let z¥' = (!, —w!") € Z?". The coefficients 2/ lie in [—n, n).

Since the permutation representations of the affine Weyl groups of classical type express these groups as
subgroups of S,, we can apply the projection 7 to the elements of these groups. We will again assume that
7(o) acts on the coefficients of Z¥' € Z" by permuting their indices. We then have the following.

Proposition 36. Let 27 correspond to an open face F of the Artin arrangement for a Lie algebra of classical
type, as above. Let the coefficients of Z¥' have values {vy < vy < ... < vy }. If the word w = Si, - .- Sip 18
such that

(1) 7 (w)zt =2F
(2) each s;; creates a descent, and in particular for types By, and Dy, so is applied at step m only if
; F F F F
min (Zw;{l(l)’ Zw;ﬂl(Q)) 2 max (Zw;{l(Qn—w zw;ﬂl(Qn))

and

F F : F F
max (Zw:,f,l(l)’ Zw;tl(2)> ~ nin (Zw::,l@n—l)’ Zw:,l@n))

(3) for each k € [1,m — 1], the values vy and vi11 are swapped at least once
then w is reduced, and Inv(w>) = Ip.

Example. In By, let
F={ier

—:E3>x1=—x2>x4>0>—x4>—x1:x2>x3}.
Then, we have w! = (2,-2,-3,1) and ¥ = (2,-2,-3,1,—1,3,2,-2). Now,

7 (8182838483508354838251) (2, —2,-3,1,-1,3,2,-2) = (2,—-2,-3,1,-1,3,2, -2),
so the proposition says that w = s152535453505354535281 is reduced, and that Inv (w>) = Ip.

Proof. In the case of C,,, since we can express every m, in terms of some 72;;, we need only keep track of
the latter. Thus, the proof for type A,, carries over to this case. The proof for case A, goes through for B,
and D,, as well, provided that we show that applying so (in both cases) and s, (in the case of D)) to wg
increases some m, by one.
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Just as in A, we construct wg, this time by numbering all the vis from left to right, and then all
the vgs, and so on. Since 23, = —z{ and 25, | = —z{, if both min (2{,23") > max (24, ,23,) and

max (zf, zf) > min (z(f;nfl), z(an)>, then either

F o F __ F P F_ _F__ F __F F o F o F F
21 >z =0=29, 1> 2, O 2] =2y >2y, 1 =2, Ol 2 >2 >2Zy_1> 2y,

or one of these possibilities occurs with 1 and 2 (and 2n — 1 and 2n) swapped. In the last two cases, since
2zl > 2§ implies wp(i) > wr(j), and wp(i — 2n) = wp(i) — 2n, acting with so will be increasing two
mes from one to two, and decreasing no m,. In the first case, we have wr(2) < wr(2n — 1); however,
wr(2n — 1) —wp(2) < 2n, so acting with so will increase M., .(2),wx(2n—1) from zero to negative one, while
decreasing no my,.

O

We use this result to find reduced words for the minimal infinite elements I(g,) for each classical Lie
algebra, and we are not surprised to see our coweight elements appear.

Proposition 37. For type B, ci is reduced, ¢} is a translation, and Inv (c5°) = Iy, while for | € [2,n],
¢ is reduced, and Tnv ((c[°¢))>) = I;. For type Cy,, ¢ is reduced, ¢! is a translation, and Inv (c{°) = I;.
For type By, c1 is reduced, ¢} is a translation, and Inv (¢§°) = Iy, while for I € [2,n — 2], ¢]%¢ is reduced,
and Inv ((¢[°¢))™) = L.

3. FACTORIZATION AND COORDINATES FOR UNITARY LOOP GROUPS

We continue to use the notation for finite-dimensional Lie algebras and groups introduced in Chapter 1.
This results in a departure from the notation in [34], where finite-dimensional objects were denoted with
dots. The only place we use dots is in distinguishing pointwise Iwasawa and triangular factorizations from
their loop group analogs - we hope the dots will bring to mind the “point” in pointwise. When confusion is
possible, such as when referring to the nilpotent subalgebras and subgroups of a loop group, we will denote
infinite-dimensional analogues of finite-dimensional structures with rings, which we hope will remind the
reader of loops. Thus, the nilpotent subalgebras and subgroups of LG are denoted 1+ and NE. Otherwise,
as a general principle, given an object X, we will use LX = C*° (Sl,X) to denote the smooth loop space
of X, Lin X =X [z7 2*1} to denote the subspace of Laurent polynomial functions on S with coefficients in
X, and X and X to denote (central) extensions of X. Finally, H° (D; X) denotes the space of holomorphic
sections on D taking values in X, and H® (D,p; X,Y) denotes the subset of H’(D;X) taking values in
YCXatpeD.

3.1. Affine Lie Algebras. We let Lt = C* (Sl,g) and Lg = C>(S1,g), viewed as Lie algebras with
pointwise bracket [X,Y](z) = [X(2),Y(2)]. We may view elements of Lt and Lg as either functions or
Laurent series. These are Fréchet spaces, with the topology of uniform convergence on compact sets. The
subalgebras Lh and Lt are maximal abelian subalgebras for Lg and L€, respectively. However, in a departure
from the finite-dimensional case, they are not the only ones, even up to conjugacy [35]. We identify g with the
set of constant loops in Lg. We let Lunt = @,z €2, Lang = @,z 927, and similarly for other subgroups
of g.

3.1.1. Central Extensions. The smooth completion of the universal central extension of Lg is the vector
space

Lg = Lga Cc,
and the smooth completion of the affine Kac-Moody Lie algebra corresponding to Lg is the vector space

Lg=Lg® Ce® Cd.

Both are equipped with the bracket [, -], where
X.Y16) = XY@+ 5= [ (X6 @) e
and p
[X7C}:[CvX]:[Xad]:[d7c]:[cad]:07 [de]ziX

dz
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for all X € Lg. There are corresponding central extensions of Lt and real forms
Lt = Lt @ iRe, Lt = Lt ® iRc @ iRd
for Lg and ﬁg, respectively. We define t = t @ iRc @ iRd.
For each x,¢ € IA/g, we define ad, & = [x,§]. The eigenvalues of adf)]R = {adh ‘ h e GR} are linear

functionals a on hr. The set of these eigenvalues is the extended root system of g, ®.

3.1.2. Triangular Decomposition. We define

ot 4+ +p
o =15 (P 927,
PEZ>0

and we define n¥ to be the smooth completion of ﬁ;tol. We then have the triangular decompositions
Lg=i" @b @nt, Lg=n @bzoat.

3.1.3. Root Homomorphisms. In addition to the root homomorphisms ¢; for i € [r], we define the root
homomorphism

o0 D)t al(§ D)o

where {e_g, hg, eg} satisfy the sl(2, C)-commutation relations, and ey is a highest root vector for g.

3.2. Loop Groups and Extensions. Let IT1: LG — LG (I : LK — LK) denote the universal central C*
(T) extension of the smooth loop group LG (LK, respectively), as in [35]. The Lie algebra of LG is Lg,
and the Lie algebra of LK is Lt. Let N#* denote the subgroups corresponding to n* (they are not, strictly
speaking, the exponentials of a). Since the restriction of IT to N# is an isomorphism, we will always identify
N* with its image. In other words, [ € N+ is identified with a smooth loop having a holomorphic extension
to A satisfying 1(0) € N*. Also set H = exp (6), T = exp (t), and A=exp (611%)7 and B = HN*.

3.2.1. The Weyl Group. The Weyl group of LG is W,g, which is isomorphic to the quotient groups Ny (lfl ) =

Nrg (T) As in the finite-dimensional case, a representative for w will be denoted with a bold type w, and
these representatives act on g € LG by conjugation, and on X € Lg by Ady,.

Recall that Wog = W o« T', and that the kernel of exp : t — T is 2m¢ times the coroot lattice T
Thus, there is a natural identification of 7" with Hom (Sl,T), under which we identify 7 € T with the
homomorphism

St — T: e*™* s exp (2mizT)
for # € R. This identification provides us with representatives for the elements of W,g. For example, given
a choice of logarithm for z € S!, s is represented by the loop
-exp 2 )
so = exp (2milog(z)hg) to <( — 0 .

As in the finite-dimensional case, a reduced word w = Sit(wy - -+ Sia for w € W,g, along with a set of
representatives s; for the simple reflections, gives a set of representatives for w,,, namely w,, = s;_ ...s1;.
Given w =s;, . ... Si;, we define the root homomorphisms ¢, (w) : 5/(2,C) — Lg by

0 0 0 0 1 0 1 0
me)((l 0)>:Adwd'*1%<(1 0)) ”Tf<w>(<0 —1>):AdWJ*1‘TJ‘<W><(0 —1))’
01 0 1
o (5 6)) =20 (5 0))-

where Ad denotes the derivative of conjugation at the identity. We define ¢, (w) : SL(2,C) — LG by
Ly, (w) €XP (X) = exp (tr, (w)(X)) for each X € sl(2,C).
For w € Wy,g, we define the subgroups

]\D/'J:]{f*ﬂwflj\af*w, NJ :N*walﬁﬁw,
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as well as the “opposite” subgroups

o

N = NON} =Nt nw 'Ntw, Ny =N"\N; =N nw N w.

These do not depend on the choice of representative w. Note that Njf has finite dimension I(w), while N
is infinite dimensional, having codimension I(w).

3.2.2. Iwasawa Decomposition. There are two Iwasawa decompositions for LG. The one induced by the
Iwasawa decomposition for G will be referred to as the pointwise Iwasawa decomposition

LG =LK -LA-LN*,

so for g € LG, we have

g9 =k(g)a(g)n(g),
or, more briefly, g = kan. There is also the Iwasawa decomposition appropriate to LG considered as a loop
group,

LG=LK-A-NT,
where for g € LG we have

g9 =k(g)a(g)n(g),

for a constant, diagonal loop a(g) € A, and a smooth loop n(g) having holomorphic extension to the open
unit disk A and satisfying n(g)(0) € N*. We will occasionally write g = kan to denote such a decomposition.

3.2.3. Triangular Decomposition. We will also deal with two triangular decompositions on LG. The first
results from pointwise application of triangular factorization for G. Thus, if g € LN~ -LH -LNT C LG, we
have the pointwise triangular factorization

g =1(g)d(g)ia(g) = I(g)m(g)a(g)u(g),

or, more briefly, g = Idu = Irhad.
Alternatively, for g € N~ - H - Nt C LG, there is a unique triangular decomposition

(3.2) g=1@d@u(g, whered(g=m(@a@= [] o@",
J€[0,7]

and o; is the fundamental matrix coefficient for the highest weight vector corresponding to A;. We will
sometimes write g = ldu = Imau to denote such a triangular factorization.

Since we will mostly be working with g € LG, we would like to know how this triangular factorization
restricts to LG. If TI(§) = g, then because oh° = ¢ projects to oy ", g = 1() IT (d (§)> u (g), where

o\ Ry
(3 1) @) = 00 @ " [[ o @" = I] ( % <9?,> |
JElr]

jelr) \° (9)"
for positive integers a; such that hg =3 ;c(, Gjhy-
If k € LK, then |o; (1’%) | depends only on k =11 (l;;) We will indicate this by writing |o; (fc) | =|oj| (k).
This also implies a (INC) = a (k). Thus, we have the following.

Lemma 13. For k € LK and k =11 (I;), k has a triangular factorization if and only if k has a triangular
factorization. The restriction of the projection Il : LK — LK to elements k € LK with m (l%) =1 is
imjective.

We will also use the following proposition.

Proposition 38. The subgroup LN is contained in N~ - N*. In other words, if g € LN, then g has a
triangular factorization g = 1(g)u(g).
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Proof. Let m = ht (), so that n™ is an m-step nilpotent Lie algebra. We will proceed by induction on m.
If m =1, then NT is an additive abelian group, and triangular factorization is trivial. In particular, if G
is simple, then G = SU(2), and if n € LN™T, then

60606 %)

for some z(z) € C*° (Sl, (C), where x_ is the singular part of x and x is the holomorphic part.
Now, assume we can find a triangular factorization for n € LNT when N7 is m-step. Let NT be

m + 1-step, and let
LN+ > n = exp ( Z -raea> )

aedt
for z, € C* (Sl, (C), and some choice of root vectors {eq} g+ Now, let

Iy = exp Z (Za)_€a |, U1 = exp Z (Ta)y o

ht(a)=1 ht(a)=1
Then,
Ii'nuy' € LINT,NT],
and [N, N*] is m-step. Let I;'nu;' = loug be a triangular factorization. Then, n = (I1l) (uguq) is a
triangular factorization for n. O

Proposition 38 has the following consequences, which we will also use below.

Corollary 11. (1) The subgroups LN~ and LB* are contained in the top stratum of LG.
(2) If the singular (holomorphic) part of g € LB* is polynomial, then1(g) € N~ (respectively, u(g) € Nt
18 a polynomial loop.
3.2.4. Birkhoff and Bruhat Decompositions. The Birkhoff decompositions for LG and LK [35] are
LG= |J =¢ LKk= ] =LK,
wEWagr wEWags
where
YLC = N“wHN*,  RLE = N"wHNTNLK.
The multiplication map induces a diffeomorphism
ﬁ;,l x {w} x Ax Nt — nLG,
The Bruhat decompositions for Lg,G and Lg, K are
LanG= ] Cim9,  LaK= ] CimK,
wEWags wEWargs
where
CLwn® = Nt wHN7,  CLwK = NI wHN{ N Lg,K.
The multiplication map induces a diffeomorphism

N;r,l x {w} x A x Ngrn —s CLmG,
3.2.5. The Flag Manifold. The flag manifold for LG is LG/B?‘Ir = LK/T. The projections of the Birkhoff
strata E{;K to LK /T will be denoted X,,; the projections of the Bruhat cells CﬁK to LK /T will be denoted

C\. We have diffeomorphisms

Ny — %, — N._,wANt N LK, N

w—1

— Cy — ](f;r,lwA]\ofﬁtl NLK.

The cell Cy, has dimension l(w), while the stratum f]w has codimension [(w); thus, there is clearly no
isomorphism between Bruhat cells and Birkhoff strata.
We define injections of CLE and ZLK into ZLE by

¢ CLank LK wdu — (uy)” du, ¢ REE L BIE ) wdu — 1 du.
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3.2.6. Birkhoff Strata and Bruhat Cells for Infinite Elements. For an infinite reduced word w = (Sij)jeN for
some I € W, we define

N _ T — NLen G ¥ Lgin G NLen K NLgn K
NI,ﬁn - U Nwm’ CI - U Cann ’ CI - U CW:LH

meN meN meN

and we define NIi, C’I%G and CﬁK to be the smooth completions of these spaces. We also define 1€ = é};\[ ,
and
Np=NE= (|85, SO (RS s = ()

meN meN meN
Finally, we define

¢ (CF) = NfANYNLK C SHX, 4 (SFK) = Nf AN' N LK C 5K,
and note that if I, ¢ € W, then
Y (21%) = ¢ (CE").

I=N§—OT, ICZZZo5+(I)+.

We will be interested in

Note that

o,

°__ - o + =X _ - _ o o _
Nys_g+ =N NLNT, Nys_ o+ = NZZOM@Jr =N NLN™,
so that
6 (CE o) =¥ (B58 5100 ) = (N NLNT) ANT N LK,
6 (CHE s104) =0 (B g+) = (N NLNT) ANT N LK.
3.3. Parametrizations of Birkhoff Strata for Infinite Elements. The proof of Theorem 1.7 can be
repeated verbatim to prove the following.
Proposition 39. For every w € W,g and each reduced word w, there is a diffeomorphism
Cl) — o) (CLmKY) = NJ ANG, N Ly K € DEK

I

ey _
& k;(f) = };[1 Lz (w) (N (&) <C1] 719))

and
M
() = T v (%5 w8

The following result extends this proposition to the infinite element N§ — ®+ € W, and identifies the

image of the resulting diffeomorphism. Recall that N (¢;) = \/14:\7“2

Theorem 3.1. For a loop k € Lg, K, the following are equivalent.
(1) The antiholomorphic factor 1(k) in the triangular factorization of k takes values in N*, and m(k) =
1. In other words, k € (C’NLgi‘_‘ng) = (Nﬁ_n N LﬁnN+> ANf'it] NLgn K.
(2) For any irreducible representation 7 of K with highest-weight vector v, (k‘_l) v is holomorphic in
the open unit disk A and a positive multiple of v at zero.
(3) For any w € RW with Inv(w) = N§ — &, there is a factorization

M
—

(3.4) k=] (N (%) (glj _1@)) ’

j=1
where ¢ € C and N> M < oo.

We remark that the factors in (3.4) are analogous to those appearing in, say, Theorem 1.7, since

(3 (] ) e ()
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Proof. The equivalence of (3) and (1) follows from Proposition 39. We will show the equivalence of (1) and

(2).
To show that (1) implies (2), let (7, V;;) be an irreducible representation for K, let A be the corresponding
highest weight, and let v be the corresponding highest-weight vector. Then,

m (k1) ¢ =n (u(k) ™) 7 (a(k) ") 7 (1K) ) v
=n (u(k)™") 7 (a(k)"")v
=a M (u(k)fl) ve H° (A, 0; VW,RJFU) .

Next, we will show that (2) implies (1), by constructing the required triangular factorization for k sat-
isfying (2). By taking an irreducible unitary representation of K, we may assume that k € LSU(n). The
fundamental highest-weight representations? for SU(n) are explicit and familiar. They are the representa-
tions of SU(n) on A!C™ for I € [n], given by 7, (k) (v1 A ... Av;) = (kvi)A...A(kv,). The matrix coefficients
of k in m, are the determinants of the [ x [ minors of k, and we will use the notation

kY = det (M (k).
The first step is to perform a pointwise triangular factorization of k*,
E* = 1(k)m(k)a(k)a(k).
Recalling (0.1) from the distant past, we have for n > i > j > 1,
K g1
(k) = (—1)+7 iz tulitin]
1(k); = (=1) L]
[j+1,n]
which is by assumption a ratio of two holomorphic functions with a denominator that is real and positive at
zero. Then,

)

’ Dot
: v i o 1\ymti Jj,m—1]U[m+1,n i
(kl(k))j = Y KL (-1) D + K
me[j—1] [7+1,n]
1 [ | [{i}L]J[jH,n]
_ m-+i g4 j+1ln o j,n
Tl Z (=1) kmk[jymfl}U[mH,n} T el
[i+1,n] melj] [i+1,n]

As expected, this is zero if i > j; note that if i = j, it is a ratio of two holomorphic functions which are real
and positive at zero.

This is the factorization we are after, but we must check whether and where it is defined. Since the
_ﬁ Z} are nonzero at zero, the functions l(k); are defined and holomorphic in some small open

functions k:B
disk around zero, say €A. Since k has a finite Fourier transform, it can be extended holomorphically to C*.
Thus, the factorization k = 1(k)m(k)a(k)u(k) holds on any loop in the annulus eA\{0}, and we have

1(k) € H® (eA,0; N7, 1), m(k) € H° (eA,0;m(k), 1), a(k) € H° (eA;a(k)).

Next, we use this pointwise triangular factorization to construct a loop-wise one. Defining

a:= (a(k)(0) ",
we write )
k=u(k) " a (m(k)a(k)a)” 1(k) "
Since u(k)~! takes values in N, it has a loop-wise triangular factorization on €S?,
u(k)™! =: la,
where
le H® (e7'A*,0;NT, 1), @€ H° (eA;NT).
Define .
u = (a~"ia) (m(k)a(k)a) " i(k)~" € H® (eA,0;G,N*).

2Those whose highest weights are the fundamental weights.
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Then
k=lau
is the desired triangular factorization of k on eS?.
To see that this decomposition can be extended to S', we must examine the entries of [ more closely.
Since

, [{é}L]J[j+1,n]
(u(k)*l)? — _bnl
J [4.:m]
Kjinl

for ¢ < j, we see that [ has a pole of finite order at zero, and can be extended holomorphically to @\{O}
Then the product (la)”" k is holomorphic on C*, and equals u on €A. Thus (la)” ' k analytically continues
u to all of C, including S*. (]

The previous theorem is extended to smooth loops in Theorem 3.2 of [34], which we state below.

Theorem 3.2. For a loop k € LK, the following are equivalent.
(1) The antiholomorphic factor l(k) in the triangular factorization of k takes values in Nt, and m(k) =
1. In other words, k € ¢ (CEE ) = (N NLN*) AN* N LK.

(2) For any irreducible representation © of K with highest-weight vector v, © (k’l) v is holomorphic and
nonvanishing in the open unit disk A, and a positive multiple of v at zero.
(3) For any w € RW with Inv(w) = N§ — &7, there is a factorization

M
«—

k= Jim 11 Lry(w) (N () (_1@- Cf)) ’

where the sequence {(;} C C is rapidly decreasing.

JEN
Theorems 3.1 and 3.2 imply their analogues for ( Zoo 5+¢,+> We state the latter.
Theorem 3.3. For a loop k € LK, the following are equivalent.
(1) The antiholomorphic factor l(k) in the triangular factorization of k takes values in N—, and m(k) =

1. In other words, k:ew( s 5+¢+>:<J\°7_HLN_)A]<7+HLK.

(2) For any irreducible representatwn 7w of K with lowest-weight vector u, (k‘l) u s holomorphic and
nonvanishing in the open unit disk A, and a positive multiple of u at zero.
(3) For any w € RW with Inv(w) = Z>05 + &, there is a factorization

= lim Hbﬂ w)< )<_1ﬁi ql))

where the sequence {n;},.n C C is rapidly decreasing.

Extending these theorems to arbitrary infinite elements I € W is a subject for future research, and crucial
to the alternative factorizations for L% hinted at below.

3.4. Factorizations for ©I%. Now we are in a position to prove that our factorization really is a refinement
of triangular factorization. We show that every element of £ can be written as a product of the conjugate

transpose of an element of v ( Zog 6+¢+) an element of LT, and an element of 1) ( Noe (w)
Theorem 3.4. A loop k € LK has a triangular factorizatz'on k if and only if it has a factorization k = ki Aka,

where k1 € w( Zoo 5+<1>+) A€ LT, and ke € Y ( Noo <D+> In other symbols, there is a diffeomorphism

LK
EN(S o+ XLTXEZZO(5+<I>+ —>El .

Proof. If k = ki A\ka, where k1 and ko have the triangular factorizations
kl =: llalul, kg = l2a2u2

for ) )
lLe NTNLN™, loe NTNLNT,
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then we also have
k = ujaili Naagus.
Here, u} € N~ = H° (A*,oo;G,N‘). Now,
b:=ajliNyay € LB™,
so it has a triangular factorization
b = Ilma.
Then k has the triangular factorization
(k) =uil, mk)=m, ak)=a,  u(k)=1daus.
Now assume k = Imau, and perform the pointwise Iwasawa decompositions
[ =: kfdlhl, u =: flgdzkz,
where a1, a2 € LA, and 71,79 € LNT. Now,
aq =: eXI"FXl"FXl’ Qg =: 6X§+X2+X2
for X1, Xy € aand x1, x2 € H° (A;a). Then, x; — x} € t for i = 1,2, so we define the unitary loops
]{1 = €_X1-"_xI iﬁ, k/’g = 6_X2+X; kg.
Now,
k1= e_Xl_z’“h;*l*, ko = e_X2_2X2h§1u.
Since e~ X1=2x177* € LB~ and e~ X2~ 2x2i;1 € LBt both have triangular factorizations. Write
'f.ll_* = Zlﬂla 7:12_1 = ZQﬂQ.

Next write the triangular factorizations

Adefxlf2xl ll == llfbl, Adefxzfzm 12 = lzﬁg.
Then
o —X R ~ —2x1.~ 7%
Iy, ap:=e 1, up = Adx, (tq) e X ayl*,
l2, ag = 6_X2, Ug 1= Adexz (’&2) 6_2X2@~L2U

are triangular factorizations of k1 and ko, and [y € N™ N LN, while I, € N~ N LN*. Finally,
A= kikks = eXlHXThlmahgeXz“XQ € LBTNLK = LT.
This completes the proof. O

We might ask whether we can continue to decompose Z¥% or even ERL]?_ o+ For example, we might ask
for something like a diffeomorphism

LK LK LK LK
LNs— @y X BNo—(@a\1) X -+ X LNo—(@,\By_1) ~ HNo—dt-

A step in this direction, and a loop group analogue of Proposition 10, is the following result for SU(n).
Recall that in the proof of Proposition 9, we defined the subalgebra

ng,j = @ie[jfl]“;j cntcC sl(n,C),
which contains matrices with nonzero entries only in the superdiagonal part of the ;' column. We also
showed that it and the subgroup Na ; = exp (ng j) are abelian. We now define the subalgebra and subgroup
+ _
Npi= @je[iyn]”;j’
containing matrices with nonzero entries only in the superdiagonal part of the i*" row, and note that it and

the corresponding subgroup N}J{’i = exp (njg’i) are abelian, and that NIJ{’Z- = @ae@i\q)i_lﬂl_.

Proposition 40. Let k € LSU(n). Then k € ¢ (Cééfiqﬁ) if and only if there is a factorization k =
kp_1...ky, where for each i€ [n—1], 1(k) e N~ N LNE,r
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Proof. We use induction on n. Assume the proposition is true for £ < n, and that k € ¢ (C§£®+> C
LSU(n), so that we have 1(k) € N~ N LN*. For k € [2,n] and any i, € [n], eike1; = 0, so

I, + Z Zaz’jeij I, + Z bijer; | = In + Z Zaij6¢j+ Z bije1 ,

i€[2,n—1] jE€[i,n] j€[2,n—1] i€[2,n—1] j€[i,n] j€[2,n—1]

We can thus write 1(k) = I'ly, for ' € N~ N L (N*\N;E’l) and l; € N~ N LNI;17 say

o (1 Lt )

' In—l
for some L € C"'. Take the Iwasawa decomposition I = k(I')a(I’)n(l’). Then k(') = I'b for some
block-diagonal matrix

1
b= ( M) € H° (A,0;SL(n,C),BT)
where M € SL(n —1,C). Thus,
k(') k=b"1 () ha(k)u(k)

= <1 M*l) (1 Iftl) a(k)uk)
_ (1 (]\Iitf)t> (1 M_l) a(k)u(k).

Defining k1 := (k(I')) " k, we see that k; has a triangular factorization with

1(k) =1 ((1 (J‘Irt[)t» e N"NLNg,,

and furthermore that kk;* € LSU(n — 1) € LSU(n). O
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