Math 410 (Prof. Bayly/Foth) FINAL EXAM: Wednesday 10 August 2005
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same number of points. You should read through the entire exam before deciding which ’

/ There are 10 problems on this exam. They are not all the same length or difficulty, nor the |
/ problems you will work on earlier or later. You are not expected to complete everything, 7 [ é 3
t

but you should do as much as you can.

You will not need a calculator on this exam. If your calculations become numerically
awkward and time-consuming, you may describe the steps you would take if you had a
calculator.

It is EXTREMELY important to show your work! Correct answers without documented
support will have points deducted.
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(1)(10 points) For what values of k is the quadratic form 3z? + ky? — 8zy + zz + 2? positive
\ definite?
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oints) Find the closest point on the plane spanned by vectors vy = (1,0,1)T and

2)(10p
vy = (0,1,2)7 to the point P = (3,2,1). Also compute the shortest distance.
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(3)(20 points) The linear system AZ = b has an infinite number of solutions with one free

variable, where
1 0 2 » (1
A= (O 1 —1) b= (2) ’

(a)(5 points) Find the general solution and identify the free variable and null vector.
(b)(5 points) Express the squared length of the solution as a function of the free variable,
and find the solution with the minimum length.

(c)(5 points) Calculate K = AAT and solve K@ = b for 4.
(d)(

d)(5 points) Calculate AT#. Is it the same as the min length solution you found in (b)?
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(4)(20 points) Consider the symmetric matrix A = <§ g)

(2)(10 points) Find the eigenvalues and eigenvectors of A, and verify that the eigenvectors
are orthogonal.

(b)(10 points) Find a matrix () whose columns are orthonormal vectors, for which QT AQ =
A, a diagonal matrix. Verify by direct calculation of QT AQ.
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(5)(10 points) The Goose and Gherkin and No Octopi are neighboring restaurants that
start the year with 75 customers each. The Goose regularly presents live music, with the
result that 80 per cent of the patrons one night return on the next night, with the other 20
per cent going to No Octopi for some quiet pizza. Meanwhile 60 per cent of the customers
at No Octopi return the next night, with 40 per cent going over to the Goose.

As weeks and weeks go by (i.e. as time goes to infinity), what are the expected numbers
of customers at the two restaurants?
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(6)(20 points) Three soccer teams play three games over two days, and we want to rank
them. In this problem you are encouraged to NOT solve any linear systems if you can
answer the questions otherwise.

In case you’ve forgotten, we represent a game by an arrow from the ”visitor” to the ”home”
team, and label with the score difference (home) - (visitor).

(a)(5 points) On the first day A visits B and loses by 1 goal, and B visits C and also loses
by 1 goal. Draw a digraph that expresses this situation, and rank the teams, if possible.

(b)(5 points) On the second day, A visits C and wins by 4. Draw the digraph, and say
why there is no perfectly consistent ranking.

(c)(5 points) Write down the edge-node matrix A for the digraph in (b), and find (without
doing any calculation) a kernel vector 5 of A7.

(d)(5 points) Find a linear system of equations whose solution would give a reasonable
approximate ranking. You do NOT have to solve them, but you should find the matrix
and right-hand side vector explicitly.
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(7)(10 points) Construct polynomials Py, Pi, and P, of degree 0, 1, and 2 respectively,
which are orthogonal with respect to the r product / f(t)g(t)t dt.
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