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Hughes-Hallett, Calculus: Single Variable, 5/e
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[[]chapter Summary
In mathematics, afunction is used to represent the dependence of one quantity

[[]Review Exercises and Problems for Chapter One
upon another.

[[]Check Your Understanding

[]Projects for Chapter One Let's look at an example. In January, 2007, the temperatures in Fresno,

O Cdliforniawere unusualy low for the winter and much of the orange crop was
D SRR I U L CE lost. The daily high temperatures for January 9-18 are given in Table 1.1.
}p Student Study Guide
} Graphing Calculator Manual Table 1.1 Daily High Temperature in Fresno, January 9-18,

} Focus on Theory 2007
> BiiE Qs Date 9 10 11 12 13 14 15 16 17 18
(January

2007)

High 32 32 39 25 23 25 24 25 28 29
temperature
(°F)

Although you may not have thought of something so unpredictable as
temperature as being a function, the temperature is a function of date, because
each day givesrise to one and only one high temperature. Thereis no formula
for temperature (otherwise we would not need the weather bureau), but
neverthel ess the temperature does satisfy the definition of a function: Each date,
t, has a unique high temperature, H, associated with it.

We define afunction as follows:

A function isarule that takes certain numbers as inputs and assigns to
each a definite output number. The set of all input numbersis called the
domain of the function and the set of resulting output numbersis called
the range of the function.
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Theinput is called the independent variable and the output is called the
dependent variable. In the temperature example, the domain is the set of dates
{9, 10, 11, 12, 13, 14, 15, 16, 17, 18} and the range is the set of temperatures
{23, 24, 25, 28, 29, 32, 39}. We call the function f and write H = f (t). Notice that
afunction may have identical outputs for different inputs (January 12, 14, and
16, for example).

Some quantities, such as date, are discrete, meaning they take only certain
isolated values (dates must be integers). Other quantities, such astime, are
continuous as they can be any number. For a continuous variable, domains and
ranges are often written using interval notation:

The set of numbers £ such that @ << # < bis written [a, &] .

The set of numbers £ such that @ < & < b1z written (@, &)

The Rule of Four: Tables, Graphs,
Formulas, and Words
Functions can be represented by tables, graphs, formulas, and descriptionsin

words. For example, the function giving the daily high temperatures in Fresno
can be represented by the graph in Figure 1.1, aswell asby Table 1.1.

H (°F)
40 | .
. @
30 -
. ]
o . ] ]
. L]
20 -
| 1 1 1 1 1 1 1 1 1 1 f[date]
10 12 14 16 18

Figure 1.1 Fresno temperatures, January 2007

As another example of afunction, consider the snow tree cricket. Surprisingly
enough, all such crickets chirp at essentially the same rate if they are at the same
temperature. That means that the chirp rate is afunction of temperature. In other
words, if we know the temperature, we can determine the chirp rate. Even more
surprisingly, the chirp rate, C, in chirps per minute, increases steadily with the
temperature, T, in degrees Fahrenheit, and can be computed by the formula
C'=47 - 160
to afair degree of accuracy. We write C = f (T) to express the fact that we think

of C asafunction of T and that we have named this function f . The graph of this
functionisin Figure 1.2.
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Figure 1.2 Cricket chirp rate versus temperature

Examples of Domain and Range

If the domain of afunction is not specified, we usualy take it to be the largest
possible set of real numbers. For example, we usually think of the domain of the
function f (x) = x2 as al real numbers. However, the domain of the function g
(x) = Uxisall real numbers except zero, since we cannot divide by zero.

Sometimes we restrict the domain to be smaller than the largest possible set of

real numbers. For example, if the function f (x) = x2 is used to represent the area
of asquare of side x, we restrict the domain to nonnegative values of x.

Example 1

The function C = f (T) gives chirp rate as a function of
temperature. We restrict this function to temperatures for which
the predicted chirp rate is positive, and up to the highest
temperature ever recorded at a weather station, 136°F. What is the
domain of thisfunction f ?

Solution

If we consider the equation
O =47~ 160
simply as a mathematical relationship between two variables C
and T, any T value is possible. However, if wethink of it asa
relationship between cricket chirps and temperature, then C cannot
be lessthan 0. Since C = 0 leadsto 0 = 4T - 160, and so T = 40°F,
we seethat T cannot be less than 40°F. (See Figure 1.2.) In
addition, we are told that the function is not defined for
temperatures above 136°. Thus, for the function C = f (T) we have
Domamn = All T walues between 40% & and 136° F
= Al T walues with 40 < T < 136
= [40,136].
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Example 2

Find the range of the function f , given the domain from Example
1. In other words, find all possible values of the chirp rate, C, in

the equation C =f (T).
Solution

Again, if we consider C = 4T - 160 simply as a mathematical
relationship, itsrangeis al real C values. However, when thinking
of the meaning of C = f (T) for crickets, we see that the function
predicts cricket chirps per minute between O (at T = 40°F) and 384
(at T=136°F). Hence,

Fange = A O values from 0 to 384
= Al T walues with 0 < ' < 354
= [0,384].

In using the temperature to predict the chirp rate, we thought of the temperature
as the independent variable and the chirp rate as the dependent variable.
However, we could do this backward, and cal cul ate the temperature from the
chirp rate. From this point of view, the temperature is dependent on the chirp
rate. Thus, which variable is dependent and which isindependent may depend on
your viewpoint.

Linear Functions

The chirp-rate function, C =f (T), is an example of alinear function. A function
islinear if its Slope, or rate of change, isthe same at every point. The rate of
change of afunction that is not linear may vary from point to point.

Olympic and World Records

During the early years of the Olympics, the height of the men's winning pole
vault increased approximately 8 inches every four years. Table 1.2 shows that
the height started at 130 inchesin 1900, and increased by the equivalent of 2
inches ayear. So the height was alinear function of time from 1900 to 1912. If y
is the winning height in inches and t is the number of years since 1900, we can
write

y= 7 =130+ 2z

Sincey =f (t) increases with t, we say that f is an increasing function. The
coefficient 2 tells us the rate, in inches per year, at which the height increases.

file:///CJ/Documents%20and%20Settings/math/Desktop/index.uni.htm (4 of 15)8/26/2009 6:25:36 AM


http://edugen.wiley.com/edugen/courses/crs4196/rc/hugheshallett9149c01/rc/hugheshallett9149c01/hugheshallett9149c01xlinks.xform?id=hugheshallett9149c01-mprb-0001
http://edugen.wiley.com/edugen/courses/crs4196/rc/hugheshallett9149c01/rc/hugheshallett9149c01/hugheshallett9149c01xlinks.xform?id=hugheshallett9149c01-tbl-0002

WileyPLUS

Table 1.2 Men's Olympic Pole
Vault Winning Height
(Approximate)

Year 1900 1904 1908 1912

Height 130 138 146 154
(inches)

Thisrate of increase is the slope of thelinein Figure 1.3. The slope is given by
theratio

_ ERise _ 146138 _ 8 _ .
slope = R B4 41— 2 tches [ year.
Calculating the slope (rise/run) using any other two points on the line gives the

same value.

4 (height in inches)
y =130+ 2t

150

140 | Rise =3

130 Run=4

f {vears since 1900)
4 5 12

Figure 1.3 Olympic pole vault records

What about the constant 1307 This represents the initial height in 1900, when
t = 0. Geometrically, 130 is the intercept on the vertical axis.

Y ou may wonder whether the linear trend continues beyond 1912. Not
surprisingly, it doesn't exactly. The formulay = 130 + 2t predicts that the height
in the 2004 Olympics would be 338 inches or 28 feet 2 inches, whichis
considerably higher than the actual value of 19 feet 6.25 inches. Thereis clearly
adanger in extrapolating too far from the given data. Y ou should also observe
that the datain Table 1.2 isdiscrete, because it is given only at specific points
(every four years). However, we have treated the variable t as though it were
continuous, because the function y = 130 + 2t makes sense for all values of t.
The graph in Figure 1.3 is of the continuous function because it isasolid line,
rather than four separate points representing the years in which the Olympics
were held.

As the pole vault heights have increased over the years, the time to run the mile
has decreased. If y isthe world record time to run the mile, in seconds, and t is
the number of years since 1900, then records show that, approximately,

y=g(t) =260 =039
The 260 tells us that the world record was 260 secondsin 1900 (at t = 0). The

slope, -0.39, tells us that the world record decreased by about 0.39 seconds per
year. We say that g is a decreasing function.
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Difference Quotients and Delta Notation

We use the symbol A (the Greek letter capital delta) to mean “changein,” so Ax
means change in X and Ay means changeinyy.

The slope of alinear function y = f (X) can be calculated from values of the
function at two points, given by x; and x,, using the formula

_Rise _ Ay flp)=Fx)

 Fun  Ax X3—Xx1

The quantity (f (o) - T (X1))/(X, - X;) is called adifference quotient because it is

the quotient of two differences. (See Figure 1.4). Since m = Ay/Ax, the units of m
are y-units over x-units.

y y= fiz)
(22, flz2) _~
B
|| Aise= f(xa) — fla1)
IZ;I.'“f[I]}}// I* |
i .
J,f’ Run =2 — 1
- T
I H ]
Fi 1.4 -
'gure Difference quotient = f(x‘_ii _‘{IEII)

Families of Linear Functions

A linear function hasthe form
v=F{x)=5b | mx
Its graph is aline such that

* misthe slope, or rate of change of y with respect to x.
* bisthevertical intercept, or value of y when x is zero.

Notice that if the Slope, m, is zero, we have y = b, a horizontal line.

To recognize that atable of x and y values comes from a linear function,
y = b+ mx, look for differences in y-values that are constant for equally
spaced x-values.

file:///CJ/Documents%20and%20Settings/math/Desktop/index.uni.htm (6 of 15)8/26/2009 6:25:36 AM


http://edugen.wiley.com/edugen/courses/crs4196/rc/hugheshallett9149c01/rc/hugheshallett9149c01/hugheshallett9149c01xlinks.xform?id=hugheshallett9149c01-fig-0004
http://edugen.wiley.com/edugen/courses/crs4196/rc/hugheshallett9149c01/rc/hugheshallett9149c01/hugheshallett9149c01xlinks.xform?id=hugheshallett9149c01-fig-0004

WileyPLUS

Formulas such asf (X) = b + mx, in which the constants m and b can take on
various values, give afamily of functions. All the functions in afamily share
certain properties—in this case, al the graphs are straight lines. The constants m
and b are called parameters; their meaning is shown in Figures 1.5 and 1.6.
Notice the greater the magnitude of m, the steeper the line.

Figure 1.5 Thefamily y = mx(with b = 0)

u

y=2+=zx

y=1+=x
Figure 1.6 Thefamily y =b + x(with m= 1)

Increasing Versus Decreasing Functions

The terms increasing and decreasing can be applied to other functions, not just
linear ones. See Figure 1.7. In general,

A function fisincreasing if the values of f (X) increase as x increases.

A function fisdecreasing if the values of f (x) decrease as x increases.
The graph of an increasing function climbs as we move from |eft to right.
The graph of a decreasing function falls as we move from left to right.

A function f (X) ismonotonic if it increases for all x or decreases for all x.
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Figure 1.7 Increasing and decreasing functions

Proportionality

A common functional relationship occurs when one quantity is proportional to
another. For example, the area, A, of acircleis proportional to the square of the
radius, r, because

A= Fir) =mr

We say y is (directly) proportional to x if there is a nonzero constant k
such that

¥ =kx.
Thisk is called the constant of proportionality.

We also say that one quantity is inversely proportional to another if oneis
proportional to the reciprocal of the other. For example, the speed, v, at which
you make a50-miletrip isinversely proportional to the time, t, taken, because v
is proportional to 1/t:

y =50 (l) =2

4

Exercises and Problems for Section 1.1

Exercises

1. The population of acity, P, in millions, is afunction of t, the number of years
since 1970, so P = f (t). Explain the meaning of the statement f (35) = 12 in
terms of the population of this city.

2. When a patient with arapid heart rate takes a drug, the heart rate plunges
dramatically and then slowly rises again as the drug wears off. Sketch the
heart rate against time from the moment the drug is administered.
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3. Describe what Figure 1.8 tells you about an assembly line whose productivity
is represented as a function of the number of workers on the line.

productivity

number of workers

Figure 1.8

For Exercises 4, 5, 6 and 7, find an equation for the line that passes through the
given points.

4. (0,0) and (1, 1)
5. (0,2) and (2, 3)
6. (-2,1) and (2, 3)
7. (-1, 0) and (2, 6)
For Exercises 8, 9, 10 and 11, determine the slope and the y-intercept of the line
whose equation is given.

8. 2y+5x-8=0

9. 7y+12x-2=0

10. -4y +2x+8=0

11. 12x=6y+4

12. Match the graphsin Figure 1.9 with the following equations. (Note that the x
and y scales may be unequal.)

(@ y=x-5
(b) -3x+4=y
(c) 5=y
(d) y=-4x-5
(6) y=x+6
(f) y=x2
() u iy i i w
2 o] o F o]
1V i (V) u v u
f H 4 ol

Figure 1.9
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13. Match the graphsin Figure 1.10 with the following equations. (Note that the
x and y scales may be unequal.)

(@ y=-2.72x

(b) y=0.01+ 0.001x
(c) y=279-0.1x
(d) y=0.1x-27.9
(e) y=-5.7 - 200x

(f) y=x/3.14
| o 1] Y () i
I I &
(v ] V) U (v u
£ i £
Figure 1.10
14. Estimate the slope and the equation of the linein Figure 1.11.
y
1 4
2 !

: il
i 10

Figure 1.11

15. Find an equation for the line with slope m through the point (a, c).
16. Find alinear function that generates the valuesin Table 1.3.

Table 1.3

x 52 53 654 55 56
y 278 292 306 320 334

For Exercises 17, 18 and 19, use the facts that parallel lines have equal slopes
and that the slopes of perpendicular lines are negative reciprocals of one
another.

17. Find an equation for the line through the point (2, 1) which is perpendicular
totheliney =5x- 3.

18. Find equations for the lines through the point (1, 5) that are parallel to and
perpendicular to the line with equationy + 4x = 7.

19. Find equations for the lines through the point (a, b) that are parallel and
perpendicular to theliney = mx + ¢, assuming m# 0.
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For Exercises 20, 21, 22 and 23, give the approximate domain and range of
each function. Assume the entire graph is shown.
20. Y
i1
:_J' .
_y= Slx)
1
1 1 1 .]'_:
1 3 il
21. y
6
.'1 = rl-'l:
2 - Sy=f(z)
— 8 1 1 1 | 1
1. 8 &
22. y
T2
23. u
y= flx)
3 . I."
1 0\ ’
I .
1 3 &
Find domain and range in Exercises 24 and 25.
24. y=x2+2
2. ,__ 1
x4z
251f £(sy = 2 _ 16 findall values of t for which f (t) is areal number.
Solvef (t) = 3.
27. 1f g(X) = (4 - x3)/(x2 + X), find the domain of g(x). Solve g(x) = 0.
In Exercises 28, 29, 30, 31 and 32, write aformula representing the function.
28. The volume of a sphereis proportional to the cube of itsradius, r.
29. The average velocity, v, for atrip over afixed distance, d, isinversely
proportional to the time of travel, t.
30. Thestrength, S of abeam is proportional to the square of its thickness, h.
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31. Theenergy, E, expended by a swimming dolphinis proportional to the cube

of the speed, v, of the dolphin.

32. The number of animal species, N, of a certain body length, |, isinversely
proportional to the square of I.

Problems

33. Thevalueof acar, V =T (a), in thousands of dollars, isafunction of the age
of thecar, a, in years.

(@ Interpret the statement f (5) = 6

(b) Sketch apossible graph of V against a. Isf an increasing or
decreasing function? Explain.

(c) Explainthe significance of the horizontal and vertical interceptsin
terms of the value of the car.

34. Which graphin Figure 1.12 best matches each of the following stories?!
Write a story for the remaining graph.

(@) 1 had just left home when | realized | had forgotten my books, and so
| went back to pick them up.

(b) Thingswent fine until | had aflat tire.
(c) | started out calmly but sped up when | realized | was going to be

late.
Iy distance 1y distance
from mome fram home
fime fima
(my  distanca (V) distance
from homea from home
o tima time

Figure 1.12

35. A company rents cars at $40 aday and 15 cents amile. Its competitor's cars
are $50 aday and 10 centsamile.

(&) For each company, give aformulafor the cost of renting acar for a
day as afunction of the distance traveled.

(b) On the same axes, graph both functions.
(c) How should you decide which company is cheaper?
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36. Residents of the town of Maple Grove who are connected to the municipal
water supply are billed afixed amount monthly plus a charge for each cubic
foot of water used. A household using 1000 cubic feet was billed $40, while
one using 1600 cubic feet was billed $55.

(&) What isthe charge per cubic foot?

(b) Write an equation for the total cost of aresident's water as afunction
of cubic feet of water used.

(c) How many cubic feet of water used would lead to a bill of $100?

37. Anobject is put outside on acold day at timet = 0. Its temperature, H = f (1),
in °C, isgraphed in Figure 1.13.

(8 What does the statement f (30) = 10 mean in terms of temperature?
Include units for 30 and for 10 in your answer.

(b) Explain what the vertical intercept, a, and the horizontal intercept, b,
represent in terms of temperature of the object and time outside.

H{"C)
Y

e £ (i)
| —

Figure 1.13

38. Theforce, F , between two atoms depends on the distance r separating them.
See Figure 1.14. A positive F represents arepulsive force; a negative F
represents an attractive force.

(&) What happensto the force if the atoms start with r = a and are

(i) Pulled dlightly further apart?
(if) Pushed dightly closer together?

(b) The atomsare said to be in stable equilibriumif the force between
them is zero and the atoms tend to return to the equilibrium after a
minor disturbance. Doesr = a represent a stable equilibrium?
Explain.

=

Figure 1.14
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39.

40.

4]1.

42.

43.

A controversial 1992 Danish study? reported that men's average sperm count
has decreased from 113 million per milliliter in 1940 to 66 million per
milliliter in 1990.

() Expressthe average sperm count, S, as alinear function of the
number of years, t, since 1940.

(b) A man'sfertility is affected if his sperm count drops below about 20
million per milliliter. If the linear model found in part (a) is accurate,
in what year will the average male sperm count fall below thislevel?

The graph of Fahrenheit temperature, °F, as a function of Celsius
temperature, °C, isaline. You know that 212°F and 100°C both represent
the temperature at which water boils. Similarly, 32°F and 0°C both represent
water's freezing point.

(&) What isthe slope of the graph?
(b) What isthe equation of the line?

(c) Usethe equation to find what Fahrenheit temperature corresponds to
20°C.

(d) What temperature is the same number of degrees in both Celsius and
Fahrenheit?

The demand function for a certain product, g = D(p), islinear, where p isthe
price per itemin dollars and q is the quantity demanded. If p increases by
$5, market research shows that g drops by two items. In addition, 100 items
are purchased if the price is $550.

(@ Findaformulafor

(i) gasalinear function of p
(if) pasalinear function of q
(b) Draw agraph with g on the horizontal axis.

The cost of planting seed is usually afunction of the number of acres sown.
The cost of the equipment is afixed cost because it must be paid regardless
of the number of acres planted. The cost of supplies and labor varies with
the number of acres planted and are called variable costs. Suppose the fixed
costs are $10,000 and the variable costs are $200 per acre. Let C be the total
cost, measured in thousands of dollars, and let x be the number of acres
planted.

(8 Find aformulafor C asafunction of x.
(b) Graph C against x.

(c) Which feature of the graph represents the fixed costs? Which
represents the variable costs?

Y ou drive at a constant speed from Chicago to Detroit, a distance of 275
miles. About 120 miles from Chicago you pass through Kaamazoo,
Michigan. Sketch a graph of your distance from Kalamazoo as a function of
time.

A flight from Dulles Airport in Washington, DC, to LaGuardia Airport in
New York City hasto circle LaGuardia severa times before being allowed
to land. Plot a graph of the distance of the plane from Washington, DC,
against time, from the moment of takeoff until landing.
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45, (@) Consider the functions graphed in Figure 1.15(a). Find the
coordinates of C.

(b) Consider the functionsin Figure 1.15(b). Find the coordinates of C
interms of b.

(3 Y

Figure 1.15

46. When Galileo was formulating the laws of motion, he considered the motion
of abody starting from rest and falling under gravity. He originally thought
that the velocity of such afalling body was proportional to the distance it
had fallen. What do the experimental datain Table 1.4 tell you about
Galileo's hypothesis? What alternative hypothesis is suggested by the two
sets of datain Table 1.4 and Table 1.5?

Table 1.4
Distance 0 1 2 3 4
(ft)
Velocity 0 8 113 139 16
(ft/sec)

Table 1.5
Tme O0 1 2 3 4
(sex)
Velocity 0 32 64 96 128
(ft/sec)
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