30. (7

32. ¥ +

34. 7 + (1)@ =¥ —w
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W) =av +ad 31 a(B0) = (af)T (a) Whatis the displacement vector of the moon relative

to the earth? Of the spaceship relative to the earth?
Of the spaceship relative to the moon?

(b) How far is the spaceship from the earth? From the
moon?

(c) The gravitational force on the spaceship from the

35. (4 + )+ =4 + (T + ) earth is461 newtons and from the moon & new-
36. The earth is at the origin, the moon is at the point tons. What is the resulting force?

(384,0), and a spaceship is at§0, 90), where distance

is in thousands of kilometers.

13.3 THE DOT PRODUCT

We have seen how to add vectors; can we multiply two vectastt@r? In the next two sections
we will see two different ways of doing so: tisealar product (or dot product) which produces a
scalar, and theector product (or cross product), which produces a vector.

Definition of the Dot Product

The dot product links geometry and algebra. We already kreswtb calculate the length of a vector
from its components; the dot product gives us a way ¢ of comguthe angle between two vectors.
For any two vectors’ = vyi + vaj + vsk andw = wyi + wsj + wsk , shown in Figure 13.26,
we define a scalar as follows:

The following two definitions of thelot product, or scalar product, ¥ - @, are equivalent:
e Geometric definition

—

U - = ||U]|||dd ]| cos @ wheref is the angle betweeti andw and0 < 6 < 7.
e Algebraic definition
U - W = viwy + vaws + V3Ws3.
Notice that the dot product of two vectors isamber.

Why don’t we give just one definition af - « ? The reason is that both definitions are equally
important; the geometric definition gives us a picture of ttha dot product means and the alge-
braic definition gives us a way of calculating it.

How do we know the two definitions are equivalent — that isytteally do define the same
thing? First, we observe that the two definitions give theesaasult in a particular example. Then
we show why they are equivalent in general.

Figure 13.26: The vectorg/ Figure 13.27: Calculating the dot product of the vectors
andd v =1 andd = 2i + 25 geometrically and algebraically

gives the same result

Example 1

Solution

Suppose’ =i and@ = 2i + 2. Computer - @ both geometrically and algebraically.

To use the geometric definition, see Figure 13.27. The argjleden the vectors is/4, or 45°, and
the lengths of the vectors are given by

17 =1 and [|@]=2v2.
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Thus,
T - = ||7|||@ | cosf =1-2v2cos (%) =2.
Using the algebraic definition, we get the same result:
v-w=1-240-2=2.

Why the Two Definitions of the Dot Product Give the Same Result

In the previous example, the two definitions give the sameevédr the dot product. To show that
the geometric and algebraic deflnltlons of the dot produmayds glve the same result, we must
show that, for any vectorg = v + 1)2] + ’ng' andd = wii + wej + U}gk with an anglef
between them:

| ||| || cos @ = vywy + vows + v3ws.

One method follows; a method which does not use trigononiegriven in Problem 62 on page 710.
Using the Law of Cosines. Suppose thah < # < , so that the vector§ and« form a
triangle. (See Figure 13.28.) By the Law of Cosines, we have

1T =@ || = [|7]]* + & [|* = 2[|7 ||| || cos 6.
This result is also true faf = 0 andd = =. We calculate the lengths using components:
17 ]1* = vi + 03 + o3
19 [ = wi + w3 +w]
17— ||* = (Ul wi)? + (vg — w2)* + (v3 — w3)”
= v} = 2viwy 4+ w? + V3 — 2uaws + w3 + v — 2u3w3 + wi.
Substituting into the Law of Cosines and canceling, we sat th
—2v1wy — 2vawe — 2vsws = —2||T ||||d || cos 6.
Therefore we have the result we wanted, namely that:

viwy + vows + vsws = ||T ||| || cos 6.

Figure 13.28: Triangle used in the justification ¢ || ||« || cos @ = viwi + vows + v3ws

Properties of the Dot Product

The following properties of the dot product can be justifisthg the algebraic definition; see Prob-
lem 56 on page 709. For a geometric interpretation of Prgfsee Problem 59.

Properties of the Dot Product For any vectors, v, andw and any scalak,

1.6 -4 =@ -
2.0 -(\MB) = \T @) = (\0) - @
3. (0 +w) @ =0 @+ -4




13.3 THE DOT PRODUCT 703

Perpendicularity, Magnitude, and Dot Products

Two vectors are perpendicular if the angle between themy2sor 90°. Sincecos(r/2) = 0, if ¥
and«w are perpendicular, theh - @ = 0. Conversely, provided that - @ = 0, thencos = 0, so
0 = m/2 and the vectors are perpendicular. Thus, we have the follpvasult:

Two nonzero vector§ andw areperpendicular, or orthogonal, if and only if

v - =0.

Forexamplei -5 =0,7 -k =0,i -k =0.
If we take the dot product of a vector with itself, théa= 0 andcos # = 1. For any vector :

Magnitude and dot product are related as follows:

7 -7 =7

-

Forexamplei -7 =1,7 -j =1,k -k = 1.

Using the Dot Product

Depending on the situation, one definition of the dot prodoay be more convenient to use than
the other. In Example 2 which follows, the geometric defamitis the only one which can be used
because we are not given components. In Example 3, the alget®finition is used.

Example 2 Suppose the vectdr is fixed and has length 2; the vectoris free to rotate and has length 3. What
are the maximum and minimum values of the dot produet as the vectod rotates through all
possible positions? What positionsdfandb lead to these values?

Solution The geometric definition give® - b = ||@||||b || cos@ = 3 - 2cos @ = 6 cos §. Thus, the maximum
value ofd - b is 6, and it occurs wheeps 6§ = 1 so¢ = 0, that is, wheri andb point in the same
direction. The minimum value of - b is —6, and it occurs wherosf = —1 sof = r, that is,

whend andb point in opposite directions. (See Figure 13.29.)

a _ Whena isinthis
a positon, @ - b = 6

When @ is in this
position, @ - b =0

When @ is in this
position, @ - b = —6

—

a

Figure 13.29: Maximum and minimum values af - b obtained
from a fixed vectob of length 2 and rotating vectat of length 3
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Which pairs from the following list of 3-dimensional vecsaare perpendicular to one another?
@ =1+V3k, T=71+V3], @=V3i+j—k.

The geometric definition tells us that two vectors are pedpmiar if and only if their dot product
is zero. Since the vectors are given in components, we edcdiot products using the algebraic

=G +V3]+0k)-(7+0] +V3k)=1-1+v3-04+0-V3=1,
= (T +V3] +0k)- (V3P +7 —k)=1-V3+V3-140(-1) =23,
@i =(3i+] —k)-(@+0] +V3k)=v3-1+1-0+(~1)-V3=0.

So the only two vectors which are perpendiculard@randi .

In Section 12.4 we wrote the equation of a plane givem-itdope,y-slope anct-intercept. Now we
write the equation of a plane using a vector and a point lyinghe plane. Anormal vector to a
plane is a vector that is perpendicular to the plane, th#tisperpendicular to every displacement
vector between any two points in the plane. et ai + bj + ck be anormal vector to the plane,
let Py = (w0, y0,20) be a fixed point in the plane, and 1Bt = (x,y, z) be any other point in the
plane. TherP, P = (z — z0)i + (y — y0)j + (2 — z0)k is a vector whose head and tail both lie in
the plane. (See Figure 13.30.) Thus, the veo‘uband]? are perpendicular, so - IW’ =0.The
algebraic definition of the dot product gives: Py P = a(x — xg) + by — yo) + ¢(z — 2p), SO we

BP

(0, Yo, 20) i
\
\b

Figure 13.30: Plane with normafi and containing a fixed poirftzo, yo, 20)

= < (ma Y, Z)

Theequation of the planewith normal vectorii = ai + bj + ck and containing the point

a(z —x0) + b(y — yo) + c(z — z9) = 0.
Lettingd = axg + by + czo (a constant), we can write the equation of the plane in tha fo

ax + by + cz = d.

Find the equation of the plane perpendiculario+3; +2k and passing through the poifit 0, 4).

Example 3
Solution
definition:
0l
0l
Normal Vectors and the Equation of a Plane
obtain the following result:
Py = (20,90, 20) is
Example 4
Solution The equation of the plane is

—(z-1)+3@y—0)+2(z—4)=0,
which simplifies to
—r+3y+2z2="1.
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Find a normal vector to the plane with equation (a)—y +2z =5 (b) z=0.5x+1.2y.

(a) Since the coefficients af, 7, andk in a normal vector are the coefficientsofy, 2 in the
equation of the plane, a normal vectoriis= i — j + 2k.
(b) Before we can find a normal vector, we rewrite the equatidhe plane in the form

0.5z 4+ 1.2y — 2 =0.

Thus, a normal vector i§ = 0.5i +1.2] — k.

The algebraic definition of the dot product can be extende@ttors in higher dimensions.

If 4 = (uy,...,u,)andd = (v1,...,v,) then the dot product af andv is thescalar

U U =uv + ...+ upvy,.

A video store sells videos, tapes, CDs, and computer gamesiéfihe the quantity vectagf =
(q1,42,93,494), Whereqy, g2, ¢3, ¢4 denote the quantities sold of each of the items, and the price
vectorp = (p1,p2, ps,pa), Wherepy, pa, ps, ps denote the price per unit of each item. What does

Example5
Solution

The Dot Product in » Dimensions
Example 6

the dot producp - ¢ represent?
Solution

The dot product i®' - ¢ = p1q1 + p2q2 + p3qs + paqe. The quantityp; ¢, represents the revenue
received by the store for the videgsg. represents the revenue for the tapes, and so on. The dot
product represents the total revenue received by the siotkd sale of these four items.

Resolving a Vector into Components: Projections

In Section 13.1, we resolved a vector into components @tallthe axes. Now we see how to re-
solve a vectory, into components, called . el andd perp, Which are parallel and perpendicular,
respectively, to a given nonzero vectdr, (See Figure 13.31.)

(b) 0] perp

—~ VU parallel

Figure 13.31: Resolvingy into components parallel and perpendiculafito
@0<0<m/2 b)yr/2<0<m

The projection of on @, written v arailel, Measures (in some sense) how much the vettor
is aligned with the vectoi . The length of¢ ,...1e1 IS the length of the shadow cast Byon a line
in the direction ofii .

To computey paratiel, W assume is a unit vector. (If not, create one by dividing by its length
Then Figure 13.31(a) shows thatpi § < 7/2:

—

1T parattel|] = ||T|| cos@ = ¥ -4 (since||d || =1).
Now ¥ parallel IS @ Scalar multiple off , and sinces is a unit vector,

T paratiel = (|7 ]| cos )@ = (7 - @ )i .
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A similar argument shows thatif/2 < 6 < , as in Figure 13.31(b), this formula fot,,a1e1 Still
holds. The vecto? ., is specified by

U perp = U — VU parallel -

Thus, we have the following results:

Projection of ¥ on the Line in the Direction of the Unit Vector 4

If ¥ parallel @NAY ey, are components af which are parallel and perpendicular, respectively

tou, then
Projection of Lo . .
7 ontog = U parallel = (U -u)u provided|| || = 1
and U= ﬁparallel + ﬁperp SO ﬁperp =U — 'Uparallel-

Example 7 Figure 13.32 shows the force the wind exerts on the sail oflbosd. Find the component of the
force in the direction in which the sailboat is traveling.

Wind direction

W

-
u
E—

— Boat's direction of travel
Component of F wind
sl 30 l in boat's direction of travel
ai

F wind

Figure 13.32: Wind moving a sailboat

Solution Let« be a unit vector in the direction of travel. The force of theevon the sail makes an angle of
30° with @ . Thus, the component of this force in the directioriiois

F paranet = (F -0 )il = ||F || (cos 30°)ii = 0.87[F ||ii .

Thus, the boat is being pushed forward with ab®Uk of the total force due to the wind. (In fact,
the interaction of wind and sail is much more complex thas thodel suggests.)

A Physical Interpretation of the Dot Product: Work

In physics, the word “work” has a slightly different meaniingm its everyday meaning. In physics,
when a force of magnitudg' acts on an object through a distant,eve say thewvork, 1V, done by
the force is

W = Fd,

provided the force and the displacement are in the sametidine€or example, if a 1 kg body falls
10 meters under the force of gravity, whicthdi8 newtons, then the work done by gravity is

W = (9.8 newtons - (10 meterg = 98 joules

What if the force and the displacement are not in the sameteire? Suppose a for@’ acts
on an object as it moves along a displacement vettdret 6 be the angle betweel andd . First,
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we assumd < 6 < /2. Figure 13.33 shows how we can resolveinto components that are
parallel and perpendicular tb:
F = Fparallel + Fperpa

Then the work done by is defined to be
W = ||F pasana]l |

We see from Figure 13.33 thﬁtparallel has magnitudﬂﬁ |l cos 6. So the work is given by the dot
product: = B L Lo
W= ([FlcosO)|ld| = [|[F'[[|d]|cos = F -d.

SR |

F parallel

Figure 13.33: Resolving the forcé” into two forces, one parallel i@, one perpendicular td

The formulal¥ = F - d holds whenr/2 < 6 < = also. In that case, the work done by the
force is negative and the object is moving against the farbas, we have the following definition:

Thework, 1, done by a force” acting on an object through a displacemén's given by

W=F.d.

Notice that if the vectors® andd are parallel and in the same direction, with magnitudes
F andd, thencosf = cos0 = 1, so0W = |F||||d| = Fd, which is the original definition.
When the vectors are perpendiculess & = cos 5 = 0, soWW = 0 and no work is done in the
technical definition of the word. For example, if you carryeaty box across the room at the same
horizontal height, no work is done by gravity because thedaf gravity is vertical but the motion
is horizontal.

Exercises and Problems for Section 13.3

Exercises

For Exercises 1-9, perform the following operations on the Exercises 10-14, find a normal vector to the plane.

given 3-dimensional vectors.
10. 2z +y—2=23

5:2;4-]; 5:—3?+5j‘+4/§ 5:;4—6; 11. 152+ 3.2y 4+ 2 =0

G=4i -7 Z=4i-3]—k 12. 2 =3z +4y — 7
13. z—5(x—2)=3(b—vy)
1.4d -3 2.¢-9 4. 1(z—1)=0—-m)(y—2)+n
3.d-b 4. .7 15. Give a unit vector

(a) In the same direction as = 27 + 3j .
(b) Perpendicular ta'.

7. (@ -b)a 8. (@ -y)c-2) 16. (a) Find a vector perpendicular to the plane
z=243x —y.
(b) Find a vector parallel to the plane.
17. (a) Find a vector perpendicular to the plane
z =2z + 3y.
(b) Find a vector parallel to the plane.
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In Exercises 18-23, given vector = 30 + 47 and force In Exercises 24—27, the force on an objed:is: —207 . For

vector £, find:

(a) The component of’ parallel tov .

(b) The component of’ perpendicular ta .

(c) The work,1/, done by forcet’ through displacemert.

vectorv , find:
(a) The component of' parallel tov .
(b) The componentoﬁ perpendicular tay .

(c) The work,IW, done by forcer through displacemernt.

18. F =47 +7 19. F =0.2i —0.5] o o

., o o - R R 24. 7 =2i + 35 25. 0 =51 —j
20. F =9i +12j 21. F = —-0.4i +0.35
22. F = —3{ — 5] 23. F = —6i —8f 26. 0 =3j 27. 0 =5i
Problems
28. Match the planes in (a)—(d) witbne or more of the de- In Problems 37-42, find an equation of a plane that satisfies

scriptions in (I)-(1V). No reasons needed. the given conditions.

@ 3z-y+2=0 (b) 4z+y+22-5=0 37 Through(1,5,2) perpendicular t&i — j + 4k

© @oty=5 @ ==5 38. Through(2, —1, 3) perpendicular t&i + 45 — k .

I Goes through the origin. 39. Perpendicular to the vect@i — 3j + 7k and passing

20.

30.

31.

32.

33.

34.

35.

36.

Il Has a normal vector parallel to the,-plane.
[l Goes through the poinf0, 5, 0).

IV Has a normal vector whose dot products with; , 40.
k are all positive.

Which pairs (if any) of vectors from the following list 4L

(a) Are perpendicular? 42.

(b) Are parallel? 43

(c) Have an angles less than 2 between them?
(d) Have an angle of more thary2 between them?

b=1i+4j +2k,

d=—i-]+k.

Which pairs of the vectors/3i +7 , 3i +v/37 ,i —v/3j

are parallel and which are perpendicular?

Computeﬁthe angle between the vectdrs 5 + k and

i—7 —k.

(a) Give a vector that is parallel to, but not equal to,
U =4i +35.

(b) Give a vector that is perpendicular&o

What values ot make# = 2ai — aj + 16k perpen-

diculartow =5i +aj —k?

Let§ be the angle between andw , with0 < 6 < 7/2.
What is the effect orv - & of increasing each of the

-

following quantities? Doe§ -« increase or decrease?
@ 7]l (b) o

Write@ = 3i +2j — 6k as the sum of two vectors, one
parallel, and one perpendicular,do=2: — 45 + k.

Find angleBAC' if A = (2,2,2), B = (4,2,1), and
C=(2,3,1).

44,

45.

46.

through the point1, —1, 2).

Parallel to the planéx + 4y — 3z = 1 and through the
point (1,0, —1).

Through(—2, 3,2) and parallel tBz + y + z = 4.

Perpendicular to the vector = 27 —3j +5k and pass-
ing through the point4, 5, —2).

. A plane has equation = 5x — 2y + 7.

(a) Find a value of\ making the vectoAi + j + 0.5k
normal to the plane.

(b) Find a value otz so that the poinfa + 1,a,a — 1)
lies on the plane.

The points(5,0,0), (0,—3,0), and(0, 0, 2) form a tri-
angle. Find the lengths of the sides of the triangle and
each of its angles.

Let S be the triangle with verticesl = (2,2,2),B =
(4,2,1),andC = (2,3,1).

(a) Find the length of the shortest side ®f
(b) Find the cosine of the anglBAC' at vertexA.

A basketball gymnasium is 25 meters high, 80 meters
wide and 200 meters long. For a half time stunt, the

cheerleaders want to run two strings, one from each of
the two corners above one basket to the diagonally oppo-
site corners of the gym floor. What is the cosine of the

angle made by the strings as they cross?

47. A 100-meter dash is run on a track in the direction of the

vectori = 27 + 6. The wind velocityi is 5i + j
km/hr. The rules say that a legal wind speed measured in
the direction of the dash must not exceed 5 km/hr. Will
the race results be disqualified due to an illegal wind?
Justify your answer.



48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

An airplane is flying toward the southeast. Which 068.
the following wind velocity vectors increases the plane’s
speed the most? Which slows down the plane the most?

Wy =—4i —f  Wa=1i-2] ws=—i+8]

Wa=100 +2]  @s=5 —2]

A canoe is moving with velocity = 5i +3§' m/secrel- 59.
ative to the water. The velocity of the current in the water
isc =14 + 25 m/sec.

(a) What is the speed of the current?
(b) What is the speed of the current in the direction of
the canoe’s motion?

A street vendor sells six items, with prices dol-
lars per unit,p> dollars per unit, and so on. The ven-
dor’s price vector isp’ (p1,D2,P3,P4,D5,06) =
(1.00, 3.50, 4.00, 2.75, 5.00, 3.00). The vendor sellg;
units of the first item,q> units of the second item,
and so on. The vendor's quantity vector &
(q1,92,93,94,45,96) (43,57,12,78,20,35). Find

P - ¢, give its units, and explain its significance to the
vendor.

A course has four exams, weighté8%, 15%, 25%,
50%, respectively. The class average on each of these
exams is75%, 91%, 84%, 87%, respectively. What do
the vectorsa (0.75,0.91,0.84,0.87) and &
(0.1,0.15,0.25,0.5) represent, in terms of the course?
Calculate the dot produet - @ . What does it represent,
in terms of the course?

A consumption vector of three goods is definediby=

(z1, 22, 23), wherez, z2 andzs are the quantities con-
sumed of the three goods. A budget constraint is repre-
sented by the equatign - ¥ = k, wherep' is the price g0.
vector of the three goods aridis a constant. Show that
the difference between two consumption vectors corre-
sponding to points satisfying the same budget constraint
is perpendicular to the price vectgt

Find a vector that bisects the smaller of the two angles
formed by3:i + 45 and5i — 125 .

What does Property 2 of the dot product in the box on
page 702 say geometrically?

Show that the vectorgs - @)@ — (@ - &)b andé are
perpendicular.

Show why each of the properties of the dot product in the
box on page 702 follows from the algebraic definition 061.
the dot product:

S = viwi + vows + v3ws

<L

Show that ifii and? are two vectors such that

—

U-w=v-w

for every vectons , then

— —
u v.
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Show that
a v u v
- — = ANl = — =
la)> (o] ezl faiilv

have the same magnitude whefeand v are nonzero
vectors.

Figure 13.34 shows that, given three vectgrsy, and

i , the sum of the components Gfand« in the direc-
tion of « is the component of + « in the direction of

i . (Although the figure is drawn in two dimensions, this
result is also true in three dimensions.) Use this figure to
explain why the geometric definition of the dot product

satisfiev + @) -4 =0 -4 +d -4.
|
|
|
|
|
|
\
\
\
)
g ——
Component
of 1 inthe
g:fogpigrlﬁgt direction of 27
direction of .

>
/””’/”a);l;onent of @ + @

in the direction of 7

Figure 13.34: Component ot/ + « in the direction ofi is
the sum of the components @fand«w in that direction

(a) Using the geometric definition of the dot product,
show that

@ (—0)=—(@ -7).

[Hint: What happens to the angle when you multiply
¥ by —17]

(b) Using the geometric definition of the dot product,
show that for any negative scalar

)
).

<l

U

()
(\@) -7

A
A

S
SIS

The Law of Cosines for a triangle with side length9,
ande, and with angle” opposite side, says

A =a%>+b*>—2abcosC.

On page 702, we used the Law of Cosines to show that
the two definitions of the dot product are equivalent. In
this problem, use the geometric definition of the dot prod-
uct and its properties in the box on page 702 to prove the
Law of Cosines. [Hint: Leti andv be the displacement
vectors fromC' to the other two vertices, and exprﬁs

in terms ofd andv' .]
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62. Use the following steps and the results of Problems 5%3. For any vectors/ and , consider the following func-
60 to show (without trigonometry) that the geometricand  tion of ¢:
algebraic definitions of the dot product are equivalent.

Let u = uJ + uzf + u:;lg and v = vlf +
v2] + vsk be any vectors. Writéii - @ )geom fOr the (a) Explain whyg(t) > 0 for all realt.
result of the dot product computed geometrically. Substi- (b) Expandg(t) as a quadratic polynomial inusing the
tuted = uqi + u2j + ugk and use Problems 59-60 to properties on page 702

expand(d - ¥)geom- SUb§t't3t§ for and expand. Then (c) Using the discriminant of the quadratic, show that,
calculate the dot products- i, i - 7, etc. geometrically.

qt) = (T +t@) - (7 +t@).

| — —

o d | < |7l |-

13.4 THE CROSS PRODUCT

In the previous section we combined two vectors to get a ngnilise dot product. In this section
we see another way of combining two vectors, this time to getcdor, thecross product. Any two
vectors in 3-space form a parallelogram. We define the cnaghupt using this parallelogram.

The Area of a Parallelogram

Consider the parallelogram formed by the vectorand« with an angle of) between them. Then
Figure 13.35 shows

Area of parallelogram- Base Height= ||¥/ |||/ || sin .

How would we compute the area of the parallelogram if we werergy’ andw in components,
T =wvyi + Ug] + vgk and@ = wii + ng + wjk ? Project 1 on page 721 shows that iandw
are in thexy-plane, saws; = ws = 0, then

Area of parallelogram= |vywy — vows | .

What if ¢ andw do not lie in thexy-plane? The cross product will enable us to compute the area
of the parallelogram formed by any two vectors.

g
N
N
B
=
=
>

|l R

Figure 13.35: Parallelogram formed by and< has
Area= ||7 ||||7 || sin 0

Definition of the Cross Product

We define the cross product of the vectorandw , writteno x @, to be a vector perpendicular
to bothv andw . The magnitude of this vector is the area of the parallelogi@med by the two
vectors. The direction of x «j is given by the normal vectofi, to the plane defined by and
. If we require thati be a unit vector, there are two choices oy pointing out of the plane in
opposite directions. We pick one by the following rule (ségufFe 13.36):

—

The right-hand rule: Placev and« so that their tails coincide and curl the fingers of you
right hand through the smaller of the two angles fronto «; your thumb points in the
direction of the normal vector; .
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