ABELIAN VARIETIES

BRYDEN CAIS

A canonical reference for the subject is Mumford’s book [6], but Mumford generally works over an algebraically
closed field (though his arguments can be modified to give results over an arbitrary base field). Milne’s article [4] is
also a good source and allows a general base field. These notes borrow heavily from van der Geer and Moonen [5],
and differ in the main from [6] and [4] in that we give a more natural approach to the theory of the dual abelian
variety.

1. BASIC PROPERTIES OF ABELIAN VARIETIES
Let k be a field. A k-variety is a geometrically integral separated k-scheme of finite type.
1.1. Definitions.

Definition 1.2. A group scheme over k is a k-scheme X equipped with k-morphisms m : X x X — X,i: X — X,
and e : Speck — X such that for every k-scheme T, the morphisms m, i, e give X (T') the structure of a group, and
induce composition, inversion, and the identity, respectively. If X is a k-variety as well, we call it a group variety.

This definition is equivalent to the usual one in terms of the commutativity of certain diagrams by Yoneda’s
lemma. We remark that when X is geometrically reduced and locally of finite type over k, it suffices to check such
diagrams commute on k-points of X, since X (k) is dense in the reduced scheme X7..

Definition 1.3. Let X be a group scheme over k. For any k-scheme T and any point € X(T'), we define right
translation by x to be the morphism
fo Xy~ X xp T 200 X e Xop ™ X,
where zp is the morphism zp : T Zxidr, X xT=Xr.
For a T-scheme 7" and a T"-point y, we have t,(y) = m(y, ) in X(T").
Proposition 1.4. A geometrically reduced k-group scheme X locally of finite type is k-smooth.

Proof. The subset X®™ of k-smooth points is open and dense. Since (X*™); = (X3,)®™ is stable under all translations
by k-points, we conclude that Xz = (X7)*™ = (X)), so X = X°™, ]

Definition 1.5. An abelian variety is a proper group variety.
It follows from Proposition 1.4 that an abelian variety is smooth.

Lemma 1.6. Let X,Y,Z be k-varieties with X proper over k. If f : X XY — Z is a k-morphism such that
F(X x {y}) ={z} for somey € Y(k) and z € Z(k), then f uniquely factors through pry : X xY =Y.

Proof. By Galois descent, we can assume k = k°°P. Thus, since X is a k-variety (and hence generically k-smooth)
with k separably closed, X (k) # (). Choose z € X (k) and define

Fy 24 xwy Lz

It is necessary and sufficient to show that f = F o pry.. To check this, we may extend the base field to k, and thus
may assume that k is algebraically closed.

Let U be an affine neighborhood of z and define V = pry-(f~*(Z — U)). Since X is proper, pry is a closed map,
so Vis closed in Y. If P is a k-point of ¥ not contained in V, then f(X x {P}) C U by construction, and since
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X is proper and U is affine, f(X x {P}) is a single point, so f(X x {P}) = F(P). It follows that F o pry = f
on X x (Y —V). Since y is a k-point of Y — V', we see that ¥ — V is nonempty (hence dense in Y since Y is
irreducible). Thus, since Z is separated, F opry = f on all of X X Y. |

Corollary 1.7. Every k-morphism f : X — Y of abelian varieties over k factors as the composition of a homo-
morphism and a translation: f =ty )oh.

Proof. Let f : X — Y be a k-morphism of abelian varieties over k and define h = t;  (s(cy)) © f, so h(ex) = ey.
We claim that h is a homomorphism. To verify this, we must show that the morphisms

o X x X Py iy ™oy

mx h

Vi X x X X Y

agree. But it is easy to see that the composite £ : X x X Fxlrop), Y x Y 25 Y satisfies

§(X x{ex}) =&({ex} x X) = {ey}
and hence factors through both projections X x X = X. Therefore, £ is the constant map with image {ey} and
p =1. |

Corollary 1.8. The group structure on an abelian variety X is commutative, and is uniquely determined by the
point e € X (k).

Proof. The morphism i : X — X satisfies i(e) = e, so i = t;) o h = h for a homomorphism h. Since inversion is
a homomorphism on T-points for all k-schemes T', the group structure on X is commutative. If (X, m,4,e) and
(X,m/,i,e) are two structures of an abelian variety on X (which we distinguish by writing X, X’ respectively)
then idx : X — X' preserves e and is therefore a homomorphism by Corollary 1.7, so m = m/ and e = €’. |

In view of Corollary 1.8, we will often write « + y, —z, and 0 for m(x,y), i(z), and e respectively.

1.9. Theorems of the cube and square. Throughout, we will need a method to prove that certain invertible
sheaves are trivial. This is a property that may be checked over an algebraic closure of the ground field, as the
following proposition shows.

Proposition 1.10. Let X/k be a proper variety and K/k any extension of fields. If £ is an invertible sheaf on
X that is trivial when pulled back to X, it is trivial on X.

Proof. Since X is a proper k-variety, the natural map k — HY(X, Ox) is an isomorphism. Thus, an invertible
sheaf . on X is trivial if and only if the natural map H°(X,.%) ®; Ox — £ is an isomorphism. The formation
of this map of quasi-coherent sheaves is compatible with the flat extension of scalars kK — K that preserves the
hypotheses, so we are done.

|

Lemma 1.11. Let X,Y be complete varieties and let Z be a geometrically connected k-scheme of finite type. If
x,y,z are k-points of X,Y,Z such that the restrictions of £ to {x} XY x Z, X x {y} x Z, and X xY x {z} are
trivial, then £ is trivial.

Proof. Let f: X XY x Z — Z be the structure map, so 0z — f.Oxxyxz is an isomorphism since X X Y is
geometrically integral and proper over k. Hence, .Z is trivial if and only if f,.Z is invertible and the canonical map
0: f*f..f — £ is an isomorphism. The formation of the coherent sheaf f,.Z commutes with extension of the base
field, and to check it is invertible it suffices to assume k = k. Likewise, the formation of the map 6 commutes with
extension of the base field, and to check that # is an isomorphism it suffices to check after extension of scalars by
an algebraic closure of k. Thus we may assume that k is algebraically closed. The result now follows from [6, pg.
91]. |

Let X be an abelian variety. For each subset I of {1,2,...,n} let p; = Diyis,...iy; * X — X be the morphism
sending (z1,...,%,) to >, o5 ;.
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Theorem 1.12 (Theorem of the cube). Let £ be an invertible sheaf on an abelian variety X. Then
oL)= Q@ g
0#1C{1,2,3}
is trivial on X x X x X.

#I4+1

=il QP L QP LT @i LT QP L @ P L @ ps L

Proof. The restriction of ©(.Z) to {0} x X x X is
ML epsL Pyl om LT @ Oxyx @ pL @p5L = Oxxx.

Similarly, the restrictions to X x {0} x X and X x X x {0} are also trivial, and the theorem follows from Lemma
1.11. |

Remark 1.13. A closer inspection of the proof of Theorem 1.12 shows that the canonical trivialization of 0(.%)
along the 0-sections of the factors are compatible along (0, 0)-sections of pairs of factors, and consequently (by the
proof of Lemma 1.11) ©(.%) is canonically trivial on X x X x X. We will not use this, but it shows that the
isomorphisms in Corollaries 1.14-1.17 are canonical.

Corollary 1.14. Let Y be any k-scheme and X an abelian variety over k. If f,g,h :' Y — X are k-morphisms
and £ is an invertible sheaf on X then

(f+g+h)' Lo+ L o(f+h) L '@Y+h)' L' LRy LOn*YL
is trivial on'Y .

Proof. The pullback along (f,g,h) : Y — X x X x X of the trivial sheaf ©(.%¢) on X x X x X is clearly trivial; it
is also the sheaf on Y above. ]

Corollary 1.15 (Theorem of the square). Let X be an abelian variety and £ an invertible sheaf on X. Choose a
k-scheme T and x,y € X (T), and let £r denote the pullback of £ to Xr. There is an isomorphism

by Lr @ Ly ~ 5L @6, Lr Qpry (2 +y) L © L ey,
where prp : Xo — T is projection onto T. In particular, if T = Speck there is an isomorphism
topy L QL 2, L@, L.
Proof. Apply Corollary 1.14 to f =pryx : X0 — X, g=zopry : X7 — X and h = yopry : Xp — X, noting that
f+g=pryoty,: Xr =X, f+h=pryoty:Xr—X, g+h=(@+yopry: Xr— X,
and

f+g+h=pryotyry: Xy — X.
|

Definition 1.16. Let X be a commutative k-group scheme. For any n € Z, we let [n]x : X — X be the group
morphism corresponding (via Yoneda’s Lemma) to multiplication by n on X(T'), for every k-scheme T. Where
convenient, we abbreviate [n]x by n.

Corollary 1.17. Let X be an abelian variety and £ an invertible sheaf on X. Then for all n € Z there is an
isomorphism
n* & ~ POMnnt+1)/2) o (_1)*$®(n(n—1)/2)_

Proof. Apply Corollary 1.14 with f =n, g =1, h = —1 to deduce that
M+ 2L ~>n2L?emh-1)LeL ' ol ZLe[-1]"Y
Now induct on 7 in both directions, starting from the easy cases n = 0,1, —1. |

Theorem 1.18. Every abelian variety X /k is projective.



4 BRYDEN CAIS

Proof. Choose a nonempty open affine U C X and let D = X \ U with the reduced structure. We claim that D is
a Cartier divisor (that is, its coherent ideal sheaf is invertible). Since X is regular, it is equivalent to say that all
generic points of D have codimension 1. Mumford omits this explanation in [6], so let us explain it more generally.

We claim that for any separated normal connected noetherian scheme X and any nonempty affine U # X,
the nowhere dense closed complement Y = X \ U with its reduced structure has pure codimension 1. That is,
for a generic point y € Y, the local ring Ox , has dimension 1. The inclusion ¢ : Spec Ox, — X is an affine
morphism since X is separated, so S = i~!(U) = Spec Ox, \ {y} is affine, whence the injective map on global
sections Ox , — HO(S, Os) is not surjective. Since Ox .y is a normal noetherian domain, it is the intersection of all
localizations at height 1-primes, and if dim O'x , > 1 then the local rings at such primes are local rings on \S. Since
any f € H°(S, Os) is in each such localization, we conclude that O, — H(S, Os) is surjective, a contradiction.

With D now known to be an effective Cartier divisor, it suffices to prove more generally that if D C X is any
(possibly non-reduced) nonempty Cartier divisor with affine open complement U = X \ D, then the inverse ideal
sheaf Ox (D) is ample on X. In view of the cohomological criterion for ampleness and the fact that our assumptions
are preserved by extension of the base field, we can assume k = k. By [6, pg. 60-61] it suffices to prove that

H={reX(k) : t:D=D}

is finite (equality of divisors in the definition of H). By making a translation, we may assume 0 ¢ D(k). Let
U = X\ D as an open subscheme of X. If h € H then h+ U = U, so h € U since 0 € U(k). That is, H C U(k).
If H is Zariski-closed in X (k) then H will be closed in U(k) and hence is both affine and proper (in the sense of
classical algebraic geometry, identifying reduced k-schemes of finite type with their subsets of k-points), whence
finite. To show H is Zariski-closed we pick z € X (k) \ H and seek a Zariski-open V' C X (k) around z in X (k) \ H.
Since x ¢ H, we have t;!(s) € U(k) for some s € D(k). That is, —x + s € U(k). Thus, V = s — U(k) is an open
neighborhood of x in X (k) contained in X (k) \ H. |

2. ISOGENIES
2.1. Definitions.

Proposition 2.2. Let f: X — Y be a homorphism of abelian varieties. The following are equivalent:
(1) f is surjective and dim X = dimY’.
(2) ker(f) is a finite group scheme and dim X = dimY'.
(3) f is finite, flat, and surjective (so f.Ox is a locally free Oy -module of finite rank).

Proof. See [4, §8] or [5, Prop. 5.2]. ]

Definition 2.3. Any homomorphism f : X — Y of abelian varieties satisfying the equivalent properties of
Proposition 2.2 will be called an isogeny. The degree of an isogeny is the degree of the field extension [k(X) : k(Y)].

Since f in Definition 2.3 is affine and f.Ox is a locally free Oy-module of finite rank, we see that for any y € Y,
the k(y)-scheme f~!(y) = Spec((f+Ox),/my) is k(y)-finite with rank equal to the degree of f.

Proposition 2.4. Let X be an abelian variety. If n # 0 then [n]x is an isogeny of degree n> 3™ X Moreover, if
char(k) 1 n then [n]x is finite étale.

Proof. Since X is projective, there is an ample .Z on X, and since [—1]x is an automorphism of X, [-1]%.Z is also
ample. Since n # 0 it follows from Corollary 1.17 that [n]%.Z is ample. Thus the restriction of .Z to ker[n]x is
ample and trivial, which implies that ker[n]x has dimension 0, whence [n]|x is an isogeny. To compute the degree
of [n]x, one uses intersection theory as in [6, pg. 62].

The immersions i1,i3 : X = X x X given on points by 41(z) = (x,0) and iz(x) = (0,2) canonically realize
the tangent space at the identity Tp(X x X) as the direct sum TpX @ ToX. Moreover, since the composite
X 2 X x X ™ X is the identity for j = 1,2, the differential dm : To X & To X — Ty X is addition of components.
It follows by induction that [n]x induces multiplication by n on ToX. When char(k) { n, we therefore see that [n]x
is étale at the origin, and hence étale. ]

Corollary 2.5. If char(k) { n then X[n](k*P) ~ (Z/nZ)?9. If char(k) = p > 0, then X[p™|(k) ~ (Z/p™Z)" for
some 0 < r < g independent of m > 1.
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Proof. We prove only statements concerning n not divisible by char(k). For the rest, we refer to [5, 5.20]. We
remark that the corollary is obvious in characteristic 0 via the complex-analytic theory.

For every divisor d of n, X[d] is an étale group scheme of rank d29 killed by [d]; it follows that X [d](k*°P) is an
abelian group of rank d?9 killed by d, and the conclusion follows (exactly as in the case of elliptic curves).

Corollary 2.6. If X/k is an abelian variety then X (k) is a divisible group.

Proof. The surjectivity of [n]x implies that the map on k-points is surjective. |

Definition 2.7. Let X be a scheme of characteristic p > 0. For any affine open Spec A in X, define the absolute
Frobenius morphism Spec A — Spec A to be the map induced by the ring homomorphism f +— fP. These morphisms
glue to give a morphism, also called the absolute Frobenius,

Frobx : X - X

characterized by the properties:
(1) Froby is the identity on the underlying topological space of X.
(2) Frob?&( : Ox — Ox is given on sections by f +— fP.

Let S be an F-scheme and X an S-scheme. The map Frobx is not in general a morphism of S-schemes. To remedy
this situation, we introduce the relative Frobenius morphism. Define X ®/5) to be the fiber product S x g X given by
the morphism Frobg : S — S (it is denoted X () if S is understood). The structure morphism f®/5) : X/ _ g
is simply the pullback of X along Frobg. If f: X — S is the structure map then f o Frobyx = Frobgof due to the
pP-power map respecting all ring homomorphisms of F-algebras. Thus, there is a unique morphism

Froby,g: X — X#/9)

making the diagram

X
AN Frob x
&“ﬂl})bx/s
N
\ \
N XS ——> X

NEN;
S——>9

Frobg

commute.

Ezample 2.8. If S = Spec A and X = Spec A[Ty,...,T,]/(h1,. .., hn) then
X®/9) = Spec ATy, ..., T,/ (B, ... . h®),

where h(P) = Za?TI for h = Y- a;T!. Also, Frobx,s : X — X ®/9) corresponds to T +— TP. Loosely speaking,
Froby,s is “p*P_power on relative coordinates.”

If X is an abelian variety over a field k of characteristic p > 0, then the relative Frobenius morphism F ;. is an
isogeny because it satisfies Proposition 2.2 (1). In fact, since it is finite flat and the identity on topological spaces,
its degree can be computed as the degree of the induced map

—

—_—
Fx/ke: Oxw o — Oxc

where E; is the complete local ring at the origin. Arguing as in Example 2.8 and using k-smoothness, we conclude

deg Fx i, = p™X since the map k[t1,...,ta] — k[t1,...,ta] given by t; — t% is finite flat with degree p?.
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2.9. The isogeny category.

Theorem 2.10. If f : X — Y is an isogeny of degree n then there exists an isogeny g : Y — X such that
fog=Inly and go f=[n]x.

Proof. Since ker(f) is a group scheme of rank n it is killed by [n]x, so by viewing Y as the fppf quotient of X
modulo ker(f) (see Proposition 2.2) we see that [n]x factors as

xLy%x
Then go (fog) =[n]xog=go[n]y and (fog—[n]y):Y — Y maps Y into ker(g), a finite group scheme. It
follows that fog— [n]y =0. [ ]

Theorem 2.10 shows that “there exists an isogeny from X to Y is an equivalence relation, and clearly Hom(X,Y)
is torsion-free as a Z-module, due to Corollary 2.6.

Definition 2.11. The isogeny category of abelian varieties over k is the Q-linear category whose objects are abelian
varieties over k, with morphisms between two objects X, Y given by Q ®z Hom(X,Y).

3. THE DUAL ABELIAN VARIETY
3.1. The Picard functor.

Definition 3.2. Let X be a scheme. We define the Picard group Pic(X) to be the group (under ®g, ) of iso-
morphism classes of invertible sheaves on X. This is contravariant in X. There is an evident isomorphism of
groups

Pic(X) ~ HY (X, 0%) ~ H (X, 0%)

In order to study the relative situation, we let X and T' be S-schemes and define a functor Py /s by
Px/s(T) = PIC(XT)

Observe that this is a contravariant functor. What we would like is for this functor to be representable; however,
this is never the case if X is nonempty because Py, is not even a sheaf for the Zariski topology on a k-scheme T'
in general. In order to obtain a representable functor, we “rigidify” the situation.

From now on we will assume that X ER S is a morphism of schemes such that:

(1) The structure map f is quasi-compact and separated.
(2) For all S-schemes T', the natural map & — fr,(Oxxgr) is an isomorphism.
(3) There is a section € : S — X to f.

These assumptions hold in the situations we wish to study: S = Speck and X is proper with a k-rational point. By
Grothendieck’s theory of coherent base change, condition (2) holds more generally whenever f : X — S is proper,
finitely presented, and flat, with geometrically integral fibers.

Definition 3.3. For any S-scheme T let er : T'— X7 be the map induced by e and let .Z be an invertible sheaf
on Xr. A rigidification of £ along er (or simply along €) is an isomorphism

a: O = en(L).

We call such a pair (.Z, «) an e-rigidified sheaf, or simply a rigidified sheaf if no confusion will arise, and will abuse
notation by writing € for ep. A homomorphism of rigidified sheaves

h . (9%1,011) — (327062)

is a homomorphism of sheaves h : £ — % making the diagram of sheaves on T
ﬁT i) 6*9%2
N
e*h
6*.,?1

commute.
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Observe that a rigidified sheaf has no non-trivial automorphisms: any automorphism .Z D, % is an element of
DNX7, Ox,) =1(T, fr.(Ox,)) =T(T, Or)
satisfying €*(h) = 1, so h = id.
Definition 3.4. Let X be an S-scheme satisfying the assumptions (1)—(3) above. We define the contravariant
functor Px/g . : &ch/S — Get by
Px/s,e(T) = {isomorphism classes of rigidified sheaves (£, ) on X7},
where a morphism 7" — T induces a morphism Px /g (T) — Px/s,(T") by pullback of rigidified sheaves.

For every S-scheme T, the set Px,s. has the structure of a commutative group: we define the product of
(L1, 01), (£, a0) in Pxg,(T) to be the class of

(fl (024] 32, o] ® ag),

where
a1 @ ag : O = Or Q¢ Or a8z, .4 Reor €L = (4 ®gg)
Inversion is defined using the dual invertible sheaf. Observe that the group structure on Px,g(T') is functorial in

T, so Px/s. is a group functor. Thus, if Px /g . is representable, it is represented by a commutative group scheme.

Theorem 3.5. (1) If f: X — S is flat, projective, and finitely presented with geometrically integral fibers then
Px/s.c is represented by a scheme Picx,gs . of locally finite presentation and separated over S.
(2) If S = Speck and f is proper, then Px /s . is represented by a scheme Picx . . of locally finite type over S.

Proof. See Grothendieck [2] for (1) and Murre [8] for (2). [ |

Let us derive some properties of the scheme Picx /g .. We first claim that the functor Picx/g . does not depend
on the choice of rigidifying section €. Let f : X7 — T be the structure map and suppose we have a rigidification
@1 of £ € Picx/s(T) along the section €; : T'— X7. For any section ez : T'— X7, observe that for the invertible
sheaf

V(L e) =L@ fres. L7,
its pullback along e is canonically trivialized:
aU(L ) ~al e el ~0r.

Moreover, any trivialization ¢q : €5 — O identifies ¥(.Z, e3) with . and the canonical trivialization above
with 3. Thus, there are maps Px/gs,c, (T) < Px/s,e,(T)

(A, 1)t (U (A, €2), canonical trivialization)

(U(%, €1), canonical trivialization) 1 (L, p2)

and one readily checks that these maps are inverse to each other. This shows that Px/s ., and Px/s ., are isomorphic
as functors, and that the isomorphisms are transitive with respect to a third choice of rigidifying section. In this
precise sense, Px/g . is “independent of €.” From now on, we will feel free to omit the rigidifying section in our
notation where convenient.

Ezample 3.6. If S = Spec R for a local ring R then Px,g(R) ~ Pic(X) via (£, ¢) — Z.

We have already remarked that Picx,g is an S-group scheme. Under a choice of isomorphism of functors
Px;s ~ Hom(—,Picy,g), the identity morphism Picy,g — Picx,g gives a universal rigidified sheaf (Z,v) on
X xg Picx/g: for any rigidified sheaf (£, ) on Xr, there exists a unique morphism g : 7' — Picx/g such that
there exists an isomorphism (%, a) ~ (idx xg)*(Z,v), this latter isomorphism clearly being unique due to the
rigidification.

Definition 3.7. Let k be a field and suppose that X/k satisfies one of the sets of hypotheses of Theorem 3.5. We
define Picg(/k to be the connected component of the identity of Picx /. The restriction of (Z,v) to Picg(/k is called
the Poincaré sheaf, (2°,1°).
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A priori, PicOX /1 18 merely locally of finite type. However, it is automatically quasi-compact (i.e. finite type)
due to:

Lemma 3.8. Let G be a group scheme locally of finite type over a field. The identity component G° is an open
subgroup scheme that is geometrically connected and of finite type.

Proof. We follow [5, 3.17]. Let us show first that a connected k-scheme of locally finite type with a rational point
is geometrically connected. Let p : X3 — X be the projection map. We claim (without using the connectivity or
k-rational point hypotheses) that p is both open and closed. It will suffice to show this in the case that X is affine
and of finite type, as if {U,} is a covering of X by open affines of finite type then {U,z} is a covering of X3 and if
P : Uay — Uq is both open and closed, then so is p : Xz — X. With these reductions, any open or closed Z C X3
is defined over a finite extension K of k (in the sense that it is the base change of an open or closed 7' C Xf),
and so it will suffice to show that the finite flat morphism p : Xx — X is open and closed. As any finite morphism
is closed and any flat morphism of finite type between noetherian schemes is open, we conclude that p is open and
closed. Now we use the assumptions on X to show that X is connected. Let U be a nonempty closed and open
subset of X7. Then p(U) = X as X is connected, so the unique point over € X lies in U. If X3 — U is nonempty,
then the same argument shows x € X3 — U, an absurdity. Therefore, X3 — U is empty. Hence X = U and Xz is
connected.

We now claim that G° is geometrically irreducible. Since (G%)? = (G°); by the preceeding paragraph, we may
suppose that k = k. In this case, G?ed is a smooth group scheme by Proposition 1.4. If G° were reducible, then
GY_ , would also be reducible, and since we have shown that G° is connected (and its set of irreducible components
is locally finite), we can find two distinct irreducible components C;,Cy of G, ; with nonempty intersection. For
x € (C1NCy)(k) the local ring Ox ,, is regular (hence a domain) yet has at least two minimal primes (arising from
Cy and Cy), an absurdity.

Now let U C G be any nonempty open affine. Then since G° is geometrically irreducible, Uz and g(UE_ 1) are

dense in G% for any g € GO(k). It follows that m : U x U — GV is surjective, and hence that G is quasi-compact.
Therefore, G is of finite type (since G is of locally finite type). |

We conclude from Lemma 3.8 that Picg( /i 1s a k-group scheme of finite type whose formation commutes with
extension of k. That Pic% /k 18 separated is a consequence of the following lemma.

Lemma 3.9. Let k be a field. Then any k-group scheme (G, m,1i,e) is separated.
Proof. Observe that the diagram

Ag/k
G—" G X G

l lmo(idc X ’L)

Speck . G
is cartesian on T-valued points for every k-scheme T. Thus, by Yoneda’s lemma, it is cartesian and Ag/y is the
base change of the closed immersion e : Speck — G, and hence a closed immersion. |

Theorem 3.10. If X/k is a smooth, proper k-variety with a section e € X (k) then Picg(/k is proper over Speck.

Proof. We have seen via Lemmata 3.8 and 3.9 that the k-scheme Picx/, is finite type and separated over k. We
apply the valuative criterion of properness to Picg( /K- Since Spec R is connected for any discrete valuation ring
R, it suffices to show that for every discrete valuation ring R containing k with Frac(R) = K, any morphism
Spec K — Picx/, extends uniquely to a morphism Spec R — Picy,;. That is, given a rigidified invertible sheaf
(Z,a) on Xk we must show that there is a unique rigidified invertible sheaf (:?, &) on Xp restricting to (£, a).
Since X is smooth, X is R-smooth and hence regular. Thus, the notions of Cartier divisor and Weil divisor on
Xg coincide. Since Xk is a nonempty open subset of X, by using scheme-theoretic closure we can extend the
sheaf .2 on Xk to an invertible sheaf Z on X r- We must also show that the rigidification of .Z extends to a
rigidification of _#. This follows from the fact that given o € K* there is a K *-scaling of « to a unit of R (since
R is a discrete valuation ring). |
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We define Pic”(X) C Pic(X) = Picy,x(k) to be Pick ;. (k), so Pic’(Xx) N Pic(X) = Pic’(X) inside Pic(Xx)
for any extension of fields K/k. Geometrically, Pic’(X) consists of isomorphism classes of invertible sheaves on X
that lie in a connected algebraic family with the trivial class.

Theorem 3.11. The tangent space of Picx,y, at the identity is naturally k-isomorphic to HY(X,O0x).

Proof. Let S = Speck[e]/(e?). Giving a morphism S — Picy, sending Speck to 0 is equivalent to giving an
element of the tangent space at 0. This is equivalent to giving an invertible rigidified sheaf ((£, &) on X X .S whose
restriction to X is trivial, i. e. an element of Pic(Xg) that restricts to 0 in Pic(X).

Consider the exact sequence of sheaves on the topological space X,

0—0x L o3, L og—1,

where h is given on sections by h : f +— 1+ ¢f and r is the restriction map (given on sections by mapping ¢ to
zero). This gives rise to a long exact sequence of cohomology:

0 —— k — (k[e]/(¢?))* —— kX —— HY(X, Ox) — Pic(Xg) — Pic(X).

Since (k[g]/(€)?)* — k* is surjective, we see that the evident diagram
0 — H'(X, 0x) — Picy,i(k[e]) — Picx,p(k)

is exact. This shows that the tangent space at the origin of Picy,;, and H (X, Ox) are naturally isomorphic as
abelian groups. To show that they are isomorphic as k-vector spaces, we must investigate the k-structures on each.
For any covariant functor F' on artin local k-algebras R with residue field k such that the natural map

F(R, XR RH) — F(R/) XF(R) F(RH)

is always bijective (e.g. any functor Homgpecx(—,Y") for a k-scheme Y'), there is a natural k-vector space structure
on fibers of F'(k[e]) — F(k) given by the morphisms

kle] — k[e] kle] . k[e] ~ kle1, €2]/(e1€2, €3, €3) — k€]

€ — CE €1, €9 > €.

If F = Homgpeck(—,Y) for a commutative k-group Y locally of finite type over k, the argument with tangent
spaces in the proof of Proposition 2.4 shows that the resulting group structure on ker(F'(kle]) — F(k)) agrees with
the group functor structure on F. In this way, the kernel of Picy/;(k[e]) = Picx,x(k) inherits a natural structure
of a k-vector space. In particular, let £, %’ be in the kernel of this map, and let {U,} be an open cover of X such
that £, Z" are trivialized by {U,} with transition data 1+ efag, 1 + €f/ 5 on Uy N Ug respectively (we know the
reductions mod e yields the trivial sheaf). Then .¢ ® £ is trivialized by {U,} with transition data

(1 + Efozﬁ)(l + efclyﬁ) = (1 + E(fa,@ + f&ﬁ))

on U, NUg. Moreover, multiplication by a scalar ¢ sends . to the sheaf that is trivialized by {U,} with transition
data 1 + cefos on Uy NUg.

To understand the k-structure on H'(X, Ox), we work with Cech cohomology. Let v € H'(X, Ox) be repre-
sented on an open covering {U,} of X by a Cech 1-cocycle f,5 € Ox(UyNUg). Then h(7) is the isomorphism class
of the invertible sheaf on Xg which is trivial on each U, with transition data given by multiplication by 1 4+ €f.z3.
Thus, for any c,¢’ € k, and 7,7 € H' (X, Ox) with 7,7 represented on a common open covering {U,} by the
l-cocycles fap, fl,5 respectively, we see that ¢y + ¢y’ is represented by the 1-cocycle cfap + ¢ f} 5. It follows that
the morphism h respects the k-structures, as desired. |

3.12. The cohomology of an abelian variety. When X is an abelian variety, Theorems 3.5 and 3.10 guarantee
that Picg( /1 1s a proper connected k-group scheme. The goal of this section is to use Theorem 3.11 to show that
Picg( /1 1s smooth, hence an abelian variety, and that its dimension is the same as that of X. This is a subtle fact
in positive characteristic, as there exist examples of smooth projective surfaces S over algebraically closed fields k
with char(k) > 0 such that the proper k-group Picg/k is not smooth.
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3.13. Graded bialgebras.
Definition 3.14. A graded k-bialgebra is an associative graded k-algebra

H=H
i>0
with HO = k, together with a co-multiplication map of graded k-algebras f : H — H @y, H, such that for all h € H”
with n > 0,
fy=h@l+1@h+> 20y,

with z; € H®, y; € H" ¢ for e; > 0. That is, the components of f(h) in H ®; H® ~ H and H° ®; H are h. A
graded bialgebra is anticommutative if hihe = (—1)"1"2hyh; for h* € H™ with n; > 0.

Ezample 3.15. Let V be a vector space over a field k and let H = AV = @;59 A" V be the exterior algebra on
V. Then H° = AV = k by definition, and (f,g) — f A g gives H the structure of a graded anticommutative
k-algebra. The diagonal map V' — V @V induces a map of graded k-algebras H — A(V @ V). The identifications
ANV @V) ~ ®jppei NV @ AV show that A(V @ V) ~ H ® H, so we obtain a map of graded k-algebras
h: H — H® H which is readily seen to be a co-multiplication. Thus, H is an anticommutative graded k-bialgebra.

There is a very important structure theorem for anticommutative graded bialgebras:

Theorem 3.16. Let k be a perfect field and H a anticommutative graded bialgebra over k. If H* = 0 for all i > g
(some g) then H is isomorphic to the associative graded anticommutative k-algebra freely generated by X1, ..., X,
with homogenous degrees r; and satisfying the relations X' = 0 for 1 < s; < oo, with “s; = 0o” understood to
mean that there is no relation on X;.

Proof. See [1, Theorem 6.1]. [ ]

Corollary 3.17. Let H be an anticommutative graded bialgebra over any field k with H® = k and H* = 0 for all
i>g. Then dimy H' < g, with equality only if the canonical map AH' — H is an isomorphism.

Proof. Since the hypotheses are stable under field extension and the conclusion descends, we may assume that
k is perfect. Let Xi,...,X,, be as in Theorem 3.16. The product X; ---X,, is nonzero (since all s; > 1) and
S deg(X;) = deg(J] X;) < g, so the number of X; of degree 1 is at most g; since H! is k-linearly spanned by the
X; of degree 1, the first part is immediate and equality holds if and only if degxz; = 1 for all . If every X; has
degree 1, then for all i the monomial X; --- X2 --- X, has degree g + 1 and is therefore 0. It follows that X2 = 0
and the natural map AH' — H is an isomorphism. |

Proposition 3.18. Let X/k be an abelian variety of dimension g. Then dimy H (X, Ox) < g.

Proof. Define
H=HX,0x)=@H (X, 0x).
i>0
Since X is projective, H? = k. Moreover, Grothendieck’s vanishing theorem ensures that H* = 0 for all i > g. Cup
product gives H the structure of a graded anticommutative k-algebra. Now the Kiinneth formula shows that using
pullback and cup product defines a canonical graded anticommutative k-algebra map

H(X,0x)®H(X,0x) — HX x X,0xxx)
that is an isomorphism. The addition morphism m : X x X — X induces a graded k-algebra map
h:H(X,0x) > HX xX,0xxx)~H(X,0x)® H(X,Ox).
Similarly, because m o ¢ is the identity, the map i : X — X x X given by z — (x,0) induces a section
s: HX xX,0x«x) — H(X, Ox)

that identifies H as the direct summand H ® H® of H ® H, and such that projection of H ® H onto this summand
sends h(z) to x® 1. Similarly, projection onto H°® H sends h(z) to 1@x. It follows that H is a graded k-bialgebra,
satisfying the hypotheses of Corollary 3.17, so dim;, H! < g. |
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3.19. The dual abelian variety.
Definition 3.20. Let X be an abelian variety and £ € Pic(X). The Mumford sheaf on X x X is
AML)=m'Zop; L ' piL .

Observe that

(ex I)V'ANL) > L@ fer s oL~ frer g
where f : X — Speck is the structure morphism and e*.#~! is an invertible sheaf on Spec k, hence trivial. Although
there is not a canonical trivialization of f*e*.# =1, any two trivializations differ by a (unique) k*-multiple. Choose
a trivialization. By the universal property of the pair (Picy k> &) there is a unique k-morphism ¢¢ : X — Picx/,
such that there exists an isomorphism 8 : (idx x¢2)*Z? = A(Z) as (e x 1)-rigidified sheaves, and if we change
the (e x 1)-rigidification of A(.Z) it merely scales by some ¢ € k*, so by using ¢~16, we see that ¢ is independent
of the choice of (e x 1)-rigidification of A(¥).

To understand ¢« on points z € X (k), we pull back A(Z) along X (da), X x X. We obtain the sheaf

t' L ® L' € Pic(X).
Thus, ¢ (x) € Picx (k) = Pic(X) (see Example 3.6) corresponds to the isomorphism class of the sheaf t;.£®.2 1.
Since Pic X/k(E) = PicXF /E(E)v the theorem of the square implies that ¢ : X — Picx/, is a homomorphism on
k-points. Since X is k-smooth, by going up to k (where Gieq is a subgroup of G for any k-group G locally of finite
type, such as G = Pic X; /E)7 we conclude that ¢¢ is a homomorphism of group schemes. Since ¢ (0) = 0 and X

is connected, ¢ factors through Picg( Ik A subtle point is that we do not yet know that Picy  is reduced (and
even k-smooth).

Theorem 3.21. If £ is an invertible sheaf on X classified by a point in Picg(/k(k) C Picx/x(k) = Pic(X) then
¢y =0.

Remark 3.22. This is a partial result toward relating our approach (resting on Grothendieck’s general theory of
the Picard scheme) with the “bare hands” approach in [6].

Proof. We first relativize the construction of ¢ . For any k-scheme T', we have a group map
Te : Pic(X7) — Picx i o(T) givenby £ — 2r® fren st
where f : X — Speck is the structure morphism. If T is local (e.g. T = Spec K for a field K/k) then 7.(¥) ~ ¥
is invertible sheaves). Thus, for any . on X7 we get a map X7 — (Picx )7 via
a1 (8 L ® ETI)
for 2/ € X(T") for T-schemes T’. This corresponds to a T-map
by T x X — T x Picx i,

satisfying ¢« (T x {e}) = 0. By geometric connectivity of X, this map factors through T' x Pic% /k,e» T€COVETing our
earlier definition for " = Speck. On geometric fibers we therefore know that ¢« is a group-scheme map, and by
[7, Proposition 6.1], it follows that ¢« is a group map. Since ¢ + py» = g5 ¢, the map £ — ¢ defines a map
of functors ¢ : Picx/, — Hom(X, Picg(/k). The content of the theorem is that ¢ vanishes on Picg(/k.

Since X is projective and geometrically integral over k, both X and the k-proper Picg( /I are projective over
k (for general projective k-varieties X, the scheme Pic% /1 1s merely quasi-projective). Thus, by Grothendieck’s
theory of Hom-schemes, the group functor Hom(X, Pic% /k) is represented by a k-scheme locally of finite type. To
get vanishing of ¢ on Pic% /i it is therefore enough to show that the locally finite type k-scheme Hom(X, Pic% /) 18
étale, since then it breaks up over k as a disjoint union of copies of Spec k, and ¢ must map connected components
of PicX?/E to single points. To show that Hom(X, Picg(/k) is étale, we work over k and study the tangent space at
the origin, which we want to vanish. It is therefore enough to show that the zero map X — Pic% /1 has no nonzero
liftings over k[e]. This again follows from [7, Theorem 6.1]. ]
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Proposition 3.23. If f,g : T — X are k-morphisms with X/k an abelian variety and T any k-scheme, then for
all & on X lying in Picg(/k(k) C Picx/i(k) = Pic(X) we have

(f+9) L~ Log L.
Proof. By Theorem 3.21 the morphism ¢ is zero, so A(L) = m*.¥ @ pt. L 1p3. L1 is trivial on X x X. Pulling
back by (f,g) : T — X x X gives the desired result. ]
Corollary 3.24. If £ € Pick (k) then [n] & ~ L.
Proof. Use induction on n and Proposition 3.23. [ |

Theorem 3.25. If £ is an ample invertible sheaf on X then the kernel K(£) of ¢ : X — Picg(/k is a finite
k-group scheme.

Proof. See [5, 11, 2.17]. |
We can now finally show that Picx/; is smooth when X is an abelian variety.

Theorem 3.26. Let X be an abelian variety. Then Picxy is smooth and Picg(/k is an abelian variety of the same
dimension as X.

Proof. Since X is projective, there exists an ample invertible sheaf 2 on X. Since Picx/, is a k-group locally
of finite type, it is pure-dimensional. Theorem 3.25 implies that the morphism ¢» : X — Picg( /i has finite
kernel, from which it follows that dimPicg(/k > dim X = g. Proposition 3.18 and Theorem 3.11 show that
g > dimy, H'(X, Ox) > dimPic% ;. Combining these, we find that

g = dim X = dim Pic% , = dim; H'(X, Ox) = dimg Tpicy,.0:

where Tpic, ,, 0 is the tangent space at the origin. We conclude that 0 € Picg(/k is a smooth point, and since Picx

is a k-group locally of finite type, that Picx/ is k-smooth. By Theorem 3.10, the open subgroup PicOX/k is a proper
geometrically connected and smooth k-group, so it is a proper group variety over k.

Definition 3.27. Let X be an abelian variety. The dual abelian variety, denoted X, is the abelian variety Picg(/k.

Corollary 3.28. For 1 <i < g cup product induces an isomorphism N'HY (X, Ox) = H' (X, Ox). In particular,
dimk HI(X, ﬁx) = (g)
Proof. In the proof of Theorem 3.26 we showed that dim; H!(X,0x) = g. Now apply Corollary 3.17 to get the

first statement, remembering that the multiplication on H = @&; H (X, Ox) is cup product. The second statement
is immediate from the first. |

Let f : X — Y be a map of abelian varieties. Then f x 1 : X x Y? — Y x Y is another such map, and we
can consider the pullback of the (ey x idy)-rigidified Poincaré sheaf (£°,19)y for Y along f x 1. This gives an
(ex x idy+)-rigidified invertible sheaf (f x 1)*(22°,1%)y on X x Y, so there is a unique morphism of k-schemes
iVt — X satisfying (1 x f1)*(2°,00) x =~ (f x 1)*(2°,19)y. Note that since (29, 10)y restricts to Oy along
the zero-section of Y we have f*(0) = 0. Thus, by Corollary 1.7, f* is a k-group map.

Definition 3.29. The map f!:Y? — X! of abelian varieties is the dual morphism.

Concretely, on T-points f* is induced by is just pullback along f x 1: X x T'— Y x T. Taking T' = Spec k, we
conclude by Corollary 3.24 that [n]% = [n]x+, and more generally by Proposition 3.23 that (f + ¢)' = f* + ¢*. In
particular, by Theorem 2.10 we see that f? is an isogeny if f is.

Theorem 3.30. If f : X — Y is an isogeny of abelian varieties then ft:Y! — X' is again an isogeny, and there
is a canomnical isomorphism

ker(f') = ker(f)”,
where for a finite locally free commutative group scheme G over a scheme S,

GP = Hom(G, Gy,)

18 the Cartier dual.
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Proof. See [9, Theorem 1.1, Corollary 1.3]. |

The isomorphism in Theorem 3.30 is induced by the functorial, bilinear pairing
e ker(f) x ker(f") — G,

given on T-points as follows. Let z € Y(T') be such that fr(z) = 0 and let .£ be an invertible sheaf on Yr with
f*% trivial on X7 and fix a trivialization ¢ : f*.¢ = Ox,. Since fr(z) = 0, the diagram

toe

R

Yr

Xr

commutes, and it follows that we have an isomorphism

1 B10)
which must be multiplication by a unit u € T'(X7, Oy, ) = (T, 07 ) = Gu(T). We define e(x, £) = u. Observe
that this is independent of change in ¢, as any such change must be via multiplication by a unit s € I'(T, Or), and
this does not effect the isomorphism (1).

Let £x on X x X' be the Poincaré sheaf. Observe that the restriction of Zx to X x {0} is Ox: this follows
from the fact that it induces the morphism 0 — X*. As any two rigidifications of 2y along X x {0} differ by a
unique k*-multiple, there is a unique rigidification of Zx along X x {0} that agrees when restricted to {0} x {0}
with the rigidification v along {0} x X! that comes with & . This rigidified sheaf induces a morphism of k-varieties

kx 1 X — Xt

satisfying xx (0) = 0 (since the pullback of (1 x kx)*Px: to {0} x X along (0 xidy) : 0 x X — X x X is trivial).
Thus, kx is a homomorphism. It is clearly natural in X.

Theorem 3.31. Let X be an abelian variety. The map kx is an isomorphism, and “triple duality” holds: k' =
/i;

Proof. We follow [5, pg. 92]. For abelian varieties A, B, let s : A x B — B x A be the morphism switching the two
factors, and fix an invertible sheaf . on X. There is a canonical isomorphism s*A(.Z) ~ A(Z) as follows easily
from the definition of A(¥). For any k-scheme T and x € X (T), the morphism ¢« takes x to the class of

(X x T 927 X % X)*A(L) ~ (X x T 955 X x X 5 X x X)*A(2)

id Xz id X¢»

~(XxTEE X x X 5 X x X 22255 X x XY Py

id Xz

o (X x T 229 it MXE Xty X 5 X x X Py,

and since rx(z) corresponds to the sheaf (X x T X xt x x )*s*Px and ¢', is given by pullback along
X x T 22Xt T, the above sheaf is in the class of ¢%, o kx(x). This shows that

(2) by =dyokx.

As we noted in Definition 3.20, any two rigidifications of A(¥) differ by a unique k*-multiple. Thus, if the
isomorphisms above are not a priori isomorphisms of rigidified sheaves, they can be altered by a unique unit scalar
to respect the rigidifications. This is why we need not track the rigidifying data in the string of isomorphisms
above.

Now let £ be an ample invertible sheaf on X. Then by Theorem 3.25, the kernel K (%) of ¢ ¢ is a finite group
scheme, and since ¢’ is an isogeny, we see by (2) that £x is also an isogeny. Using Theorem 3.30, we compute

rank(K (.2)) = deg(¢) = deg(@ly) - deg(rx) = rank(K (£)P) - deg(rx) = rank(K (.£)) - deg(x),

so deg(kx) =1 and kx is an isomorphism.
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Finally, we must show n)_é = k. By the characterization of the dual morphism, this says
(1X X K;(%)*gzx ~ (KJX X 1Xttt)*¢gZXtt,

or equivalently
(lX X HXt)*(IiX X 1Xttt)*(@Xtt ~ Px.

Letting s4 : A x A ~ A? x A denote the flip isomorphism as above, the left side is isomorphic to

(IiX X 1Xt)*(1Xtt X I{Xt)*gxm ~ (I{X X lXt)*S*Xtth

1R

S}(].Xt X Iix)*gzxt
~ sx((sx')" Px)
=~ @X7

where we have used the definition of xx in the first and third isomorphisms above, and this is what we wanted to
show. |

Remark 3.32. Via the double-duality isomorphism xx, the equality (2) may be rephrased as “¢» = ¢',.”

Theorem 3.33. Let f: X — Y be an isogeny with kernel Z. Then there is a canonical exact sequence
0—>ZD—>Yti>Xt—>0.
Proof. This follows from Theorem 3.30. |

Remark 3.34. Many of the properties of the dual abelian variety can be summarized as follows. If X, Y are abelian
varieties, then the functor Gch/k — Ab given by

T — Homyp (X7, Yr)

is representable by a commutative étale k-group scheme, Hom(X,Y'), and the map
Hom(X,Y) — Hom(Y", X*)
given on points by f — f* is a homomorphism of k-group schemes; in particular, (f+g)! = f'+g¢' and [n]§ = [n]x:.
See [5, 7.12] for more details.
4. THE TATE MODULE AND WEIL PAIRINGS

4.1. The Tate module. Let ¢ be a prime different from char(k). We have a homomorphism of group schemes

0 X[ — X[
which gives a Gal(k%P /k)-equivariant homomorphism of Galois modules

£ X[V (kSP) — X0 (K°P).

These homomorphisms form a projective system of Galois modules.

Definition 4.2. For an abelian variety X/k and a prime ¢ # char(k), the ¢-adic Tate module is

def ;. n se
T, X = lim X[0") (k)

n

with the projective limit taken in the category of Gal(k®°P/k)-modules with respect to the maps above.

The Tate module of an abelian variety X is an extremely useful tool for proving certain finiteness theorems
regarding X.

Let g = dim X. By Corollary 2.5, we know that X [n](k*P) ~ (Z/nZ)?9 noncanonically, whence Ty X is a free
Z,-module of rank 2g. Thus, we may also define

def
ViX = Qe ®z, Ty X.

Since multiplication by ¢ commutes with any homomorphism f : X — Y of abelian varieties, we obtain a map
Tof : Ty X — TyY, hence also a map VX — V;Y, which we denote by V,f.
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Theorem 4.3. Let f : X — Y be an isogeny of abelian varieties with kernel N. Then there is a natural exact
sequence
0—T,X 2L Ty — Ny(k5P) — 0,
where Np(k®P) is the C-primary part of N(k*P). In particular, Vof : Vi X — ViY is an isomorphism.
Proof. Since
0 = Ng(k*P) = X[(F](F>P) — Y[£Z](k*P) — 0

is exact (as X (k*°P) is (-divisible), and X[¢(*°](k%P) ~ (Qq/Z¢)? 4™ X is Z-injective, applying Homgz, (Q¢/Z¢, —)
gives an exact sequence

0— Ty X — T,Y — Ext'(Qu/Zg, Ny(k5°P)) — 0.

Since N (k°°P) is killed by some ¢", and £" acts as an automorphism on Qg, we conclude that ExtlzlZ (Qe, N¢(k°P)) =0
for reasons of bifunctoriality, and hence the connecting map

Ny(kK*°P) = Homgz, (Z¢, No(K°°P)) % Ext! (Qu/Z¢, No(k°°P))

induced by
0—Zi—Qr— Qu/Z—0

is an isomorphism.

Define
Zy(1) = lim pugn (K°P),

n

with the transition maps given by £*"-power. Note that this is a free Z; module of rank 1 endowed with a continuous
action of Gal(k*P/k).

Theorem 4.4. If X is an abelian variety then there is a canonical isomorphism of Zg[Gal(k*P /k)]-modules
T X'~ (TyX)Y ®z, Ze(1).
Proof. By Theorem 3.30, there are canonical isomorphisms of Galois-modules
X" (k*P) = Hom(X[0"](K*P), G (K°P)) = Hom (X [¢"](k*P), pien (K°°P)),
so taking projective limits gives the desired result. |
Theorem 4.5. Let X,Y be abelian varieties. Then the natural map
Zy, ® Homy(X,Y) — Homg,[gai(kser /i) (Te X, TeY')
18 njective.
Proof. We may assume k = k. See [6, §19, Theorem 3], which is the same as the argument for elliptic curves. B
Corollary 4.6. Let X, Y be abelian varieties. Then Homy(X,Y') is a free Z-module of rank at most 4dim X dimY'.

Proof. Since Ty X and T;Y are free Zy-modules of ranks 2dim X and 2dim Y respectively, Homgz, (7, X,T;Y) is a
finite, free Z;-module of rank 4 dim X dim Y. In the proof of [6, §19, Theorem 3], Mumford shows that Homy (X%, Y)
is finitely generated as a Z-module (via exactly the same methods as for elliptic curves). The rank bound then
follows from Theorem 4.5. [ ]

Observe that the continuous action of Gal(k**P/k) on Ty X gives rise to a continuous ¢-adic representation

pe : Gal(k*P/k) — GL(T, X).
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4.7. The Weil pairing. Let f: X — Y be an isogeny of abelian varieties. By Theorem 3.30, there is a canonical
isomorphism £ : ker(f!) = ker(f)?, or in other words, a canonical perfect bilinear pairing of finite flat group
schemes

es : ker(f) x ker(f') — G,

given by €;(z,y) ef B(y)(z). If n € Z kills ker(f) then by perfectness (or the proof of Theorem 2.10) it also kills
ker(f*) and €y takes values in fi,,.

Definition 4.8. Let X/k be an abelian variety. For a positive integer n, the Weil n-pairing is
_ . def_
€n = En X = €]y : X[n] X X'n] — .

We would like to give a concrete description of €, on k-points when char(k) { n. Let z € X[n](k) and y € X*[n](k).
Then y is an invertible rigidified sheaf % € Pic% /5 (k) with 2" trivial (as a rigidified sheaf). By Corollary 3.24,
we have that n*.& ~ Z%" is trivial. If we let D be a Weil divisor such that £ ~ Ox (D), then £®™ ~ Ox(nD)
and [n]*.Z ~ Ox([n]"'D), so nD and [n]x'D are linearly equivalent to 0. It follows that there are functions
f,9 € k(X)* with (f) = nD and (g) = [n]x'D. Thus,

(f o [nlx) = Inlx' (f) = [Mx' (nD) = n([n]x' D) = n(g) = (g"),
from which it follows that ¢"/(f o [n]x) = a € k* Thus, for any u € X (k)
glu+2)" = af(nu+nz) = af(nu) = g(u)",

S0
g 7 x
€ pn(k) NE(X)" = pun(k).
€ () R = )
Theorem 4.9. Let g € k(X)* be any function such that (g) = nD, where y = £ (D). Then
- g
n(z,y) = € un(k).
fua9) = L € )
Proof. We can assume k = k. See [6, §20] for this case. ]

Proposition 4.10. Let X/k be an abelian variety and let m,n be integers not divisible by char(k). Choose x €
X[mn](k5P), y € Xt[mn](k*P). Then
€n(mz, my) = €pn(z,y)™.

Proof. We may assume k = k, and this case is addressed in [6, §20]. The result may also be proved as in [4, §16],
by appealing to the explicit description of €,,, in Theorem 4.9. ]

Letting n = ¢" and m = ¢ for a prime ¢ # char(k), we obtain the commutative diagram

Egr-f—l

X1 (kseP) x XY (k5P) T i (kOP)

Ml lz

€pr

XTE)(RP) x X7 (k5P) — = g (5P)
of Galois-modules, and hence by passing to the limit we obtain a pairing
e =epx  To(X) x Ty(X") — Zg(1).
Proposition 4.11. Let X/k be an abelian variety and choose a positive integer n not divisible by char(k). Then

(1) The pairing ey is Zg-bilinear and perfect for any prime £ # char(k).
(2) If f: X — Y is a homomorphism of abelian varieties then for any x € X [n](kP) and y € Y*'[n](kP)

En(x7 ft(y>) = En(f(x)v y)
(3) For any prime £ # char(k) and any f as in (2),
ee(z, Te(f)(y)) = ee(Te(f)(2), 1)
Proof. We can assume k = k. See [6, §20]. |
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Remark 4.12. See [9, Section 1] for a discussion of properties of the Weil pairing on torsion-levels possibly divisible
by char(k).

5. THE WEIL CONJECTURES
Let k be a finite field of size ¢ and k,, an extension of x of degree n.

Definition 5.1. Let X/x be k-scheme of finite type. We define the zeta function of X to be

Zx(t) & ] (1 - tdes=@)=t e z[f]),
reX0

with X the set of closed points in X.

Since
#X(Iim) — Zd#{mGXD : clegn(at):d}7
d|lm
one also has

m

Zx (t) = exp Z #X(K’m)g

m>1

Here, kK, is “the” degree-m extension of k.
Let X/k be a smooth projective k-variety of dimension g. In 1949, A. Weil made the following conjectures:

(1) (Rationality) Zx(t) € Q(t).
(2) (Functional Equation) Let x = A.A be the self-intersection number of A C X x X. Then

1
Zx | = ) = £¢22tXZx ().
NS ——
(3) (Riemann Hypothesis) One has
Pi(t)--- Py

Zxc(t) = 1(8) - Poga (t)

Po(t) -+ Pag(t)
where Py(t) =1 —1t, Pog(t) =1—¢% and for 1 <r <2g—1,

Br

Pt) = [](1 - ait) € 211

i=1

/2

for certain algebraic integers a; , with absolute value ¢/ under all embeddings into C.

These statements were proved for curves and abelian varieties by A. Weil in 1948, and in general by B. Dwork,
A. Grothendieck, M. Artin, and P. Deligne (and later by Deligne for any x-proper variety X) during 1964-1974.
Let X be an abelian variety over a field k and fix a prime £ # char(k). Any o € End{(X) acts on the Qg-vector
space Vp X as the homomorphism of rings T, : End;(X) — Endgz, T;(X) extends to a homomorphism
Ve : Endl(X) — Endq, (Vi(X)).

Let P, ¢(t) be the characteristic polynomial of « acting on Vy(X). A priori, P, ¢ depends on ¢, is monic of degree
2dim X, and has coefficients in Q.

Theorem 5.2. The polynomial P, e w0 05 independent of € and has coefficients in Q. If o € Endy(X) then P,
has integer coefficients and is monic. Moreover, for any integer n we have

Pa(n) = deg(a - n)7

where the degree function deg : End)(X) — Q is extended from the usual degree map Endy(X) — Z by using the
quadratic property deg(nf) = n?4m X deg(f) for any f € Endy(X) and n € Z.

Proof. We refer to [6, §19] for a proof when k = k, which suffices. [ ]
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Definition 5.3. The polynomial P,(t) is called the characteristic polynomial of «, the coefficient of —¢2dimX—1
is the trace of «, denoted Tr(«), and the constant term of P, (t) is the norm of «, denoted Nm(a). These are the

trace and determinant of V() acting on VpX.

Fix an ample invertible sheaf . on X and let ¢ : X — X?* be the corresponding homomorphism; it is an
isogeny as it has finite kernel and dim X = dim X*. Let ¢ ' € Hom(X*, X) ® Q be the inverse of ¢ ¢.

Definition 5.4. The Rosati involution on Endj(X) with respect to .2 (or to ¢¢) is the morphism
aHa/:gﬁ}lOO{tOgbj

The Rosati involution is an involution because of Remark 3.32 and it has the following properties (see [6, §20]):

(1) If a, f € End)(X) and a € Q then (aa) = ad/, (a+ ) =o' + 3, and (af)’ = f'o’.
(2) If £ # char(k) then for any z,y € Vo X,

e(ax, To(¢2)y) = er(w, Tu(dz)a'y).
(3) The map End}(X) — Q given by a — Tr(aqa’) is a positive-definite quadratic form.

Proposition 5.5. Let X be an abelian variety and suppose o € End(X) satisfies &’a = a € Z, so a > 0. Then
any root of the characteristic polynomial P, of o has absolute value a*/? under every embedding into C.

The proof of Proposition 5.5 will make use of the following lemma:

Lemma 5.6. Let K be a number field with an involution o such that for all x € K* one has Trg q(x-o(x)) > 0.
Then K is totally real with o = id or a CM field with o acting as complex conjugation.

Proof. Let F' = K° denote the fixed field of 0. Let r be the number of real embeddings of F', and s the number of
complex conjugate pairs of complex embeddings of F'. Then there is an isomorphism of R-algebras

R®q F = R" x C*,
SO T TrF/Q(x2) has signature (r + s, s). Since Trp/q = %TTK/Q on F, the positive-definiteness of Try q ensures
that Trp/q(2?) = Trp/q(x - ox) > 0 for all € F*, from which it follows that s = 0 and hence that F' is totally

real.

If K # F, then K = F(y/a) for some a € F* with o(y/a) = —y/a. Observe that
R@q K~ (ReqF)®r K ~[[R.@r K,

where the product runs over all embeddings of F', and R is R considered as an F-algebra via 7. Since R, @ p K
is isomorphic to R x R or to C, with ¢ switching the factors in the first case (7(«) > 0) and acting as complex
conjugation in the second (7(a) < 0), we see (again using that Tr(z-ox) > 0 for x € K*) that the first case cannot
occur, and hence that K/F is a purely imaginary extension with o acting as complex conjugation. |

Proof of Proposition 5.5. Since P,(t) € Z[t], it will suffice to show that every root of P,(t) has absolute value a'/2.
By the positive definiteness of the Rosati involution, if @ = 0 then = 0. Thus, we may assume a > 0 so « is
an isogeny. The algebra Q[a] is finitely generated so a~! € Q[a], and since o/ = aa™! we see that Qla] is stable
under the Rosati involution. Let Qg be the minimal polynomial an element 8 € Q[a]. We claim that Pg and Qg
have the same roots in Q. Indeed, since Py has Q-coefficients and Pz(3) = 0, we have Q3|Ps. On the other hand,
since Pj is the characteristic polynomial of T;(3) € End(7;X), any root £ € Q, of P is an eigenvalue of T;(3) so
Qp(§) is an eigenvalue of Ty(Qz(3)) = T;(0) = 0. Therefore Qg(§) = 0. We conclude that Pg and Qg have the
same roots in Q. In particular, as Pg and Qg have Z-coefficients, we must in fact have Pg = Q;‘j for some positive
integer ng. In particular, ng|2dim X for all 3.

The restriction of the positive-definite bilinear form (8,v) — Tr(87’) to Q[a] is positive-definite, so e’ = e for
all primitive idempotents e € Q[a] and Q[a] is semisimple. Thus, Q] is isomorphic to a product of number fields

Qla] = Ky x -+ x K,

with the factor decomposition preserved by the Rosati involution.
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The identity Pg = Qgﬁ for 8 € QJa] in the first paragraph now shows (by taking § in the Zariski-dense set of

elements that primitively generate Q[a] with components §; € K; having pairwise distinct minimal polynomials
over Q) that

2dim X
Tr| gy = dimg Q[a] ZTTK/Q

Thus, by Lemma 5.6, we see that each K is either totally real with the Rosati involution acting as the identity, or
a totally imaginary extension of a totally real field with the Rosati involution acting as complex conjugation. Since
the roots of P, (t) are the images of a under the embeddings ¢; of each K; into C (as P, and Q. have the same
complex roots) and since

a = ¢j(aa’) = ¢j(a)¢;(a) = |¢;(a)

1/2

we conclude that the roots of P, have absolute value a'/“ under all embeddings into C, as desired. |

Theorem 5.7. Let X/k be an abelian variety over a finite field of size q, and Frobx 4 the Frobenius g-endomorphism
of X/k. Let P = Prroby,, have roots ay, ..., a2, where 2g = dim X. Then

2g

#X (Km) = H(l - a;")

i=1
and
|ai| _ q1/2
Proof. Since for any morphism f : Z — W of k-schemes one has

foFrobz, = Froby 4 of,

it follows that the fixed points of Frob’y , —1 acting on X (F) are precisely the points X (,,) since ,, is the set of
solutions to 4" =t in &.

Now (d Frob%q) !0 :ToX — Ty X is the zero map, as Df?" = 0 for any derivation D of a ring A of characteristic

p and any f € A. Thus, d(F‘rob%q —1) = —1, so Frobx , —1 is a separable endomorphism, so
#X (k) = # ker(Frob , —1) = deg(Frob’¢ , —1) = Prroby (1),

where the last equality uses Theorem 5.2. Since the a; are the eigenvalues of Frobx , acting on V, X, it follows that
aj* are the eigenvalues of Frob’ ,, and hence that

2g

PFrobTX"ﬂ (t) = H(t - a;n)v

i=1
from which the first part of the theorem follows.

We now claim that for & = Frobx , we have &’a = ¢. Indeed, o/a = gb;f,latqﬁgoz, so it is enough to check on
geometric points x € X that

a‘pga(z) = qhz(x).

The left side is

a(z.i”@a.iﬂ = (ta@)" L@ L,
and since « is a homomorphism, £, @ = at,. Thus, the above is

()L @a* L =tra* L @a L.
But since « acts on Ox via f +— f? and as the identity on the underlying topological space, it follows that

ot ¥ = L%
SO
a'ga(r) = .21 ® (£71)7" = hu(0)™

This gives the desired formula o’a = q. Now apply Proposition 5.5. |
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