ON THE TRANSFORMATION OF INFINITE SERIES

ABSTRACT.  Using the theory of residues and Fourier Analysis, we derive many
examples of modular forms. including the Dedekind Eta function. After proving
several results of Ramanujan, we introduce a function that generalizes sech( \/%_ﬂ'z)
in that it 1s its own Fourier Transform and it reduces to the above as a special case.
We show how this leads to a proof of the functional equation L(s,x) , and then
generalize several results of Ramanujan on self-reciprocal functions. Finally, we
show how contour integration may be used to derive explicit product representations
for j functions of particular subgroups of GL2(Z).
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1. RESIDUE SUMMATION
Fix t € R and consider the function

7 cot(mz) coth(mzt)

2+

flzi =

f(2) has simple poles at z =n and z = % for each nonzero integer n, and a pole of order
2m+3 at z = 0. Let R,(f) denote the residue of f(z) at £ = a. A simple calculation
gives

R.{f coth(mnt)
L Fs B
o coth{ &
Ruf) = 1—1)mrism —— L
' ! n2m+},

Recalling the familar Laurent expansion of 7 cot(mz), we compute

m+1
—-1)*By, B _
_ 2m+1 ( 2nLP2(m+1-n) 2(m—n)+1
Ro(f) = 2(2m) 2;; @) 3m +1—n)! '

Hence, by the theory of residues we have

oC \ T . -1
y,coth(wnt,‘ L (ymlem COth(TnH _ _(om2m mi {(=1)"BanBa(m+1-n) ,2(m—n)+1
YT o (2n)(2(m ~ 1 — n))!

n=7 n=0

ya n'Zm—e-].

{1;
[3,p155] Similarly. if ¢(z) is any meromorphic function such that ¢(z) = O(|zI7%) as
|z| — o< where k > 1, we can find transformation formulae for

!
z @(n) coth(mn).
Theorem 1. If -
o1 ncoth{an)
fla.8) = 16m2ut Z ant — 48ut’

n=7%

then if a3 = 72,

:L{ cosh? u(y/7Ta + 7B) — cos? u(\/ma + V7)
4u? " (cosh(2uy/ma) — cos(2uy/ma))(cosh(2uy/7B8) — cos(2u/73))
B cosh? u(\/ma — /7B) — cos? u(\/ma — /7 3) | @)
(cosh(2uy/Ta) — cos(2uy/ma))(cosh(2uy/73) — cos(2uy/783)) "

fla.3) + f(B.a)
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Proof. Consider the function ¥(z) = 72 cot(nz) coth(az) 1(z) has only simple poles.

azi4+48ul

The residues at z = n and z = are easily calculated for each integer n, while the

Tn
Q

residues at z = C\/ﬁ(g)? for { a primitive eighth root of unity are computed using the
elamentary result
sin(2z) — isinh(2y)

cot(z +iy) = cosh(2y) — cos(2z) 13)
This is due to Ramanujan. {4,p277! W
Theorem 2. If
) . 1 > n coth(mnt;
AU 4zt Z: nt +n2z? + 24’
then
flt,z) + t2f(l.itx) _ 7 sinh(rzv/3) sinh(mtz) + six}(m‘/:c\/g) sin(mx) @
t 221/3 (cosh(rzV/3) — cos(mz))(cosh(mtz) — cos(mt:v\/g))

Proof.  Again. we consider the function

Tz cot{mz) coth{mtz)

wlz —
viz) 2%+ 2252 ~ 4

and use the theory of residues. w(z) has simple poles at z =n, 2 = 7%, and z = wx for
each cube root of unity, w. The residues are computed as before. This result is due to
Ramanujan. [5,Chapter 30] B

The same method can be applied by replacing  cot{mz) coth(ntz) by any function.
suitably behaved as |21 — oo. with well placed poles. Several such functions, which I
shall call “transform kernels” are

T

sinh(7tz)sin(mz)

™

cosh(mtz) cos(mz)

e 7tan(wz)tanh(ntz)

o w(z2)y(-—2t) where ¥(z) = v + I'(1—z)

r{1—z)"
For example. consider the function

. mtan(wz) tanh{mtz)
v(z) = S2m1

©(z) has simple poles at the points z = n + %, z = w for each integer n and a pole
of order 2m — 1 at 2 = 0. Computation of the residues is routine. One finds that

tanh(mwt(n + 3))

Rn+§(’¢) = W,

tanh(Z(n + 1))
N (_qym+l2m ¢ 2
R(n-%—t.lz)i (‘70) - ( 1) t (n+ %)2m+1
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while at 0, the taylor expansion of 7 tan(wz) tanh(ntz) gives

_1)n~1(22n . 1)(22(m+1~n) — )Bgnt m-+1—n) f2(m-n)+1

en)l(2(m + 1 —n))!

Ro(e) = —2(2mm1 30 L

n=1

Hence. by the theory of residues we have

%C\ tanh(7t(n + 3)) Ly, Z tanh(Z(n + 1))
ya (n <+ 1)2m+1 ’TL 4 1)2'm+1
n=0 VR 2 n=0

_ 27r 2m+1 Z Dn 1(22n - )(22(m+1_n) )BQnBQ(m-H n) fz(m n)+1
2nt2m+1—n)!

[4,p294]

Theorem 3. If

(=" ncsch an‘
ola, 3) = QZ Ju2 .

n=1

then if aff = 72,

pla, B) + p(=6,—a) =

T
sinh(3v/au) sin{ay/Bu)’
Proof. We consider the function

mz cse(zm) eschaz)

{ \) =
olz 22 + [u?

and use the same methods as before. Again, this is due to Ramanujan. [4,p272] B
Bv considering

Im—1
lem 3

sin(7z) sinh(7tz)
we obtain the well known result [2,p337] that if a3 = 7% and

\n 2m—1

€ —a™ RSt
ta)=a Z sinh{an)

then for m > 1
Ela) = (=1)TE(B),

and for m = 1. if ¢ is real and positive,

> n In © (_l)n—ln 1

T ) P S L
Z smh mtn) ; sinh(™*) 2wt

Recalling that
" wndz sinh(mnz)
/ —— =log(—— )
sinh{mzn) 1 + cosh{mnz)

we at once obtain
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Theorem 4. If

cosh(mt) — 1 cosh(27t) + 1 cosh(37t) — 1
sinh(7t) sinh(27t) sinh(3nt}

ft) =

then
HOE e (8}

It will be useful to keep this in mind as we shall seek out generalizations of this result
(which is. if one likes, is an analogue to the transformation formula for the Dedekind Eta
function) in Section 5.

Theorem 5. Let ¢(z) =3 .. (l — iz). Then for positive, real t,

n=1\n n

1.\ m—2

ot P eyl G gm0

n’?"ﬁ

n=1 n=1

Proof. Integrate f(z) = LA ground a square centered at the origin whose
boundary does not include any poles of f. and let the sides of the square become 1nﬁn1te
One readily checks that the integral tends to 0. The residues at z=n and z = —% for n
a natural number are easily calculated, while at 0. we need only expand ¢(z) as a taylor
series in the obvious way. An application of the residue theorem completes the proof.
Note that ¢(z) =~ + %%—__—f\l where ~ is Euler’s constant.

We have the following examples:

~ .
coth{wn; T .
D CETE (10
> coth 3

Z coth(mn) _ 197 (11)

— 2234527
io: coth(mn) _ 7ril (12)

nll 23553721113

=i
Of course, these are well known. [4,p293] By the Von-Stoudt Clausen Theorem,
it is immediate that if we put Z? y :‘f—ﬁ@i w4 +3C, then Ci is rational. and the
denominator of Cy is devisible by all primes p less than or equal to 4k + 5.
One useful application of these evaluations is the extremely rapid computation of
((4k + 3) for (1) with ¢ = 1 can be written

2k+2

1 B2n32(2k+2 —n)
4k +3) + 2 —_— 2 YRS
C(dk +3) + Z nak+3(g2mn 1) ) Z 202k + 2 —n))!’

n=1

This particular formula is due to Ramanujan. [3,p152] Of course, we can equally as well
apply this teqhnique to any of the aforementioned sums by replacing coth(mn), tanh(mn),
2 2 .
by 1+ - i , respectively. This provides a rapid means of calculation
g e2mn _ 1 e2mn

for the sum of the reciprocals of many polynomial functions evaluated at the integers.
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If. in (9), t = 1, then

> 1+ l++ 2k—1 ‘
Z : +;2k+1 ! —% Z(_l)]C(j+1)C(2k+1—j). (13)
n=i 7=1

This result is well known, and dates back to Euler. Perhaps a less-well known result 1s
Theorem 6. If
> o(—nt)
Ity =D ——3
n=1
then

tﬂ(f‘m — d(t.2) = = (@()(—zt) - o(t)p(—z)). (14)
X

This is obtained as above. in the obvious way. Clearly, many more results of this
nature can be obtained as indicated, or by differentiating any of these with respect to
any of the parameters. It 1s worth noting that in ali cases above. we have confined
the discussion to the modular transformation ¢ — ;. but any general transformation
t — 7(t) will work as well. One need only consider the transform kernel

7 cot(mz) coth(77(t)z)
These results are most interesting when 771(¢) is simply related to 7(t). [3]

2. GENERALITIES
The previous results can be generalized. Instead of considering transform kernels of the
form
wiz)yplitz}

where 9 is a function with evenly spaced poles along the real axis, we will consider kernels
of the form

V(NS 2P t22) b (C" My 2)

where ( is a primitive n'" root of unity, ¥ is as above, and ti,tq,..t,_1 are real and
Y 1,12,

positive. As an illustration. we have

Theorem 7. If
1 \r—1 4m—f

2:: sinh{7n) cosh th\/— — cos( th\/—

| \

then if m > 1,
v(5) = (=1)"(8), (15)
and if m = 1.
i /Ti t4’(/)(’t) — _t_ {163
Ul‘f,}+ =33 (16}
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Proof. Let ¢ = e’ and consider

7247’7171

sin(mz) sin(nt(z) sin(7C%z) sin(mt 3 2)

where t 1s real and positive. It is easily seen that

i 1
sin(wtCz) sin(wt¢ " tz) sin2(\/L§tz) coshQ(%tz) + sinhQ(%tz) COS2(%tZ)
2
cosh(wtzy/2) — cos(mtzy/2)
C” 2 an :
Now ¢(z) has simple poles at z = n. >—.(“n. for each nonzero integer n, and a simple

poleat 2z =01fm =1 The remdues are readllw calculated:

2(—1)”7147"_1

R, =~
i sinh(7n)(cosh(mtny/2) — cos(rtny/2))
R _ 2(_1)nn4m—l
o isinh(7n)(cosh(ntn\/2) — Cos(wtn@))
{_1)m 2(_1)nn4m~1
Ri' = +4m . N ‘ \/_
: 2 i51nh(7rn)(cosh("—;2—”) —cos(Z *;2"))
_ .—l\lm 2(_1)7;,”4"1—1
B = —L
> 3417

isinh(7n)(cosh( @ ) — cos( @))

and if m =1,

Ry = — .
0 1273

/ o(2)dz =
c

where C is an infinite square. Cauchy’s Theorem completes the proof. l
As an amusing series evalution, set £ = m = 1 in Theorem 7 to obtain

x ;_“}n-l 3 i ’
Z ! = , (17)

7 sinh(7n)(cosh( (mnV/2) — cos(mn/2)) 1673

It is not difficult to see that

By the same methods. we have:

Theorem 8. If

o0 (_1)71-1”4771—1

Af — n2m
Fla) =a nZ:o cosh(m(n + %))(cosh(a(n + %)) — cos{aln + %)))7

then if a8 = 272,
pla) = (=1)"p(8). (18)
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As another generalization of the technique developed in section 1, consider the follow-

ing transform kernel:

f(l‘,.‘ = (30t(7T2‘) COE(‘WEZR”G)

The process should now be clear, and since by (3),

sin(2ntz cos(f)} — isinh(2wtz sin(h))
cosh(2ntz sin(#)) — cos{2ntz cos(f))

cot(mtze?) =

we have. after some strenuous manipulation:

Theorem 9. Ift is real, m > 0, and 0 < § < 27 then

i i sin(2mtn cos(f)}

= n?m~+1 cosh(27tn sin(6)) — cos(2ntn cos(§))

L g2m Z cos(2mb) sin( 222 cos(#)) — sin(2m#) sinh( 222 cos(6))
n2m+1 cosh( 2 21 sin(6)) — cos( 222 (9))

= %C(Qm + 2)(#F ! cos((2m + 1)6) +t7! cos(8))

2N s
== Dt eos((2 — DOC(2)¢(20m + 1 ), (19)
and
i 1 sinh(2ntn cos(f))
n?m+1 cosh(2rtnsin(d)j — cos(2wtn cos(d)}

om sin(2m#) sm(”—” cos(6)) + cos(2m8@) sinh(Q”T” cos(9))
+t Z n2m+1

cosh(2I%n sin(6)) — cos(ZE2n cos(8))

n=1

= —g(zm + 2)(t*™H sin((2m + 1)8) + ¢t~ ! sin(8))

f—zw Lsin((27 — 1)6)C(25)C(2(m + 1 — 7). (20)

j=:

These somewhat cumbersome formulas are best illustrated. Let # = % and m=1. If
t=11in {19) and (20) and add the two identities to obtain

i 1 sinh(7nv/2) — sin(mnv/2) _ 73 (21)
— n’ cosh(rnv/2) — cos(nnv2)  18V2
Similarly,
i 1 sinh 7m\/_ _ 7T3—’ (22)
— 3 cosh(mnv/3) + (—=1)»—1 153
and
=1 sin(’ "’1—1—\/5)) all ‘
z:: — = 53000 AL T 18VE). (23)

Y cos(Z2 (1 + VB)) — cosh(mn(y/355))
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3. ABEL-PLANA ANALOGUES

Thus far. all of our techniques for transforming infinite series require that the function
being summed over the integers be an even function of z. This is an unfortunate con-
sequence of the rectangular contours employed in every case above. We shall now show
how different contours can be employed to produce a variety of other results.

Theorem 10. Let ¢(z) be an analytic function for R(z)+S3(z) > 0, of at most polynomial
growth. Then

_Zs
1 00

= zp(iz) T zelz) ¢ 2(p(z) — p(=2))
——dz + ———dz + - ~dz
o (‘627” _ 1\, Ja (627rzt _ 1) Jo {627rzt _ 1)(€Z7rzz _ 1)

{77.7,\‘

(0] i np{ - npln]
4t ot 20 — 11 (et —1) [

and in particular, if p(z) = p|—2z) then

= 290(12) zp(2) 0) () ne(n)
/0‘ (627rz d / e27rzt ) dz = +Z {1‘2 iz ) + (62wnt —1) } (24)

Proof.  Let v, v, <v3be the contours below (Figure 1) in the first. second, and
fourth quadrants respectively. orientated counterclockwise. Let ¢} be the semicircular

Figure 1:

indent of radius € centered at % in the first quadrant, ¢;, the analogous indent in the
second. Similarly, g is the semicircular indent of radius € centered at n in the first
quadrant while p;; is the semicircular indent of radius € centered at n in the fourth

quadrant. Consider the functions

zp(z)
Uy (z) (e2rat — 1)(e~27i% — 1)
\ zp(2)
Uy(z) = (e=272t _ 1)(e—2miz 1)
Ta(z) = zp(z)

(627\'2! _ 1)(627riz _ 1)
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where 7 1s real and positive. It is clear that ¥,{z) has simple poles at 2 = Z* and z = n

t
for each nonzero integer 7, and a simple pole at (. for each :. Hence,

lim [ Uy(z)dz = lim [F (B ee)plR - cetieedd "“O(HT)
=0 fi; N P o e T RV TP Sy
—ix ni i 10, - ot n
bm [ y(2de — tim [ CE e el reetyieeds | nel%)
€0 J, - 24 o e—0 _x (e—2mt(4 N 1)(6—27ri(%+ee77”) _ 1) - 2t2(62’:" -1
e T, ()dz = i 0 (n + ee?)p(n + ce')ice?dd _ np(n)
iy ) e =i | e (e mamtee 1) (et — 1)
r T i AV, W 16 ; { o
o ) I (n+eelp(n—+cejiee’dd np(n)
(lLH;:‘ o \I/;;'\Z)dz - }l_r,r(l) o {e2mt(n+ee’®} 1)(627r1ln+55 0y _ 1) - _2(627rnt -1
r Y 10y, 2,210 )
. L pleet?)ie“e** db _»(0)
elH»I(IJ P \Ill(z)dz - 21_1?(1) x (e2ﬂtse"'” _ 1)(6—271-1’55'7” _ 1) T 87t
: L —F p(eei?)ic2e?9d  p(0)
612"11 o \IIB(‘Z)dZ - fh_I,r(l] 0 (eQWtee"’ _ 1)(627riee"” ~1) - 167t
. . b plee?Yie?e?9dp p(0)
lim Wa(z)dz = 15%_ (e=2mtee™ _1)(e—2mee” _ 1) 167t

Since the integrals along the segments of the large circular arc tend to 0 as R — oc, (as
is easily checked by estimating the integrand on the arcj, as € — 0 and R — oo we have

i T

r r f 200) <~ ) _me(F) ne(n)
Vi (z)dz — Vay(z)dz — Vi(z)dz = —— ,
/W1 1(2)dz / 2(z)dz / 3(z)dz ant +; {tg(e# —1) + (e2mnt — 1)}

T2 R
/ 100

—/l (Ui(z) + Ua(z))dz + / (Ui(z)+ Us(2))d=
. 0

I
1

r—e” oo

+f Uy(2)dz — / Wa(2)dz.
J O

4G

-
A

But by Cauchy’s Theorem, (since ¥;, Wy, W3 are analytic inside of vy, ¥4, v3)

~

f y
/7 U\ (2)dz — | Ty(z)dz —/ Usy(2)dz =0

Y2 T

Theorem 10 has many interesting applications and generalizes many of the results in
[6,Chapter 37). For instance, putting ©(z) = 2™, m > 1 and recalling that

[oe 27r+’ i . l)v I"_ )m 32 9
§ 2m—+— p—2mnzt 4 m+
Jo 6277 2t _ ] dz - Y/ ‘e dz = 2 t\2m+25(2m 2) 12m+2 Qo 4+ 27

it follows immediately that [3,Proposition 2.6]
-1y n2m+l1 o0 n2m+1 ~1)™\ Baopm
U7 et (1G0T Banz o
12m32 L (T ) T L (2 - 1) 2m+2 | dm 1 2
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11

This is the classical Eisenstein Series transformation. and is well known. As an example
set t = 1 and m = 2k 1n (25) to obtain

(26)
Now set ¢(2) = 1 in (24) to obtain
i { n n 11 1
pe LA\ By e[ T e
Integrating this with respect to t then gives
1og(ts 1 =2t _amay 1
Zlog Zlog ) ﬁ(t_f)
(since the constant of integration is obviously 0). Hence, if a3 = 472 then
xX e
aSe—@ H(l _ P—na>24 — 366—[3 H(l - e—nﬁ\)24‘ (27)
n=1 n=;

which is the transformation formula for the classical Dedekind Eta function
By exactly the same methods as before, we have

[4,p256]

Theorem 11. If p(2) is an anylytic function for R(z) + 3(z) > 0 of polynomial growth,
and if p(—z) = —p(z) then

>

23 [ _e2n+1) _gmzml);)‘)_ S C T ol ) BN
oy e(2n+l)mt 4 1 f/e(2n+1)§ 1 ) - 0 o7 P /\/0 ez 4+ 1 Le0)

Hence. as before. if a3 = 72 then

2n - 13 (2n + ].v‘““i 24kt
a2k Z \ _ g%k Z \

e(2n+Da 4 1

- - 2k, o
el2n+D6 __ 1 Sk B4k(0! 375, {29)
=0
and
(2n +1) 4’““ 2L (2n 4+ 1)L iRl
ok 2k+1 2k+1
Z e@nihe 1 T Z SZn DB 1 8k Bus2(a + 57570, (30)
Now

[ Dln az/ d n 1 —mntz _: ( )d - “T_l)n_l
E e sin(az)dz = E —_— = ——

/0 etz 1| / —~ a? + {(mnt)?2 2
whence if «, 3 are real and positive with « < 7, Theorem 11 gives

. sin((2n + 1)) e=sinh((2n+1)3) 1 ! J¢;
o3 Ty % Ty =1 ( )

~ 4 \sin(a) sinh(8)

mnt i

1
2t sinh(2)’

t

g e(?n#—l)rr% +1 4

(31)
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Let u, » be real and positive. with 0 < § < 7. Suppose that ¢(zj is analytic of
polynomiai growth with p{—2! = ¢(zj. By considening the functions

B zp(2)
(I)l(z) - (e_gm‘zv _ 1)(627rizue‘“'” _ 1)
_ zp(2)
Dy(2 - fe—2mizv __ 1)(6—27”21/.6*"'” - 1?}
L 2p(z)
(I)B\Z} o (6271'1'21' _ 1)(62777',211.6*"'” _ 1\

integrated around a contour very similar to that of before, it can be shown (just as above)
thart

Theorem 12. If p(z) is an anylytic function for R(z) + 3(z) > 0 of polynomial growth,
and if o(—2) = —p(z) then for u, v real and positive, and 0 < 6 < T,

el np(L) o210 X mp(”e A
1‘ 47-(-”1, 1,2 e2min cos(f) p2mn % sin(6) _ - u2 p—2min COS(G)PQ‘n’n; sin(6) _ q
= . e m
poc le [ 19y
1 zo( 2} . : zplze” ) R )
= / —FCIZ - ,,216 /i ——:5—7—L,;"“—d2. 132‘1
o p2miuze —~1 /0 ° mTivze —i

By applying this result in the obvious ways, we deduce, for m > 1, the following
examples (See, for instance.[3,p157]):

o] 2m+1 o 2m+1
n B
R
n:l np‘n'n\/_ -1 ot (*1)"6 3 —1 4m + 4
n2m+1 _ Boria, 92m+1y (34)
R=+1(3) eV i am + 4 ‘
= i 1 1 .
= 5 - {35}
= (— 1)npﬂ'n\/) -1 24 4mV/3
i n _ 1 V8 (36)
~ (—1)revi — 1 24 4r
S - 2L (37)
vt (—1nem™ — 1 24 47 o

Theorem 13. Ifu, v are real and positive and p(z) is an anylytic function of polynomial
growth, and 1f ¢{—2z) = —p(2z) then

i ) - i ()
2mi i g . — 2z oy -
n:l e27r1une e 1)(6271'7,1}17,6 3 1) 3 = (e2mn%e ER 1)(627”'”7'6 3 1)
o o4
L1 s () #(0)
u? o (627rzn,'—£e T 1)( 2minte Ea 1) 8m2uv
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_ /°° 22p(2)dz N /°° 22p(ze" 5 )dz
Jo (627r1,uze_2-‘7{_l _ 1)(627”'1)2&‘% o 1) Jo (6271—51,28'2?{—1 _ 1)(627rize_% _ 1)

oo 22p(ze )dz :
+/ reler)e: (38
0 (627nze7 T 1)(6271'1112&71_ _ 1\

Proof. Let u. v be real and positive. Let v;, ¥5, ¥3, ¥4, be the contours below
(Figure two) oriented counterclockwise with v; bounding the region given in polar coor-

dinates bv 0 < # < . ~v,, the region £ < § < 27” ~a, the region %’T << %’r‘ and v,

the region —2 < 6 < 0.

Let ¢(2) be analytic with ¢(z) = ¢(—2z). and consider the functions

2
Z Z
\Pl(z) = ,fr_F) T
(67271'1‘2 _ 1)(627riuze 3 1)(627rivze 3 1)
L 222}
Pyizi = f =
(6—271'7.2 — 1)(,3271'11126"1_ _ 1)(6—27rwze” T 1)
2 s
. 2oplzg
Ya(z: = -zf_ =
em2mz — ])(e—2miuze” T _])(g—2mwze 5 _ 1)
22p(z;
\114(2) _ 10( /

(6271'1'2 _ 1)(6271_1"“’263;2{_» _ 1)(‘627rivzefl~'r3l — 1) i

Just as before, we compute

/” \111(2)d2_/ Py (2)dz + / \Ilg(z)dz—/ Uy(z)dz,
Jn. I, s I,

~

by the residue theorem and let the radius of the large arc tend to infinity while the radii
of the small indents tend to zero. The result follows. W

4. FoOURIER TRANSFORM METHODS
It is well known that ™= is its own fourier transform. Poisson summation may be used
with this fact to prove the classical transformation formula for 9(7) =1+2% einn’
The Mellin transform of this modular form in turn gives the functional equation for the
Riemann Zeta function. Analogously, any function that is its own fourier transform
(henceforth "self-reciprocal”) leads to a modular form via the Poisson Summation for-
mula, which leads (by Mellin Transformation) to a functional equation for some Dirichlet
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Series. In this section, we will investigate a wide class of self-reciprocal functions and the
corresponding modular forms and functional equations.

Theorem 14. Let f be any function defined on the integers, with period m. Put

m—3

c(2) = Y Jr"(\n)e%rnz‘

A
n=71

and let ]
PR PN
) =e(—)
m

Ifag = %ﬁ—’r then

m—1 nu
L / ——————-—Z ¢’ e~ du = —if

oz;’OC efmu _ 1

akz
oy + Zhm SR g

bO| =

Proof. With the above notation, let R be real and consider

clLz) ez
! 2rmz 1€ “raz
J’C[{_ € 4
where Cfg is a rectangle oriented counterclockwise with horizontal sides on the lines 3(z) =
1 and S(z) = O.vertical sides passing through the points +£R, and semicircular indents at
z=0and z = i. It is easily seen that as R — oo, the integrals along the vertical sides

vanish. The integrand has poles at % for 1 <k <m — 1 with residue

\ 17\’”}«1
IO (O S
27m, 2mm ’
Now,
p—TT m—1i p/ 2nn(it+ee'”) -
lim L=y f(M)e emwwlitee)pifgg  — ezf(O)
=0 Jqy e27rm(1+r:e"”) _ 2m !
27rnr:e"“ :

. iy i, : (2N

lim Zn 1 f u p1%Ee 266’19d9 — —f(O)

c—0 | o27rmse’ -1 2m

so that
; o2} e clu) /OO clu) 5
f e = / ————¢ Tty —e® | —————e 7" "du
e E,27rmz — 1 J_ p2rmu _ | Jeoe plrmu _ |
T i 117 U (cet?
. C(l—"—:e ) imda 0y . clee . W0, -
+ lim ey 7€ wiree) e dh + lim —— L e et dh
<=0 J, e2mm(itee’y _ | €0 J_ . e2mmee’? _ g
oo
c(u i
= (- f(0) 4 [ gy,
2m oo €47 — ]

Thus, by Cauchy’s Theorem,

. m—1
c(z) Cirs I g\
—— e "z = — 5 flkYer .
P27r7nz -1 m
C i k=1

v oo
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It follows that

Z 27Tnu —izu i1 Z;cn:_ll f:(k)e%’ N
/ = [ du= - GO =TT

|

Note that for every f(n) that is its own finite fourier transform (up to constant mul-
tiplicationj. Theorem 14 gives a corresponding ¢(z) that is its own continuous fourier
sransform.

As noted above, we can take mellin transforms of both sides of Theorem 14. Suppose,

for simplicity, that f(0) = 0. Thus, with  and 8 strictly positive and a8 = m2as before,
and R(s) >0

oo m—1 ; akz . [s%) o0 m—1 Bnu
k ,
/ 5—1 Zk:l f( )f dr 3 / // s 1 Zn 1 f( e—lzududl_
] pamz o

o N efmu _ 1

m—1 g/ 3 _ p _ .

(ST F(n) (e Timu _ @Blmmniu gz
= b 1 Zn_l FIRRLNAY ﬁ i ) deu

& pdmu _
—1 \ ; _ - _
- F‘S o S f(n)(efm — emmseftm "’“)du
B a()s—1 0 ‘ eBmu _ 1

oo m—1

)
_ F(f) : Z Z f(n)/o u—S(e—ﬁu(mj—n) _ e—rrise—ﬁu(mj—m+n)\)du

T(1-5) o= 1 o~ mis
:uzzﬂm(, e

ad! Fg)s—1 = = timy —n)l-s {m(j — 1) +n)l-s
_ F(S)Fll—s Y‘ E fnj
o ad ) fmsz —n)i—s

1=—0c n=1}

All of the changes in order of integration and summation are readily justified by absolute
convergence. Also,

oo m—1 7 akz oo m—1 00
Ss—1 Zk:l f(k)e . 7 s—1_—az(mj—k)
/(; T Wdl = Z Z f(k) o x € g dzr
1=1 k=1
T(s) o= e~  f(k)
s z:; g imy — k)®

where the change in order of summation and integration is legitimate as before. Thus,
we have

Theorem 15. If f(n) is a function on the integers with period m, and f(0) = 0, and if
= S f(n)e™=, f(0) = 0, then for R(s) > 0,

ZZ mj_\ 7(371)5_1“ "71 s) Z Z =] (40)

j=1 k=1 j=—o00 n=1

For a different proof of this, see [1]. As an illustration, let we will set f = x, any
primitive Dirichlet character modulo m. That is, x satisfies



ON THE TRANSFORMATION OF INFINITE SERIES 16

1. x(kn) = x(k)x(n) for all &k, n.
2. x(k) = 0 whenever (k,m) # 1,
3. X(k) = )=t X1

We have

* = 0 whenever (k.m) # 1.

XKy = > (e =gk Y xm)e™ = x(h)G(1, ), (41)

(n,m)=1 (n,m)=1

where G(1,x) = ¢(£) is Gauss’ sum modulo m. By theorem 15, one finds

20 m—1

. mv—'c,_/ Y- i ZH(1—s) =
x{ 1>c;(1,><>§::”;§=j1 T (1 - s)e 20; {mjwn)l M
Changing s to 1 — 5. we have
_ mo ris o e x(n) e ™ x(n)
(—1 — s ¥ = —)*T 2
X(=DGL LA - 5.%) = (5)T(s)e ; ;(W 7 TG m )
m TN .
= (5 )T(s)e® (x(=1) +e7™)L(s,x)

Now, replacing x with ¥, multiplying both sides by G(1. ), and recalling that
W—DGI Gl R)=m
it follows thar

m*‘_ll’(s') ) xos o

L1 =520 = "o o2 (-1 + 7 ) L(s. %) (42)

Theorem 16. Let
m
1) (2k—1)
n =Y flnle m T
—

Ifoj = ;" then
~ o o 2 m o in—<
ER B DN {0 S e M DU () (43)
af o embBz 4 ] emaz 4] )

Proof. Integrate the function

Z::l f(n)e(2n—1)7rz P—izz

e27‘!‘mz il

p(z) =

around the same contour as above. without the indents. Again, it is readily verified that
the integrals along the vertical sides are 0 and that ¢(z + i) = —p(z), so that, as before,

/Cw p(2)dz = /_0; o(2)dz + €7 /_o; o(2)dz.
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©{z) has a simple pole in C, at z = K%Q;ml)l for 1 < k < m with residue

" . Ao jdh—i
: L Finle 0 T k-,

=1 e ¥

) .
T

whence by Cauchy’s theorem and some elementary manipulation, the result follows. W
Any function f that satisfies

CLUES NIy

fRy=pYy fln)e” = — (44)

will produce a function that is its own continuous fourier transform up to a constant
factor. We show that such f(n) are easily found.
Let F'™ denote the m x m matrix given by
PLEISIPIESS.

F’:: — e 2w T

for 1 < k,5 < m. Then it is not difficult to see that finding functions on the first m
natural numbers that satisfy (44) corresponds to computing eigenvectors of F™. It is
obvious that F™ is a symmetric matrix, so that

m
my2 BZh o (g (e Doy (kg=i)(n—i)
(F Voo = S e 2 e Zm - § e ™ :mé(k+_j~l)m~
n=7%

n=1

where 0%, 1s the Kronecker delta function. Hence.

T
Cpmag Z 2 4 . _ 2
\F ki — m* O(k—o—n—l)mé(n—o—j—])m =m-,

n=1

so that
(F™y* =m?], (45)

where [ is the m x m identity matrix, from which it readily follows that all the eigenvalues
of F™* are in the set
S, = 4 V. —vm.ivm. —z\/m}

Proposition 17. For mi = 3. the eigenvectors of F™™ are

{1.-1+V3.1}.
{_1‘011}7
{1.-1-+3,1},

with eigenvalues iv3. V3. —iV3. respectively. For m = 4, the eigenvectors are
(=1 1+ V2+ /202 + v2),—1 - V2 - y/2(2 + v2),1},
1L1-v3— 22— V)1 — V2 — /22~ V2).1h
11— V2+1/22-v2),1-V2+ /22 - V2),1},

{(—1,14+V2—/2(2+ V2), -1 = V2 +1/2(2 + V2),1},
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with eigenvalues —2. —21, 21, 2, respectively. For m = 5, the eigenvectors are

(L 21+ VB 205+ VB0~ 5 (1 + VB4 y 25+ VE)). 1},
tl.-1.1— V5. —1.1t.

{1,0.2(1 + v/3),0,1},

{0,1.—%(1+\/5),1.0},

. 1 = i = SN
{11 VB — 25+ V5)).0. =5 (1 + VB —/2(5 + VB)). 1

;
L
2
with eigenvalues —v/5. —iv/5. 15, iv/5. /5. respectively.

From these computations, and Theorem 16, we at once have

Proposition 18. If a3 = %’T then

2 [ cosh (Bz) — ( ) . acosh(aa:) (%@)
\/;/0 ,3) cos(a:z)dz— Va

cosh(2 cosh(2az)
fo poe ~cosh(3z) + (31 (22)d —cosh{azx) + ti_:,;lv
j— ; 2 — cos(zz)dz = o
Vr /(; v cosh( dz; ‘ v cosh(2 sar)
g > sinh{3z; . o — sinh{ax! ,
- v B———s——sin(zz)dz = —_— {46}
\\/ s _//0 v cosh(%/)’z} smreds \/acosh( az)’ Y
If a8 = 5 then
\/ / \/—cosh (362) }—;;rgco)sh( 3062) cos(za)dz = _\/_cosh az)h+(2(r c;)sh( ax)
cos z cosh(2a:
//2 l{‘ \/rjcosh( 5082) +5cosh( Bz) cos(z2)ds  — \/acosh( az) +rcosh( T)
T JG cosh(28z} | cosh(2ax)
[ ~—sinn(33z; — Asmh(i5z) . —sinh(3ax) — Asinh(3ox)
Vo, v o cosh(20z) sinfrzjdz = —vo cosh{2azx)
JO 3
smh — ksinh(382) sinh(2ax) — ksinh(az)
' dz = 2 (47
[/ \/— cosh (262) sin(ez)dz Ve cosh(2ax) 47)
Hore c=1-V2-V4-2V/2 e=1-V2+V4-2V2
" A=14+V2+V4+2V2 k=14+V2-V4+2V2
Proposition 19. If a8 = %’T then
28z) — h(2az) — cosh +
\/ / \/—cosh (282) — cosh(82) + @ cos(zz)dz = —\/ECOS (2ax) C:S (az) + o
cosh( Jz\ cosh(aaz)

cosh(203z) + %@) cosh(?az) + (Lt—f@)
\/ﬁ / Vo cosh(23z) cos(wz)dz Ve cosh(gaz)
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‘2 ’r"x cosh{oz} — Hfé' o \d ~cosh(az) — (M)
st 3 dz = Ja
Vor Jg v cosh(¥ Bz? costrz) v Cosh( az)
12 sinh(28z) — psinh(§z) sinh(2ax) — psinh(ax)
z dz = —
\/7'/ \/_ Cosh( Bz) sin{zz)dz Ve cosh( x)
\/?/ \/—smh (283z) — nsinh(Bz) sin(z2)dz = \/asinh(an) —57] smh(ax). (48)
T cosh(282) cosh(3 o)
where
\/‘g — i
T = §
2 i
s = i 1+v5~+ \/2(5+\/€))
i

n = +\/_ \/2(5+\/_)

Now, given these self-reciprocal functions, we may apply Poisson Simmation to gener-
ate modular forms.

Proposition 20. If a3 = % and if 7(k) is a function modulo m, then

vmyva Z T(n)f(an) = /B Z #(n)f(Bn). (49)
where
RN - t —imdt7
fla) = o= / fte
and 4
m—1
T(n) = Z 7'(k)eM
k=0

Proof. We write the Poisson Summation formula in the form

o

Z glz+n)= Z 1/ (t)e _“”"dt} e2mine

n=—oo n—=—o<

Thus, if 7(k) is any function modulo m, we have

e B ot 1
S Y rtbgtn 2= Y [ g ZT(M
n=—o0 k={ n=—oc Y —O

Now put g(;%) = f(azx) to obtain

m—1 ool

T(k)fla(mn + k)) = Z 7(n) {/_00 f(amt)e_%imdt} .

n=—oo k=0 n=—oo



ON THE TRANSFORMATION OF INFINITE SERIES

20
Hence, since 7(k} has period m:
oo m—i
m
Z Z T(mn + k) f(a(mn + k) = v
n=—oo k=0

The proposition follows trivially. W
Set m = 1. In proposition 20 to obtain

5 a4 ocC
o — 1. L o
35 FAA0)~ Z F.(n8)) = Va(3 f(0) +;f nay)), (50}
where

F.(z)= \/% /;OC f(z)cos(zz)dz
and af = 27.

Or, put m = 4, and let 7 be the nonprinciple, real, primitive Dirichlet
character modulo 4. Hence, if o =

% then
\/6 5_“_1\71

((2n +1)B) = Va Y _(=D)"f((2n + Da), (51)
n=0 n=
where
7o
Fizi=+/— | flz)sin(zz)dz
¥ T o

See [7] for more information. The following proposition follows easily from our previous
remarks, (46), (48). and (50):

s
47

Proposition 21. if a3 = *-, and

1443
cosh(an) — { 222}
Hai =va ; 2

- “osh(
n=
then

Y9 _ /T S+~ /A
Ho) + 905 = 2= Y3ve~vh

- (52)
v

Ifag = % and

_/a Z o sinh((4n + 2)a) — psinh((2n + 1)a)
cosh(5(n + 3)a)
where p 1s as before. then
wia) + =3 =0. {53}
As a beautiful series evaluation, set o = 3 = % n (53) to obtain

as sinh((2n +1)2Z) o0 sinh((2n + 1)-%%)
S B S VB 25+ VE) S (-1 At
frord cosh(5(n+3)Jz) 4 ~ cosh(5(n + 3) 7=)

(54)



ON THE TRANSFORMATION OF INFINITE SERIES 21

The result

0

—&t —27Tnz G(1X) T Tz - < _mf1 —2mnZ
Z x(n)e™ ==\ " Z X(n)e m Te i (55)

\/771 e oo

n—=——0oo

where x is a primitive dirichlet character modulo m, is well known, and is easily got from
these methods. It is clear that if x is totally real. then the function

An=—ox /
satisfies
et +2im) = (i),
(G(l X)Yl L
\ \/% / 4 9’( ¥ / - 50 )

Also, if f(n) satisfies
L Zn—D(Ek—1
Fflk)=¢ /m§ j(me————‘—‘—l P T

where £ has modulus 1. and if x is a real Dirichlet character modulo m, then by (43) and
(49),

Eiym i () ke (R i Yoy f(k)eBrmE
f b

G(1,x) £ e2mnt ] — Q2mnt g
so that N
w(t) = Y‘ xm)L"“" 2(:1)6;
= g
satisfies
wit - 2Zami = wit),
G(1 »
Xl = v,

It would be interesting to find a basis for the space of all functions satisfving the above
condition. In the particular case that m = 1. the resulting space is one dimensional.
This leads directly to a proof of Jacobi’s two square theorem.

We next consider a generalization of some integrals of Ramanujan. [6] The methods
below are presented by Titchmarsh for the case m = 4.

Theorem 22. If af = —n and x(n) is a real, primitive Dirichlet Character modulo m,
then

= \/E _ézﬁzn 1 )\( Jent e =Tt gy
Vor oL Ve T T eme 1 €
r7rn.2 _ﬂ_iﬂ'n,z igz‘
Z;nz_ll X(n)eanz{g}\lﬁ—n T —x(=1e T T T tEE 2}
(_1)7neamz -1

= Va (56)
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Proof. It is well known that if
F(u) = L f(t)e ™dt
’ V2T S
_ 1
Glu) = — g(t)e " dt,
T J/_m 9(t)
then 15:
| flygtye " dt = / Glu)F(z — u)du. (57)
J—oo J —oc
Now if ,
f(t) e—z‘n’yt
then

and by (39). if o = 277 and x 1s a totally real primitive Dirichlet character modulo m
then if

m—1 \fAnt
v = mlun=y XiNJ)E
gty =v/my, B—W 1
then 1
Zm oznu
G(u) = G(Lx)Va=2=rr _1
Hence, by (57),
N —1 | _ i 1
/"“ o—imyt? Soney x(ne " iy, _ Gllix)e T /@ It >l x(njem
Joe edmt —1i wmvB Vomy J° gam —1
so that if a3 = %" then
1 _imy il -1
o iy an 1 x(n)e ont izt g, G(1,x)e e * Lh42 anzl x(n) P
€Ty SR ¢ dt= : ez e
. e - im e e —
(58}
Thus, if
£0C 5,2 T‘m_l Bnt .
i ) X(n)e _
P(z) = / e 2wt npﬁlmt 3 YT,
J =00
then
m—1 oc
Hx +miB) — p(z) = x(n)/ emaat H(Bn—in)t gy
n=1 -0
m_l o0 P or T— L Lo n—1tur 2
n=1 J =00
M _am o2 ml inn? _ op
= N x(n)e ; (59)



ON THE TRANSFORMATION OF INFINITE SERIES 23

and by (58),
Gt T e RO ot i) — e o}
n=1 -
m—1
2 in 2
- \v—ga”‘?” 2 X(me
Hence,
e /2—771—1
AL m _amz ; . o z
Gy (DT Bz +miB) — dle)h = /== 3 x(me™ ~—an (60)
Eliminating ¢(z + m:i3) from (59) and (60) gives
m 1
2 G(1 imn? im _imn? i
(—1ymeme 1) o { 0 iz —x(—l)e‘T—TWW‘}-,
’ l\/m

from which the theorem follows. W
Clearly, an analogous result may be got by employing (43). By combining Theorem
22 with our previous resuits, we deduce the following examples:

Proposition 23. If a5 = % then

2

/ \/—cos +Sln(£§)cos(zu)du: \/7\/5(305(%%)4‘3111(%%). (61)

cosh([;’u) 2 cosh(ax)

=

IfaB = % then

_\/2*\/24\/3005(0“— *\/‘7—\/2—\/3sm§“7)‘\/2+\/§ -
V2 cos{zuldu
2 cosh(fu) — 5sechﬂu
\/’ \/2+\/2f 3cos —+—\/27\/ \/3s1n(%%) V2+/2 62,
2COSh(al) — 1 sech(ax) . (62)

Ifaf = § then

/ \/—( 3 cos( ——) + sin( E_u_ +1/2 \ sinh(50u) + sinh(fu) cos(zru)du
o o

2 sinh(65u)
— 5 -
o Lozt o =\ sinh(baz) + sinh(az) .
= L Iva{VBeos(STi—sin(2 Ty 2+ V3) (63
yzve(vicsizggimsinigminy ) smh(6az] 109



ON THE TRANSFORMATION OF INFINITE SERIES 24

b B u? . Bu? cosh(50u) — cosh(Bu) .
./0 <(\/§+1)cos(g?)~(\/§—1)sm(55)—\/Q) Snh(650) sin(zu)du
[m az?, \ cosh(bazx) — cosh(azx), .
= \/ \/Q(\ \/_+1)cos ——)—(\/_ } sin B?}_\/é) Snh(6an) (64)
and
* = J u? Fu cosh(58u) — cosh(Bu) .
/0 Vv ((\/§ — 1) cos a?) (V3+1) sm(—7)> Snh(654) sin{zu)du
T o x? z? \ cosh(5azx) — cosh(azx)
= \/E\/c_x((\/_—l)cos(ﬁg \/_—0—1)5111 3 D) )) smh(6a$) . (65)

The first example above is essentially due to Ramanujan. The above functions could
be used, as before, to generate some truly non-standard looking modular forms. We leave
the amusing excercise of determining what these are 1n a standard basis to the reader.
See 6] for related results.

5. EPILOGUE: ABSOLUTE INVARIANTS
I would like to end this paper by showing how our results on Fourier Transforms may
be used to generalize our work of Section 1. Let x be a primitive Dirichlet Character
modulo m. From the well known results

e % cos(bt)dt = L.
//C ( ) .'12 -+ b2
roe b
e sin(bt)dt = —.
.iio sn(bH) a2 4 b2

we have by {49) that

. = x(n 2mixt—11 G(z, %}
Toid = S — )
X\ 2! AR eZmiz _ | G(L)_()

n=—0o

where
m
Z 27r 1.z
( "

It is clear, then. that we could apply the theory of residues t¢
220 -fz’}\IfX,‘_(ziT}

where 7 is any real number and ¢ is a suitable meromorphic function to obtain transfor-
mation formulae of the form

2mixy(—1) < G(nit, Xp) | 2mixy(=1) () G(%,xy)
G(1X2) n;mXI(n)¢(n) —amnT G(1,x1) ,,,:,OOXQ(R) iT e 1
47 x1 (= 1)x2(=1) G(p,x,) G(itp,X2)

RN AT Ry e (66)

where the final sum is over all poles p of ¢ and res,(¢) is the residue of ¢ at p. See,
for example, [3] Tt is obvious that all of our techniques from section 1 can be applied
here. and that many general and beautiful results may be got from this. To illustrate, we
present some “character” analogues to Theorem 4. First we will need a simple lemma:
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Lemma 24. If x(n) is a primitive dirichlet character modulo m, and ( is a primitive m!"

root of unity, then

Z X(k‘ 2mknt m—i
[ 2 k=1 ke
, Sannt _ dt = 27T7?G(1 X\ Z log € I

Proof. Expand the left hand side as a geometric series and integrate termwise to

get

/Z u mmdt - _iim_l e e
(;27'rnf C ™ k:lx mj+ k
0 2mngt
- —TZ;ZXU)V

On the other hand,

mz: k)log(l — (Pe™

k=1 k=1 1=1
fove) m—1 e 2mngt
= (5 e
=1 \ k=1 / J
0 P_zm?zs
_ 76(1 - Qoo © : ‘
X) ; x{7) 7

from which the proposed equality easily follows. W

Proposition 25. Let

flay=3%" (g) Arctanh(%),

n=1

where (”\ is the Legendre Symbol modulo 3. If a3 = , then
Flai+ F(8) = =
1] a‘.—*—:, ‘ )—18

Proof. By letting x(n) = (%) in (66), we are led to examine the function

sin(Z£) sinh(Z£)

wl2) = 7Tzsm(wz) sinh(mzt)’

where t is real and positive. We have

R0 - ) 7n_sinh(Z2) V3 /n nsinh(%”)
nlp) = n{=1)"sin{= 3 )smh(wnt\. 2 \ 3/ sinh(mnt) "’
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for each nonzero integer n. Hence, by the theory of Residues,

/m\ msinh( %) S /n\ nsinh(5; :
n\ nsin _Z /n\ nsinh(Z) — 0. (673

j‘ \3 o/ sinh{7nt? §} 12 sinh( ™2}
An application of our lemma gives

inh(Z2t tanh( 25t
/—nism 5 )dt: -\[—gArctan(———an (%)
sinh(mnt) T V3

).

Thus. we have

¢

/tanh ””\\ N\ = /n tanh Y
,Y‘ )(Arctan —_—2 | +qa, +vk—\ Arctan/ (3‘))+bn}:C.
—3 vE ;= 3/ Vov3 /
After some work. one sees that a, = b, = —% = — Arctan( V}'). and that C' = J5. By

using the elementary formula

u—v
Arctan(u) — Arctan(v) = Arctan( ),
1+uv
and the identity
tanh( &I —
73 _ V3
1 ( = 1+262n}w’

we compiete the proof.

Proposition 26. Let

) {2)
= 25
f(a)—H (1_14\/5+4cosh(na)> -

IfaB =

Proof. By letting xin) = {Z) mn (60), we are led to examine the function

( 37rz) cos( & ))(Cosh(‘””) COSh(”T”))
sm(7rz) sinh(7zt)

e(z) = 7wz

where t is real and positive. We have

. 3mn mn . cosh(3Z2) — cosh(Z2t)
Ra(g) = n(-1) (COS(T) _COS(?)) sinh(mnt)
_ V5 m\ cosh(?Z8) — cosh( =
-2 n sinh{mrnt)
n " 3mn ™ COSh(Sm) — cosh(Ff)
R."’—’ (\F) — t_2(_1) (COS(T) - COS(—5_)) smh( 7rn\

NG (n) n cosh(2E2) — cosh(ZE)

5/ t2 sinh( %)
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for each nonzero integer n. Hence, by the theory of Residues,

5t :0, (68}

X g - .57rnt — eoshi ERL: 37'rn .
v /ny cosh(=E* 1 — coshl ‘g— (n)lcosh( ) — cosh( T2
L—\5) alnnurmr‘E

=
\ 5/ [y
n=: - n=1 P/

sinh(

The integral

/ cosh(2Z2) — cosh(Z2t) NG ) 25
n It = —— -
sinh(mnt) 27 1+ /5 + 4 cosh(2Z2t)

)

again follows easily from Lemma 24. Thus, we have

25 = /n 2v/5
Z > log ; = 27rnt\> - Z (_) lOg(l 2nn \
1+\/5+4cosh(—.—. ) 1+\/_—l—4cosh( }

n=1 " 5 n=1]

from which the proposition follows easily. Notice that f{«] is absolutely invariant under

the transformations @ — a + 27i. and o — gfiLa [ |

1ifn=+1(12)
Proposition 27. Define x5(n) = —1ifn=+45(12) , and let
0 otherwise

o f I~ X12in
2v3
fla) = (1—5———,_ ‘
* E \ 2 cosh{na \/3>

If af = ’3’—; then

flay = f(B).
Proof. The proof proceeds along the same lines as above, so we omit it. Wl
1ifn=+1(8)
Proposition 28. Define xg(n) =< —1ifn==+3(8) ». and let

0 otherwise

o /— \ Axin
H ———_ - l) .
Balerd \VQ— echinai
If a3 = LS then

flay = F(3;
Moreover,

7

f() =1+ V2.
Proof.  Again, the proof is similar to before. The stated value of f(7) is a conjec-

ture. W

Proposition 29. Let

oG

f(a) _ H (1 o 2\/ﬁ(1+cosh(ncx\+cosh(2na)+cosh(3na)) )A\%r‘
- 2417+ (7++/17) cosh(na)+ (5++/17) cosh(2na)+(1+/17) cosh(3na)+2 cosh(4na) '
n=1
4
Ifag = 2’8r9 then



