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13.1 DISPLACEMENT VECTORS

Suppose you are a pilot planning a flight from Dallas to Rittgh. There are two things you must
know: the distance to be traveled (so you have enough fuebteerit) and in what direction to go (so
you don’t miss Pittsburgh). Both these quantities togespecify the displacement displacement
vector between the two cities.

Thedisplacement vectorfrom one point to another is an arrow with its tail at the firsirp
and its tip at the second. Theagnitude (or length) of the displacement vector is the dis
tance between the points, and is represented by the lengjtle afrow. Thelirection of the
displacement vector is the direction of the arrow.

Figure 13.1 shows a map with the displacement vectors frohla®t Pittsburgh, from Albu-
querque to Oshkosh, and from Los Angeles to Buffalo, SD. &tiésplacement vectors have the
same length and the same direction. We say that the dispéatemctors between the corresponding
cities are the same, even though they do not coincide. Iir atbeds

Displacement vectors which point in the same direction aakehhe same magnitude are
considered to be the same, even if they do not coincide.

Figure 13.1: Displacement vectors between cities

Notation and Terminology

The displacement vector is our first example of a vector.dfsdtave both magnitude and direction;
in comparison, a quantity specified only by a number, but mection, is called acalar.® For
instance, the time taken by the flight from Dallas to Pittghus a scalar quantity. Displacement is
a vector since it requires both distance and direction toipi.

In this book, vectors are written with an arrow over themjo distinguish them from scalars.
Other books use a bold to denote a vector. We use the notatiﬁ to denote the displacement
vector from a pointP to a pointQ. The magnitude, or length, of a vectoris written||7/||.

Addition and Subtraction of Displacement Vectors

Suppose NASA commands a robot on Mars to move 75 meters inimwidn and then 50 meters
in another direction. (See Figure 13.2.) Where does thetrehd up? Suppose the displacements
are represented by the vecteraindw , respectively. Then the suih+ & gives the final position.

1So0 named by W. R. Hamilton because they are merely numbetsesode from —oo to co.
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—

Thesum, v + @, of two vectorsy’ andw is the combined displacement resulting from firs
applyingy’ and thenw . (See Figure 13.3.) The sui + v gives the same displacement.

Finish Finish

~ Combined
displacement

50m

Start Start

Figure 13.2: Sum of displacements of robots on Mars  Figure 13.3: The sumv + @ = @ + ¥

Suppose two different robots start from the same locatiore @oves along a displacement
vectory and the second along a displacement vectoMhat is the displacement vectat, from
the first robot to the second? (See Figure 13.4.) Siheer = @, we definer to be the difference

—

T =w — ¥.Inotherwordsyi — ¥ gets you fromi to .

Thedifference, W — ¥, is the displacement vector which, when added t@ives . That
is,w =v + (& — ). (See Figure 13.4.)

Second robot

g

First robot
Start

Figure 13.4: The differences — v

If the robot ends up where it started, then its total disptaeet vector is theero vector, 0. The
zero vector has no direction.

Thezero vector, 0, is a displacement vector with zero length.

Scalar Multiplication of Displacement Vectors

If ¥ represents a displacement vector, the veztorepresents a displacement of twice the magni-
tude in the same direction as Similarly, —2¢ represents a displacement of twice the magnitude
in the opposite direction. (See Figure 13.5.)

Figure 13.5: Scalar multiples of the vectaf



688 Chapter Thirteen A FUNDAMENTAL TOOL: VECTORS

If \is a scalar and’ is a displacement vector, tisealar multiple of ¢ by A, written A7/, is

the displacement vector with the following properties:
e The displacement vectaw is parallel tov', pointing in the same direction i > 0, and

in the opposite direction ik < 0.
e The magnitude o7 is |\| times the magnitude af, that is,|| A7 || = |A| ||7]] -

Note that|\| represents the absolute value of the scalahile || A7 || represents the magnitude
of the vector\v'.

Example 1

Solution

Explain whyw — ¢ =@ + (—1)7.

The vector(—1)¢ has the same magnitude @sbut points in the opposite direction. Figure 13.6
shows that the combined displacement- (—1)¢ is the same as the displacemeht- ¢'.

Finish
w

Start

—

Figure 13.6: Explanation for

why @ — ¥ =@ + (—1)0

Parallel Vectors

Two vectorst andw areparallel if one is a scalar multiple of the other, that ispif = A&, for
some scalan.

Components of Displacement Vectors: The Vectors 4, 5 ,and &

Suppose that you live in a city with equally spaced streatsing east-west and north-south and
that you want to tell someone how to get from one place to amno¥ou’d be likely to tell them how
many blocks east-west and how many blocks north-south te@oexample, to get fron? to @ in
Figure 13.7, we gd blocks east and block south. Ifi and; are as shown in Figure 13.7, then the
displacement vector from? to Q is4i — j .

\4

il

i

Figure 13.7: The displacement
vector fromPto Qis4i — j
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We extend the same idea to 3-dimensions. First we choosetastzar system of coordinate
axes. The three vectors of lengttshown in Figure 13.8 are the vector which points along the
positivez-axis, the vectoy , along the positivg-axis, and the vectat , along the positive-axis.

z
i
Y

k
fﬁi\f

LA S

z y 1 2 3
Figure 13.8: The vectors , j andk in Figure 13.9: We resolver into
3-space components by writing = 37 + 2j

Writing Displacement Vectors Using 2, 7, k

Any displacement in 3-space or the plane can be expressed@sl@nation of displacements in
the coordinate directions. For example, Figure 13.9 shbasthe displacement vectdrfrom the
origin to the point(3, 2) can be written as a sum of displacement vectors along tredy-axes:

T =30 +2].
This is calledresolving ¥ into components. In general:

Weresolve into components by writing in the form
v :U1;+U25 —|—U3E.

We callvqi , vgf', andv31_5 thecomponentsof 7.

An Alternative Notation for Vectors
Many people write a vector in 3-dimensions as a string ofe¢lmembers, that is, as
U = (’Ul, Vg, 1}3) instead of ¥ = 1]1? + 1]2; -+ ’UgE.

Since the first notation can be confused with a point and thersk cannot, we usually use the
second form.

Example 2

Solution

Resolve the displacement vector, from the pointP; = (2,4, 10) to the pointP, = (3,7,6) into
components.

To get fromP; to P, we move 1 unit in the positive-direction,3 units in the positivey-direction,
and4 units in the negative-direction. Hence/ =i + 35 — 4k.

Example 3

Solution

Decide whether the vectar = 2i + 3] + 5k is parallel to each of the following vectors:
W =47 +6] +10k, @ =—i —1.5j —2.5k, b =4i +6j +9k.

Sincew = 2v andd = —0.57, the vectors/, «/, anda are parallel. Howeveb, is not a multiple
of ¥ (since, for example} /2 # 9/5), sov andb are not parallel.
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In general, Figure 13.10 shows us how to express the dispkatievector between two points
in components:

Components of Displacement Vectors

The displacement vector from the poiBt = (1, y1, 21) to the pointPy = (z2,y2, 22) IS
given in components by

—

PiP=(z2—21)i + (Y2 — 1) + (22— 21)k.

Position Vectors: Displacement of a Point from the Origin

A displacement vector whose tail is at the origin is call@dsanon vector Thus, any pointzo, yo, 20)

in space has associated with it the position vegior= z¢i + yoj + 2ok . (See Figure 13.11.) In
general, a position vector gives the displacement of a fimnt the origin.

z z

(%o, yo, 20)

—_
Pbs *p = (z2,y2, 22)
[ ]
Pl:(xhyhzl) Y Yy
x x
Figure 13.10: The displacement vector Figure 13.11: The position vector
PP, = (zg—x1)i +(y2—vy1)j +(z2—21)k 7o = 20i +yoj + zok

The Components of the Zero Vector
The zero displacement vector has magnitude equal to zeris anittend . So0 = 07 + 05 + 0k .
The Magnitude of a Vector in Components

For a vectori = vii + v2) , the Pythagorean theorem is used to find its magnit{jdd, (See
Figure 13.12.)

|7 || = Length = \/v? + v3

-
v

|
I
I
I
I
Ug}
I
I
I
I
I
|

[ v

T

Figure 13.12: Magnitude,||7' ||, of a 2-dimensional vectof;

In 3-dimensions, for a vectat = vyi + voj + vsk , we have

Magnitude ofy = [|7'|| = Length of the arrow= y/v7 + v3 + v3.

For instance, if = 37 — 4j + 5k , then||7|| = /3% + (—4)2 + 52 = /50.




13.1 DISPLACEMENT VECTORS 691

Addition and Scalar Multiplication of Vectors in Components
Suppose the vectois andw are given in components:
17:?]1;-1-7]2;-‘1-’03]; and u?zwlf—&—wgf—i—wglg.

Then

T 4@ = (v +w1)i + (va+wa)j + (vs+ws)k,

and

AT = \ii + Avaj + Ausk .

gl
Il

<y
_|_

Figures 13.13 and 13.14 illustrate these properties in twedsions. Finallyy —
(71)11_)', SO we can writ¢/ — w = (’Ul — ’U.)l)Z + (UQ — ’LUQ)j + (’Ug — wg)k .

21 —3v1

Figure 13.13: Sumv + @ in
components Figure 13.14: Scalar multiples of vectors showing, 2¢' , and —3¢

How to Resolve a Vector into Components

You may wonder how we find the components of a 2-dimensiongbvegiven its length and di-
rection. Suppose the vector has lengthv and makes an angle éfwith the z-axis, measured
counterclockwise, as in Figure 13.15f= vy + v9j , Figure 13.15 shows that

vy =vcosf and vy = wsind.
Thus, we resolve into components by writing
7 = (vcosh)i + (vsinh)j .
Vectors in 3-space are resolved using direction cosinesPseblem 57 on page 719.
Y

v sin 6

\

v cos

Figure 13.15: Resolving a vectord = (v cosf)i + (vsin6)j

Example 4 Resolver into components ifi¢ || = 2 andd = 7/6.

Solution We havei = 2 cos(n/6)i + 2sin(n/6)] = 2(v/3/2)7 +2(1/2)] =V3i +].
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Unit Vectors

A unit vector is a vector whose magnitude is 1. The vectors , andk are unit vectors in the
directions of the coordinate axes. It is often helpful to fandnit vector in the same direction as a
given vectorv . Suppose thatv || = 10; a unit vector in the same direction@sds v /10. In general,

a unit vector in the direction of any nonzero vecioris

=

/l_j::

<L

Example5  Find a unit vectorji, in the direction of the vectaf =i + 37 .

Solution If # =17 +37,then||7| = /12 + 32 = /10. Thus, a unit vector in the same direction is given by
v 1 - = 1 - 3 - - -
U=——==—=((4+3j)=—=1 +——=7 ~0.320 +0.95;.
Vo - vl T = nt J

Example 6 Find a unit vector at the poirit:, y, z) that points radially outward away from the origin.
Solution The vector from the origin téz, y, z) is the position vector
Fo=ai +yj + zk.
Thus, if we put its tail atz, y, z) it will point away from the origin. Its magnitude is
7l = v/a? + 2+ 22,
SO a unit vector pointing in the same direction is

P wityj +zk @ iy y - P p
=1 — = 7 7
17 a2+ y2 422 a2 fy? 22 Va2 fy? 4 22 VaZ 2+ 22

Exercises and Problems for Section 13.1

Exercises
Resolve the vectors in Exercises 1-6 into components. 2. Yy
1. Y 3
3T -
9 d
2T -
= b
a 1k . —
<4 g a Cc
@ \! b e —
‘ ‘ 1 =
| | 1 1 o 1 9 3 4
-2 -1 12 3 =
€
v/ 1+ -1
—2 4
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3. A vector starting at the poin® = (4, 6) and ending at Find the length of the vectors in Exercises 15-19.

4. A vector starting at the poinP = (1,2) and ending at 15. 7 =i —j + 2k

the pointP = (1,2).

the pointQ = (4,6).

16. Z -3 —k

5. . 6. 17. 0 =7 —j +3k
N 18. ¢ =727 — 1.55 +2.1k
Y 19. 7 = 1.27 — 3.6] + 4.1k
NS B ’
7 I ! ,' For Exercises 20-25, perform the indicated operations en th
5 ‘ : 3 following vectors:
|
| @=2] +k, b=-3+5] +4k, ¢ =1 +6],
x
T =-20+9j, §=4i-75, Z=i1-35 —k
For Exercises 7-14, perform the indicated computation.
8. (1 +27)+ (=3)(2i +7) 23.2¢ + & 24. 23 +7b —57 25. ||§ — & ||
9. —4(i —2§)—05( — k)
10. 2(0.457 — 0.9 — 0.01F ) — 0.5(1.27 — 0.1k ) 26. (a) Draw the position vector foFf = 5i — 7j .

11
12
13

(30 =47 +2k)— (60 +8F — k)
(47 — 3] +Tk)—2(50 47 —2k)
(060 +0.2] —k )+ (0.37 + 0.3k )

27

(b) Whatis||7||?
(c) Find the angle betweer and the positiver-axis.

. Find the unit vector in the direction 6t06i — 0.08k .

14. 127 —7 +3k) +3( — 17 + 1k)
Problems
28. Find a unit vector in the opposite direction ©© = 34. (a) From Figure 13.16, read off the coordinates of

29.

30.

31.

32.

33.

20 —j — 11k .

Find the value(s) of makings = 5ai — 37 parallel to

@ =a%i +65.

Find a vector with length 2 that points in the same direc-
tionasi —j +2k.

(a) Find a unit vector from the poinP = (1,2) and
toward the point) = (4, 6).

(b) Find a vector of length0 pointing in the same di-
rection.

If north is the direction of the positivg-axis and east is
the direction of the positive-axis, give the unit vector
pointing northwest.

Resolve the following vectors into components:

(a) The vector in 2-space of length 2 pointing up and to
the right at an angle af /4 with the z-axis.
(b) The vector in 3-space of length 1 lying in the-

plane pointing upward at an angle of 6 with the ~ 35.

positivez-axis.

the five points,A, B, C, D, E, and thus re-
solve into components the following two vectors:
i = (25)AB + (—08)CD, @ = (2.5)BA
(-0.8)CD

(b) Whatis the relation betweah andv ? Why was this
to be expected?

Yy

D
4
3
B E
2
1
A Cz
1 2 3 4 5 6 7
Figure 13.16

Find the components of a vectprwhich has the same
direction asZ'A in Figure 13.16 and whose length equals
two units.
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36.

37.

38.

39.

40.

41.
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For each of the four statements below, answer the follow2. Figure 13.18 shows a molecule with four atoms at
ing questions: Does the statement make sense? If yes, is O, A, B andC'. Verify that every atom in the molecule
it true for all possible choices af andb ? If no, why is 2 units away from every other atom.

not?

@ a+b=b+a (b)) @a+|b]=a+b]

© 6 +al=1la+5l (@ f@a+5]= Z

@l + 16

Two adjacent sides of a regular hexagon are given as the
vectorsd and? in Figure 13.17. Label the remaining
sides in terms ofi andv'.

C(1,1//3,24 /2/3)&
/A

/

Y
B(1,/3,0)
Figure 13.18
7
@ 43. Show that the medians of a triangle intersect at a p§)int
. of the way along each median from the side it bisects.
Figure 13.17

44. In the game of laser tag, you shoot a harmless laser gun
and try to hit a target worn at the waist by other play-

For what values of are the following pairs of vectors ) - h )
ers. Suppose you are standing at the origin of a three di-

parallfl? R R R R R mensional coordinate system and that:itheplane is the

(@) 2 +£t2 +3t+ V)j +tk, 60 +8) +3k floor. Suppose that waist-high is 3 feet above floor level
(b) ti +5 +(t— 1)k, 2t —45 +k and that eye level is 5 feet above the floor. Three of your
(C) 2ti +tj +tk, 67 +3] +3k. friends are your opponents. One is standing so that his

. o . . o target is 30 feet along the-axis, the other lying down so
Find all vectorsy' in 2 dimensions having || = 5 and that his target is at the point — 20, y = 15, and the

the: -component ot is 3i . third lying in ambush so that his target is at a point 8 feet
Find all vectorsy' in the plane such thatv || = 1 and above the point = 12, y = 30.

|7+ =1.

A truck is traveling due north &0 km/hr approaching a
crossroad. On a perpendicular road a police car is trav-
eling west toward the intersection 42 km/hr. Both ve-
hicles will reach the crossroad in exactly one hour. Find
the vector currently representing the displacement of the
truck with respect to the police car.

(a) If you aim with your gun at eye level, find the vector
from your gun to each of the three targets.

(b) If you shoot from waist height, with your gun one
foot to the right of the center of your body as you
face along thec-axis, find the vector from your gun
to each of the three targets.

13.2 VECTORS IN GENERAL

Besides displacement, there are many quantities that habenliagnitude and direction and are
added and multiplied by scalars in the same way as displatsmé&ny such quantity is called a
vector and is represented by an arrow in the same manner we reprisplatcements. The length
of the arrow is themagnitude of the vector, and the direction of the arrow is the direcidrihe
vector.

Velocity Versus Speed

The speed of a moving body tells us how fast it is moving,&akkm/hr. The speed is just a number;
itis therefore a scalar. The velocity, on the other hant ted both how fast the body is moving and
the direction of motion; it is a vector. For instance, if aisaheading northeast &) km/hr, then its
velocity is a vector of lengtB0 pointing northeast.

Thevelocity vectorof a moving object is a vector whose magnitude is the spedteashject
and whose direction is the direction of its motion.




	sample_ch_ch13 1.pdf
	sample_ch_ch13 2.pdf
	sample_ch_ch13 3.pdf
	sample_ch_ch13 4.pdf
	sample_ch_ch13 5.pdf
	sample_ch_ch13 6.pdf
	sample_ch_ch13 7.pdf
	sample_ch_ch13 8.pdf
	sample_ch_ch13 9.pdf
	sample_ch_ch13 10.pdf

