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1.4 Logarithmic Functions

In Section 1.2, we approximated the population of Nevada (in millions) by the
function

P= 7 =2020(1.036)",

wheret isthe number of years since 2000. Now suppose that instead of calculating
the population at time t, we ask when the population will reach 10 million. We want
to find the value of t for which

10= () =2.020(1.036)",
We use logarithms to solve for avariable in an exponent.

Logarithms to Base 10 and to Base e

We define the logarithm function, 1og; g, to be the inverse of the exponential

function, 10%, as follows:

Thelogarithm to base 10 of x, written log,q X, is the power of 10 we need to
get X. In other words,
logyp x =¢ means 10°=x.

We often write log x in place of log;gx.

The other frequently used baseis e. The logarithm to base e is called the natural
logarithm of x, written In x and defined to be the inverse function of €, as follows:

The natural logarithm of x, written In X, is the power of e needed to get x. In
other words,

[
Inx=c¢ means £ =z,

Vauesof log x arein Table 1.13. Because no power of 10 gives0, log O is
undefined. The graph of y = log x is shown in Figure 1.40. The domain of y =log x is
positive real numbers; the rangeis al real numbers. In contrast, the inverse function

y = 10* has domain all real numbers and range all positive real numbers. The graph
of y = log x has avertical asymptote at x = 0, whereasy = 10* has a horizontal
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asymptoteat y = 0.
Table 1.13  Valuesfor log x

and 10"
X log x X 10
0 undefined 0 1
1 0 1 10
2 0.3 2 100
3 0.5 3 108
4 0.6 4 104
10 1 10 10%0
y= 10"
10+ %(1,10)

8 - |[+—— Exponential: grows quickly

[
6+ -
, {/’ Log: grows slowly

-I-I' ,//
ol (10,1)

(0,1) »¢.” L —e— y=logz
L= P o
Sft2 4 8 8 10
" 1,0)

Figure 140 Graphs of log x and 10¥

One big difference between y = 10" and y = log x is that the exponential function
grows extremely quickly whereas the log function grows extremely slowly.
However, log x does go to infinity, albeit slowly, asx increases. Sincey = log x and

y = 10" are inverse functions, the graphs of the two functions are reflections of one
another about the line'y = x, provided the scales aong the x- and y-axes are equal.

The graph of y = In xin Figure 1.41 has roughly the same shape as the graph of

y =log x. The x-intercept isx = 1, sinceln 1 = 0. The graph of y = In x aso climbs
very slowly as x increases. Both graphs, y = log x and y = In x, have vertical
asymptotes at x = 0.

Figure 1.41 Graph of the natural logarithm

The following properties of logarithms may be deduced from the properties of
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exponents:

Properties of Logarithms

Note that log x and In x are not defined when x is negative or 0.

1. log(AB) =log A+log B 1. In(AB)=InA+InB
% Jog (§)=1ogﬂ—1og3 % (§)=1nﬂ—1nﬁ
3 log(AP) =plog A 3 AP =pinA

4. log (10) = x 4 Inef=x

5. 10l09% = x S dnX=y

In addition, log 1 = 0 because 100 =1, and In 1 = 0 because €0 = 1.

Solving Equations using Logarithms

Logs are frequently useful when we have to solve for unknown exponents, asin the
next examples.

Example 1

Find t such that 2 = 7.
Solution

First, notice that we expect t to be between 2 and 3 (because 22 = 4
and 23 = 8). To calculate t, we take logs to base 10. (Natural logs could
also be used.)

log(2") =log 7.
Then use the third property of logs, which says Iog(2t) =tlog 2, and

get:
flog 2=1og 7.
Using a calculator to find the logs gives
-
= g2~ 2.81.
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Example 2

Find when the population of Nevada reaches 10 million by solving
10 = 2.020(1.036)".

Solution

Dividing both sides of the equation by 2.020, we get
10 f
S 000 = (10367
Now take logs of both sides:

10 . $
1og(2_020 )_1og(1.036 )

Using the fact that Iog(At) =tlog A, we get

0 Y
1og(2_020 )_z log(1.036).

Solving this equation using a calculator to find the logs, we get

 log(107 2.020)
7 log(1.036)

which is between t = 45 and t = 46. This value of t corresponds to the
year 2045.

=45 23 years

Example 3

The release of chlorofluorocarbons used in air conditioners and in
household sprays (hair spray, shaving cream, etc.) destroys the ozone
in the upper atmosphere. Currently, the amount of ozone, Q, is
decaying exponentially at a continuous rate of 0.25% per year. What is
the half-life of ozone?

Solution

We want to find how long it takes for half the ozone to disappear. If
Qg istheinitial quantity of ozone, then
0=0q 00025t
We want to find T, the value of t making Q = Qg/2, that is,
Oge ~00025T _ %ﬂ_
Dividing by Qg and then taking natural logs yields

e BTy = _ 00257 = ]n(%) = — 06931,

Tz 277 years.
The haf-life of ozoneis about 277 years.
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In Example 3 the decay rate was given. However, in many situations where we
expect to find exponential growth or decay, the rate is not given. To find it, we must
know the quantity at two different times and then solve for the growth or decay rate,
asin the next example.

Example 4

The population of Mexico was 99.9 million in 2000 and 106.2 million
in 2005. Assuming it increases exponentially, find aformulafor the
population of Mexico as a function of time.

Solution

If we measure the population, P, in millions and time, t, in years since
2000, we can say

P=Ppe’™ =99 9.
where Py = 99.9 istheinitial value of P. We find k by using the fact
that P = 106.2 whent =5, so
106.2 = 99,97
Tofind k, we divide both sides by 99.9, giving

106.2 _ 5k
50 = 1063 ="

Now take natural logs of both sides:
n(1.063) = In(e"").

Using a calculator and the fact that In(e5k = 5K, this becomes

0.061 =25k
So

k== 0.012,
and therefore

P — g4 gplo1z

Since k = 0.012 = 1.2%, the population of Mexico was growing at a
continuous rate of 1.2% per year.

In Example 4 we chose to use e for the base of the exponentia function representing

Mexica's population, making clear that the continuous growth rate was 1.2%. If we
had wanted to emphasize the annual growth rate, we could have expressed the

exponential function in theform P = Poat.
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Example 5

Give aformulafor the inverse of the following function (that is, solve
for tin terms of P):

P= F()=2.02001.036)"

Solution

We want aformula expressing t as afunction of P. Take logs:

log F = 10g(2.020(1.036)f).
Sincelog(AB) = log A + log B, we have

log 2 =log 2.020 + log(({1.036) 7).

Now uselog(At) =tlogA:
log F=log 2020 + ¢ log 1.036,
Solvefor t in two steps, using a calculator at the final stage:
flog 1.036 =log P —log 2.020

__legh log 2.020
t=Tog 1096 ~ Teg 1036 — 6> 11l P—1088

Thus,
i _I(P) =6211log P — 1988
Note that
i _1(10) =65 11{log 107 — 1988 =65.11(1) — 1985 =45 253,
which agrees with the result of Example 2.

Exercises and Problems for Section 1.4

Exercises

1. dn(1/2)
2. 10log("B)

3. 5 Az)

4 1nEe®)

5. In(1/e) + In(AB)
6. 2In( +3InB°

7o3*=11
8. 17°=2
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9. 20 = 50(1.04)%
10. 4.3*=7.5
11. 7= 5e02*

12. 2X — eX +1

13. 50 = 600E 04"
14. 263 = 4¢5

15, 7X+2 = @7¥
16. 10*+3=5e7-

2
17 Ox — 1 =glt¥

18. 4e*3_5=¢

constants and k is nonzero.
19. 4 -t

20. p=pya

21 g=q,a™

22 pyal=Qyb'

23. a=pé

24. p=p, et

In Exercises 25, 26, 27 and 28, put the functionsin the form P = Poekt.

25. p=15(15)
26. p=10(1.7)
21. p=174(0.9)
28. p=4(0.55)'

Find the inverse function in Exercises 29, 30 and 31.

25 p() = (1.04)

30. £ (t) = 50e01"
3L f(f)=1+Int
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Problems

32. Without a calculator or computer, match the functions €, In x, x2, and x12 to
their graphsin Figure 1.42.

Figure 1.42
33. Find the equation of thelinel in Figure 1.43.

flx) = 10°
!

log 2

Figure 1.43

- The exponential function y(x) = Ce®* satisfies the conditions y(0) = 2 and y
(D = 1. Find the constants C and a. What is y(2)?

35. If h(x) = In(x + @), where a > 0, what is the effect of increasing a on

34

(& They-intercept?
(b) The x-intercept?
36. If g(x) = In(ax + 2), where a # 0, what is the effect of increasing a on

(& They-intercept?
(b) The x-intercept?
37. If f (X) =aln(x + 2), what isthe effect of increasing a on the vertical asymptote?
38. If g(x) = In(ax + 2), where a # 0, what is the effect of increasing a on the vertical
asymptote?
39. Isthere adifference between In[In(x)] and In2(x)? [Note: In2(x) is another way of
writing (In x)2.]

40. The population of aregion is growing exponentially. There were 40,000,000
peoplein 1990 (t = 0) and 56,000,000 in 2000. Find an expression for the
population at any timet, in years. What population would you predict for the
year 2010? What is the doubling time?

41. What isthe doubling time of prices which are increasing by 5% ayear?

42. The size of an exponentially growing bacteria colony doublesin 5 hours. How
long will it take for the number of bacteriato triple?
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43.

45.

46.

47.

48.

49,

50.

51.

One hundred kilograms of a radioactive substance decay to 40 kg in 10 years.
How much remains after 20 years?

Find the half-life of aradioactive substance that is reduced by 30% in 20 hours.

The sales at Borders bookstores went from $2108 million in 2000 to $3880
million in 2005. Find an exponential function to model the sales as a function of
years since 2000. What is the continuous percent growth rate, per year, of sales?

Owing to an innovative rural public health program, infant mortality in Senegal,
West Africa, is being reduced at arate of 10% per year. How long will it take
for infant mortality to be reduced by 50%?

At timet hours after taking the cough suppressant hydrocodone bitartrate, the
amount, A, in mg, remaining in the body isgiven by A= 10(0.82)t.

(@) What wastheinitial amount taken?
(b) What percent of the drug leaves the body each hour?

(c) How much of the drug isleft in the body 6 hours after the doseis
administered?

(d) How longisit until only 1 mg of the drug remains in the body?

A cup of coffee contains 100 mg of caffeine, which leaves the body at a
continuous rate of 17% per hour.

(@ Writeaformulafor the amount, A mg, of caffeine in the body t hours
after drinking a cup of coffee.

(b) Graph the function from part (a). Use the graph to estimate the half-life
of caffeine.

(c) Uselogarithmsto find the half-life of caffeine.

In 2000, there were about 213 million vehicles (cars and trucks) and about 281
million people in the US. The number of vehicles has been growing at 4% a
year, while the population has been growing at 1% a year. If the growth rates
remain constant, when is there, on average, one vehicle per person?

Theair in afactory is being filtered so that the quantity of a pollutant, P (in mg/
liter), is decreasing according to the function P = Poerkt, wheret istimein hours.
If 10% of the pollution isremoved in the first five hours:

(@) What percentage of the pollution isleft after 10 hours?
(b) How longisit before the pollution is reduced by 50%7?

(c) Plot agraph of pollution against time. Show the results of your
calculations on the graph.

(d) Explain why the quantity of pollutant might decrease in this way.

Air pressure, P, decreases exponentially with the height, h, in meters above sea
level:

P=PD€—D.EIEIEIIEP1

where Py isthe air pressure at sealevel.

(@) Atthetop of Mount McKinley, height 6194 meters (about 20,320 fest),
what isthe air pressure, as a percent of the pressure at sealevel?

(b) The maximum cruising altitude of an ordinary commercial jet is around
12,000 meters (about 39,000 feet). At that height, what isthe air
pressure, as a percent of the sealevel value?
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52. The haf-life of radioactive strontium-90 is 29 years. In 1960, radioactive
strontium-90 was released into the atmosphere during testing of nuclear
weapons, and was absorbed into people's bones. How many years does it take
until only 10% of the original amount absorbed remains?

53. A picture supposedly painted by Vermeer (1632—1675) contains 99.5% of its
carbon-14 (half-life 5730 years). From this information decide whether the
pictureis afake. Explain your reasoning.

file:///CJ/Documents%20and%20Settings/math/Desktop/index.uni.htm (10 of 10)8/26/2009 6:31:04 AM



	Local Disk
	WileyPLUS


	AEDDDNBACNIAIOBNPKMKGAGOKMBCCFME: 
	form7: 
	x: 
	f1: itm953416
	f2: none
	f3: [itm953416||itm953417||itm953418||crs4196/rc/hugheshallett9149c01/hugheshallett9149c01_1_0.xform||next]





