REVIEW EXERCISES AND PROBLEMS FOR CHAPTER THIRTEEN 717

CHAPTER SUMMARY (see also Ready Reference at the end of the book)

e \ectors dicularity, the equation of a plane with given normal vec-
Geometric definition of vector addition, subtraction and  tor passing through a given point, projection of a vector
scalar multiplication, resolving intb, j , andk compo- in a direction given by a unit vector.
nents, magnitude of a vector, algebraic properties of ad4 cross Product
dition and scalar multiplication. Geometric and algebraic definition, algebraic properties,

e Dot Product cross product and volume, finding the equation of a plane

Geometric and algebraic definition, algebraic properties, through three points.
using dot products to find angles and determine perpen-
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Exercises

In Exercises 1-2, is the quantity a vector or a scalar? Comp&or Exercises 57, perform the indicated operations on the
it. following vectors:
1. @ -7, whered =2i —3j —4k andv =k —

L L =i+4+6j, T=-20+9], §=4i-7].
X, whereil = 27 —3] —4k and# =37 —j +k. J Sy J

S

3. Resolve the vectors in Figure 13.45 into components. 5 5z 6. C+7 +7 7. |7 —¢||
Yy
5 bl
a In Exercises 8-17, usé = 2i +3j —k and@ =i —j +2k
4 i to calculate the given quantities.
3
I s 8. U + 2w 9.30 —W — v
2 -
‘ . 10. ||T + 0 || 11. ¢ - @
1 f
— ., 12. ¥ x @ 13. 7 x @
L2345 14. (7 -@)7 15. (5 x @) - @
Figure 13.45
¢ 16. (0 x @) x W 17. (0 x @) x (U x @)
4. Resolve vectoy into components if|7 || = 8 and the
direction of¢' is shown in Figure 13.46. In Exercises 18-19, find a normal vector to the plane.

18. 2x+y—2=5

19. 2(x — 2) = 3(x + y)

20. Find the equation of the plane through the origin which
is parallel toz = 4= — 3y + 8.

21. Let# = 3i +2j — 2k andw = 47 — 3] + k. Find
z each of the following:

Y

40°
(@ v -w

(b) v x

(c) A vector of length 5 parallel to vectar

(d) The angle between vectofsandw

(e) The component of’ in the direction ofw
Figure 13.46 (f) A vector perpendicular to vectar

(g) A vector perpendicular to both vectafsandw

<L
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In Exercises 22-27, find a vector with the given property.

22.
23.
24.

25.
26.

27.

28.
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Length10, parallel to2i + 35 — k.
Unit vector perpendicular td + j andi —j — k
Unit vector in thezy-plane perpendicular i — 27 .

A vector normal tol(z — 1)jr G(er 3) =12. 22
The vector obtained from: + 35 by rotating it90°
counterclockwise. 31.
A nonzero vector perpendicular to= 3i —j +k and 32
w=1—-2j +k. 33.
Which of the following vectors are parallel? 34

@ =2 +4] -2k, F=i+j +k,

T=i—j +3k, q=4i —4j +12k,

W =—71 -2 +k, 7=i—j +k.

Problems

In Exercises 29-34, find the parallel and perpendicular com-
ponents of the force vectdr in the direction of the displace-
ment vectord . Then find the workV done byﬁ though the
displacement .

F =2 +4j, d=17+2
F=-2{-4j, d=7+2]
F =2 +4f, d=2i —1j
F =20 +47, d =30 —4j
F=2, d=i+]
F=5+2j, d=3j

35.

36.

37.

Figure 13.47 shows a rectangular box containing seve8.
vectors. Are the following statements true or false? Ex-
plain.

=—b

R
a
. S
e g —¢C

ISHIRT}

39.

Figure 13.47

Shortly after takeoff, a plane is climbing northwesflo'
through still air at an airspeed of 200 km/hr, and rising at
arate of 300 m/min. Resolve its velocity vector into com-
ponents. Ther-axis points east, thg-axis points north,
and thez-axis points up.

A boat is heading due east at 25 km/hr (relative to thet-
water). The current is moving toward the southwest at 10
km/hr.

(a) Give the vector representing the actual movement of
the boat.

(b) How fast is the boat going, relative to the ground?

(c) By what angle does the current push the boat off of
its due east course?

A model rocket is shot into the air at an angle with the
earth of about 60 The rocket is going fast initially but
slows down as it reaches its highest point. It picks up
speed again as it falls to earth.

(a) Sketch a graph showing the path of the rocket. Draw
several velocity vectors on your graph.

(b) A second rocket has a parachute that deploys as it
begins its descent. How do the velocity vectors from
part (a) change for this rocket?

A car drives clockwise around the track in Figure 13.48,
slowing down at the curves and speeding up along the
straight portions. Sketch velocity vectors at the poiffs

Q, andR.

Q
Figure 13.48

A racing car drives clockwise around the track shown in
Figure 13.48 at a constant speed. At what point on the
track does the car have the longest acceleration vector,
and in roughly what direction is it pointing? (Recall that
acceleration is the rate of change of velocity.)

List any vectors which are parallel to each other and any
vectors which are perpendicular to each other:

171—;—2; ’17222;4-4;

T3 =37 +1.55 Ty=—1.27 4245
T5=—5i —2.5] Te =121 — 127
Tr =47 +27 Ts =31 — 6]

To =0.70i —0.355



42.

43.
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An object is to be moved vertically upward by a cranes3.
As the crane cannot get directly above the object, three
ropes are attached to guide the object. One rope is pulled
parallel to the ground with a force of 100 newtons in a
direction 30 north of east. The second rope is pulled
parallel to the ground with a force of 70 newtons in a di-
rection 80 south of east. If the crane is attached to thgg.
third rope and can pull with a total force of 3000 newtons,
find the force vector for the crane. What is the resulting
(total) force on the object? (Assume vechnoints east,
vectorj points north, and vectdr points vertically up.)

For what values of ared@ = ti —j + k andd =

ti 4+ tj — 2k perpendicular? Are there values tofor
which@ andv are parallel?

In Problems 44-45, find an equation of a plane that satisfies
the given conditions.

44,

45,

46.

47.

48.

49.

50.

51.

52.

Perpendicular to the vecteri + 2j + k and passing
through the point1, 0, 2).

Perpendicular to the vectdi + j — 2k and passing
through the point0, 1, —1).

LetA = (0,4), B=(—1,-3),andC = (-5, 1). Draw
triangle ABC and find each of its interior angles.

Find the area of the triangle with vertices

P =(-2,2,0),Q = (1,3,-1),andR = (—4,2,1).

55.

A plane is drawn through the pointd
B =(0,1,3) andC = (1,0,1). Find

(a) Two vectors lying in the plane.
(b) A vector perpendicular to the plane.
(c) The equation of the plane.

(1,2,3), @ = (3,5,7), and

(2,1,0),

57.

Given the pointsP
R = (2,5,3), find:

(a) A unitvector perpendicular to a plane containiRg

Q, R.
(b) The angle betweeRQ andPR.
(c) The area of the triangl®Q R.
(d) The distance fronR to the line through? and@.
Find the distance from the poidt = (2, -1, 3) to the
plane2z + 4y — z = —1.
Find an equation of the plane passing through the three
points(1,1,1), (1,4,5), (—3,—2,0). Find the distance
from the origin to the plane.
Suppose’ - = 8andv x @ = 12i — 3j + 4k and
that the angle between andw is 6. Find
(@ tan6 (b) 0

58.

CAS Challenge Problems
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Consider the plangx — y + 7z = 21.

(a) Find a point on the:-axis on this plane.
(b) Find two other points on the plane.

(c) Find a vector perpendicular to the plane.
(d) Find a vector parallel to the plane.

An airport is at the point200, 10,0) and an approach-
ing plane is at the poin{550, 60, 4). Assume that the
zy-plane is horizontal, with the-axis pointing eastward
and they-axis pointing northward. Also assume that the
z-axis is upward and that all distances are measured in
kilometers. The plane flies due west at a constant altitude
at a speed 0500 km/hr for half an hour. It then descends
at200 km/hr, heading straight for the airport.

(a) Find the velocity vector of the plane while itis flying
at constant altitude.

(b) Find the coordinates of the point at which the plane
starts to descend.

(c) Find a vector representing the velocity of the plane
when it is descending.

Find the vectorr with all of the following properties:

Magnitudel0

Angle of 45° with positivez-axis
Angle of 75° with positivey-axis
Positivek -component.

. Two lines in space are skew if they are not parallel and do

not intersect. Determine the minimum distance between
two such lines.

(@) A vectory of magnitudev makes an angle: with
the positiver-axis, angle3 with the positivey-axis,
and angley with the positivez-axis. Show that

¥ =wcosai +vcosB) + vcosyk .

(b) Cos a, cos 3, andcos y are calleddirection cosines.
Show that

cos? a 4 cos® B + cos? v =1

Three people are trying to hold a ferocious lion still for
the veterinarian. The lion, in the center, is wearing a col-
lar with three ropes attached to it and each person has
hold of a rope. Charlie is pulling in the directidi2®
west of north with a force of 175 newtons and Sam is
pulling in the directiord3° east of north with a force of
200 newtons. What is the direction and magnitude of the
force which must be exerted by Alice on the third rope to
counterbalance Sam and Charlie?

59.

60.

Letd = zi +yj + 2k, b =ui +vj +wk , andé =
md +nb.Compute@ xb)-¢ and(d@ xb)x (d x¢),
and explain the geometric meaning of your answers.

Leta zxf—l—yj‘—i—z/;,g :uz_"—i—vf—i—wl; and

¢ =ri +sj + tk.Show that the parallelepiped with
edgesi, b, has the same volume as the parallelepiped
with edgesi , b, 2@ — b + &. Explain this result geo-
metrically.
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61.

62.
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Letd =i +2j +3k,b =20 + + 2k and let) be
the angle betweed andb .

(@) Foré =i +yj + 2k , write the following condi-
tions as equations im, y, z and solve them:
a-c

0, b-2=0, [|EI*=a|*t]*sin’ 6.
[Hint: Use the dot product to finsin? 4.] 6

(b) Compute the cross produgtx b and compare with
your answer in part (a). What do you notice? Ex-

plain.
Let A = (0,0,0), B = (2,0,0), C = (1,/3,0) and
D = (1,1/v/3,2+/2/3).

(@) Showthat4, B, C, D are all the same distance from
each other.
(b) Find the pointP = (z,y,2) which is equidistant

CHECK YOUR UNDERSTANDING

Are the statements in Problems 1-30 true or false? Give reiat.
sons for your answer.

1. There is exactly one unit vector parallel to a giverq‘s'
nonzero vector .

2. The vector——i + —~7 + —F is a unit vector 6.

' VARV o

3. The length of the vecto2v is twice the length of the 1g.
vectorv .

4. If ¥ and@ are any two vectors, thetid + @ || = 19.
171+ Nl |-

5. If ¥ andw are any two vectors, thefit — @ || = 20.
[0 =l |-

6. The vector®i — j + k andi —2j + k are parallel. 21

7. The vectori +7 is always larger in magnitude than both?2-
4 andv . 23.

8. For any scalae and vector we havel|cv || = c||V ||. 24

9. The displacement vector frorfil, 1,1) to (1,2,3) is 25
—j — 2.

10.

11.
12.

13.

The displacement vector frofa, b) to (c, d) is the same
as the displacement vector fra@m d) to (a, b).

The quantityi - v is a vector.

The planer 4+ 2y — 3z = 5 has normal vectof + 27 —
3k .

If 4 - ¥ < 0then the angle betweeh andv is greater
thanm /2.

29.

30.

from A, B, C and D by setting up and solving three
equations inz, y, andz.

(c) Use the dot product to find the angléPB. (In
chemistry, this angle is often approximated by
109.5°. A methane molecule can be represented by
four hydrogen atoms at points, B, C and D, and
a carbon atom aP.)

3. LetP = (z,y,2),Q = (u,v,w) andR = (r, s,t) be

points on the planex + by + cz = d.

(a) What is the relation betwee@ x PR and the nor-
mal vector to the planeyi + bj + ck ?

(b) ExpressP_Q) x PR interms ofr,y, z,u,v,w, r, s,t.

(c) Use the equation for the plane to eliminatev, and
t from the expression you obtained in part (b), and
simplify. Does your answer agree with what you said
in part (a)?

An equation of the plane with normal vector- j + k
containing the point1,2,3) isz = x + y.

The triangle in 3-space with verticds, 1,0), (0,1,0)
and(0, 1, 1) has aright angle.

The dot product - ¥ is never negative.

If « -v = 0theneitherd =0orv =0.

If and« are all nonzero, and - v = -, then
v

I s

, U
w.

) (@ —7)

<y

For any vectorsi and v':
@ |® =171

If ||@ || = 1, then the vecto? — (¢ - @ )u is perpendic-
ular tow .

(@ +

—

U x ¥ is avector.
4 x U has direction parallel to botfi andv .

l[a@ x @l = (@]l

LG xF) k=7 xk).

. If ¥ is a nonzero vector and x @ = ¥ x w, then

—

U =.

. The value ofi - (¥ x ) is always 0.
. The value ofy x w0 is never the same as- w .

. The area of the triangle with two sides given byt j

and; + 2k is3/2.

Given a nonzero vectar in 3-space, there is a nonzero
vectorw suchthaty x @ =0.

Itis never true thati x @ =@ x U.
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1. Cross Product of Vectors in the Plane
Letd = a1t +azj andb = byi +byj be two nonparallel vectors in 2-space, as in Figure 13.49.

Y
b =bii +byj = (scosB)i + (ssinB)j

|
|
| L

S } a =aii + azj
|
| r | = (rcosa)i + (rsina)j
| |

g ‘ }

o \

T

Figure 13.49

(a) Use the identityin (/5 — ) = (sin 3 cos o — cos G sin «v) to derive the formula for the area
of the parallelogram formed by andb:

Area of parallelogram= |a1b2 — asby].

(b) Show thata b, — aob; is positive when the rotation from to b is counterclockwise, and
negative when it is clockwise.

(c) Use parts (a) and (b) to show that the geometric and algetiefiititions ofa x b give the
same result.

2. The Dot Product in Geneticg
We definé the angle between twe-dimensional vectors; ands , using the dot product:

cost = o = ML T ied o], | # 0.
[l 17 [l |

We use this idea of angle to measure how close two populagiet one another genetically.

The table shows the relative frequencies of four allelesdués of a gene) in four populations.

Allele Eskimo Bantu English Korean
Ay 0.29 0.10 0.21 0.22
As 0.00 0.09 0.07 0.00
B 0.03 0.12 0.06 0.21
(0] 0.68 0.69 0.66 0.57

Let @, be the 4-vector showing the square roots of the relativeurrgies of the alleles
in the Eskimo population. Let,, a 3, a@ 4 be the corresponding vectors for the Bantu, English,
and Korean populations, respectively. The genetic distéetween two populations is defined
as the angle between the corresponding vectors.

(a) Using this definition, is the English population closer gaaly to the Bantus or to the
Koreans? Explain.

(b) Is the English population closer to a half Eskimo, half Bambpulation than to the Bantu
population alone?

(c) Among all possible populations that are a mix of Eskimo andtBafind the mix that is
closest to the English population.

2Adapted from Cavalli-Sforza and Edwards, “Models and Eation Procedures,” Am J. Hum. Genet., Vol. 19 (1967),
pp. 223-57.

3The result of Problem 63 on page 710 shows that the quantitiyeright-hand side of this equation is betweehand
1, so this definition makes sense.
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3. AWarren Truss
A Warren Truss is a structure for bearing a weight such asfeorabridge with two supports
at either end of a gap. The truss in Figure 13.50 is loaded lightseat pointsD and £ and is
supported by vertical forces at pointsandC. The horizontal bars in the truss are 10 ft long
and the diagonal bars are 12 ft. AnglésandC' are65.38°.

Each bar exerts a force at the two joints at its ends. The tneefeectors are parallel to
the bar, equal in magnitude, and opposite in direction.dfttr pushes on the joints at its ends,
then the bar is under compression, and if it pulls it is undasion, and the magnitude of the
force is called the magnitude of the tension or compression.

Engineers need to know the magnitude of the compressiomsiote in each of the bars

of the truss to prevent them from bending or breaking. Torddtes these magnitudes, we use
the fact that at each joint the sum of the external forces fiteenweights and supports and the
pushing and pulling forces exerted by the bars is zero. Fiadrtagnitudes for all seven bars in
this order:
(a) JointA; BarsAB, AE
(b) JointC; BarsBC, CD
(c) JointD; BarsBD, DE
(d) JointE; Bar BE

10000 Ib 20000 Ib

E D

12 ft

A c

10t B
12500 Ib 17500 Ib

Figure 13.50
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