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An iterative algorithm for =

m Initialize: xg := V2, y; =214 1p:=2+ V2.
]
m lteration: X, = W
X 1 X
m lteration: y,, 1 = Ynv/Xn +1/vXn
1+ yn

14 xp
1+ Yn

m lteration: 7, = mp_1

Tn— T
2.7262- 101
1.0141.103
7.3762- 1079
1.8313-1019
5.4721 . 1041
2.4061 - 1084
2.3085- 10171

OO WN = OIS




Remarks

m Computing square-roots to high accuracy is easy:
Newton’s method, continued fractions. ..

m Forn>2wehave 0 < 7, — 7 < 10~2""

m n = 24 iterations gives at least 45 million correct digits of =
m By comparison:
m Archimedes method of inscribed polyhedra produces 1
accurate digit of = after 24 steps.
m The best known Machin-like arctangent formulae give about
56 correct digits after 24 terms.
m 56 < 45000000

In this talk, we will explain (with proof) why the algorithm works.



The AGM

Consider the following recursion (due to Gauss):

m Given: ag, by real numbers with 0 < by < aqg
an+ bn

B a, = 5 (arithmetic mean)

®m b,.1:=+/anb, (geometric mean)
By the arithmetic-geometric mean inequality,

by < bpiy < apyt < an

So
M(ay, by) := nlim an= nlim bn

exists, and is uniquely determined by ag, by.



Elliptic Integrals

For k € (0,1): The complete elliptic integral of the first kind:

/2 do
K(a) = / —_—
0 V1-—a2sin“4

The compilete elliptic integral of the second kind:

w/2
E(a) = / \/1—a2sin?6
0

For any a € (0,1) with 3 = V1 — o2 we have

M1, o) = 2K(3)



do 2 b2
K(/1—-—=
\/3200329+ b2 sin? 6 " ra
Substituting t = btan ¢ gives dt = bdf/ cos? § and
T(a,b) = ! / at
o V(8 + B)(b2 + 1)
Setting u = (t — ab/t) gives
mdu=(1+ab/t?)dt = (V2 + ab)it

(a+ b)? o 1
u 4 +u ]

nagQJ%y:nam.

T(a,b):

(& + 12)(b? + t?) so




Proof (continued)

Thus, T(an, bn) = T(ap, by) for all n.

T(ao, by) = ao,bo) M(ao,bo))

/ M(ao, bo) aOabO

M(ao,bo)
1
~ agM(1, bo/a)

As
2 b2

T(ap, bp) = —K(4/1 - =2),

(@0, bo) o ( ao)

we are done upon setting ay =1, by = a, § = V1 — a2.



Legendre’s Relation

We want to relate special values of K to 7. The Key is:

Forany a € (0,1) and 3 = V1 — o2 we have

K(Q)E(B) + K(B)E(a) — K(a)K(B) = =

N

Proof (Berndt-Almkvist): Let a = o?, b = 3% = 1 — a. We claim

@ (Bl - k()= -5 9 o= El) ()

I E@) -k -ED) Lg - EW-KEO)



Proof of Legendre’s Relation (continued)

Granting the identities 1-2, and putting (for the sake of brevity)
K:=K(a), K :=K(3), E:=E(a), E :=E(3)

we have:

:(KE’+K’E ki) = 9 (EE' — (E - K)(E - K"))

da
E-K_ _E-K E , E'
=g B~ E—gp— t 5p(E = K) — (E~K)5

=0

so KE' + K'E — KK’ = (E — K)K’ + E'K is constant. From the
definitions as integrals, we easily compute

i _ 'L E'K) = T
C['Lno((E K)K'+ E'K) =0+ 1 5= 5



Proof of identities 1-2

The identity 2 follows easily from 1, using b =1 — a. To prove 1:

d d w/2
da'f -

asin® 0

Jy . LT
dajo \/1—asin?6

E_1/”/2 a?
“2a 2a)y (1-asin?6)3/?

But

d sinfcosf 1 . o b .o _3/p
— =" — _\/1—asin?4— =(1 —asin?6)~%
do\/1 —asin?g 4 a
so
w/2 i
g(E—K):E— E Jr1/ d sinfcosd
da 2a 2ab 2bJy db./1_asin?¢
_E_I\__E
- 2a b) 2b



A useful corollary

The second identity in 1 follows easily from definitions.

Corollary

LetL(«) := dCLK(a). Then

e

\@)L(f)-

7T:\/§K( 7

To prove this Corollary, we’ll need:

Lemma




Proof of the Corollary

Granting the Lemma, we get E = o3?L + 3°K. Hence, writing

L= L(«a), L' = L(pB) etc., Legendre’s relation gives:
g = K(BaPL' + a2K') + K'(aB?L + 32K) — KK’

= af(aKL + BK'L)

Substituting a = 1/v/2 (so 8 = V1 — a2 = 1/1/2) gives:

1

7 = V2K(—=)L(—=)

S
Nl

as claimed.



Proof of the Lemma

. L dK  E-#K E-(1-02)K
We wish to prove: do~ aF T a(l-ad)
By definition, we have

/2
K:/ (1 —a?sin?0)~1/2dg
0
/2 1a2sin?6 1-3a*sin*6
:/O <1+2 TR T

™ 1 \? , 1.3\% , [1-3.5\% 4
e\t lew) ) Ct \ma ) T




Proof of the Lemma (continued)

Similarly,

oy (1 Yo 18\ et (1:3:5\%a
"2 2t 11) 1 \22.21) 3 \28.31) 5

Expanding everything in power series, the relation

dK
— —(1-a®K
a(1—a?) - = E—(1-0a?)
is equivalent to the following combinatorial identity:
1 /2n\\? 1 [/2n—2\\?
2 2
e (g () =1 (o (57))

which is obvious.



Relating L and the AGM

Recall that K(3) = m. Want: similar formula for L

Theorem
Letag =1, a, =0 and by = o, by = 1 and for n > 0 define

an+b
any1 = L 5 L bpi1 =/ anbn

a,+ b, ,_ ap/bn/an+ bj\/an/bn

/ _
any1 = 5 N+t = >

Setting M'(ag, by) := limp_.o0 &, = limp_. b},, we have

B3 M, «
L(/B):2§M((1,a)g'



Proof of the theorem

Differentiating K(5) = with respect to « gives

T
2M(1, a)

asg T d
, dg .
Since B8 = V1 — a2, we have da = —a/3 so the proof is

complete once we know:

M1, a) = C;iM(La).

But this is clear, as

_day  _dby

a, do " da

for all n by definition.



The formula for =

Combining = = v2K(1/v/2)L(1/+/2) with our formulae for K, L:

Theorem
Letag =1, by = 1/v2, &, =0, b, = 1 and define

an+b
apnt1 = L 5 4 bni1 = v/ anbn

_antby - apy/bn/an + bj\/an/bn
2

/
an-~-1 - P) n+1

Then )
M(1,1/\/§)3 _ im Z@bnﬂanﬂ
M(1,1/v2) n—oe a1



The x, y-recursion.

Set x, := ap/b, for n> 0 and y, := b},/a, for n > 1. Put:

b2 an 1
T = 2\@7n+,1 *
an+1

so 7 = lim, 7. Note that xo = V2, yy = 214, 15 = 2 + V2. We

have
™ _ (bn+1/bn)2(an+1/an) _ 1+ Xp
Tn—1 (an.1/an) T+yn
Also,
Xt = ant1 an+ bn . \/an/bn+\/bn/an _ VXn +1/v/Xn
n+1 — o ’

bny1  2Vapb, 2 2

A similar calculation gives the claimed recursion for y;,.



