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7.1 Integration by Substitution

In Chapter 3, we learned rules to differentiate any function obtained by combining constants, powers of X, sin X,
Cos X, ¥, and In x, using addition, multiplication, division, or composition of functions. Such functions are called
elementary.

In the next few sections, we introduce two methods of antidifferentiation: substitution and integration by parts,
which reverse the chain and product rules, respectively. However, thereis a great difference between looking for
derivatives and looking for antiderivatives. Every elementary function has elementary derivatives, but many

elementary functions do not have elementary antiderivatives. Some examples are !." %3 1, (snx)fx,and

o= x%. These are not exatic functions, but ordinary functions that arise naturally.

The Guess-and-Check Method

A good strategy for finding ssimple antiderivativesisto guess an answer (using knowledge of differentiation rules)
and then check the answer by differentiating it. If we get the expected result, then we're done; otherwise, we revise
the guess and check again.

The method of guess-and-check is useful in reversing the chain rule. According to the chain rule,

U@ = J' (9(2)) - ¢ (z).

Derivative of outside”” ™ Derivative of inside

Thus, any function which is the result of applying the chain rule is the product of two factors: the “ derivative of
the outside” and the “derivative of theinside.” If afunction has thisform, its antiderivativeis f (g(x}).
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Example 1
Find/szcos(xE) dx.

The function 3;.;2.;05(;;3) looks like the result of applying the chain rule: thereisan “inside” function % and its
derivative 3,2 appears as afactor. Since the outside function is a cosine which has asine as an antiderivative, we
guess zin x3) for the antiderivative. Differentiating to check gives

.:f;x(sm{ﬁ)] = cos(x7) - (3x%) .

Since thisis what we began with, we know that

[3;:%95(:{3) dr = sin(x3] RO

The basic idea of this method isto try to find an inside function whose derivative appears as a factor. Thisworks
even when the derivative is missing a constant factor, as in the next example.

Example 2

2
Find @ T,

It lookslike ;2 | 1_isaninsidefunction.Soweguessé,(fgﬂj for the antiderivative, since taking the derivative

of an exponential results in the reappearance of the exponential together with other terms from the chain rule.
Now we check:

i(g(rzﬂj) _ (E[r2+1)) oy
di

2
The original guess was too large by afactor of 2. We change the guess to %g[:f +13 and check again:

d 1 a2l _ 1 e o, _ i
pr (22 )—2:3 ci=g .
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Thus, we know that

52Ef2+1:]d5 = %eﬁzﬂj O

Example 3

Find/x3|,u'x4 L5 dx

Here theinside function is -4 - 5, and its derivative appears as afactor, with the exception of amissing 4. Thus,

the integrand we have is more or less of the form

g (x)yex),

with g(x) = x* 4 5. Since x 2 y (3 2 isan antiderivative of the outside function .'/_ we might guess that

an antiderivativeis

O

iz ER

Let's check and see:
3

4 .32 4 U
PR MR R
dx | 372 |72 372

3ra
o 457 istoo big by afactor of 4. The correct antiderivative is

ENR
342

1 x4y 5 =l(x4 | 5)3;2

4 ERR & '
Thus

37
/ﬁ#ﬁ | 5dx=é(x4 N

Asafinal check:

37 142

cf;x(é(xdl L 3) )=é-%(x4 F5) - Axt =27zt 5)

At =4t )

154

172
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Aswe have seen in the preceding examples, antidifferentiating a function often involves “ correcting for” constant
factors: if differentiation produces an extra factor of 4, antidifferentiation will require afactor of %

The Method of Substitution

When the integrand is complicated, it helps to formalize this guess-and-check method as follows:

To Make a Substitution

d—wdx.

Let w be the “inside function” and dw = w' (z) dx = T

Let's redo the first example using a substitution.

Example 4

Find /szcos(xgj dx.

As before, we look for an inside function whose derivative appears—in this case . 3. Welet ,,, _ ,.3. Then
dw = w' (%) dx = 2% 4% The original integrand can now be completely rewritten in terms of the new
variable w:

P—

W dw

/3x2cos[x3) dx = /l::os[x3} 3xdx =/cc:-s wdw =smw 4 U= sin(x3) O

By changing the variable to w, we can simplify the integrand. We now have rqs +w, which can be
antidifferentiated more easily. The final step, after antidifferentiating, isto convert back to the original variable, x.

Why Does Substitution Work?

The substitution method makes it ook asif we can treat 4+ and 4y as separate entities, even canceling themin
the equation &fw = {dw [ dx)dx. Let's see why this works. Suppose we have an integral of the form

Figix)ig (x) dx, whereg(x) istheinsidefunction and 7 () isthe outside function. If F isan
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antiderivative of f, then #' = #, and by the chain rulej?(F(g(x}]} = f(g(x))g'(x). Therefore,

[J’ (glx))g' (x)dx =Fg(x)) + C.
Now writew = g(x) and dw / dx = g' (x) on both sides of this equation:
aw ,
[f(w} 2W = Fw) + '
On the other hand, knowing that 7' = # tellsusthat

ff[w} dw = F(w) + C

Thus, the following two integrals are equal:

ff(w)j—j cfx=fftw:l dw.

Substituting w for the inside function and writing gw = w' {x) dx leavestheindefiniteintegral unchanged.

Let'srevisit the second example that we did by guess-and-check.

Example 5

2
Find @ T,

Heretheinside functionis;2 | 1, with derivative 2;. Since thereis afactor of t in the integrand, we
try

N 1.
Then
dw =w'(£) dt = 2¢ dt .
Notice, however, that the original integrand has only ¢ #¢, not 2; 7. We therefore write

%cz‘w —ds

and then substitute:
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L3
2 2 2
/ﬁé‘[:f +1)d£=[eif g =/€wldw=lfewdw=lew I o =150 FC
T p 2 2 2
Ed}'l-?

This gives the same answer as we found using guess-and-check.

Why didn't we put %/ewdw = %e“’ | %C in the preceding example? Since the constant C is arbitrary, it
doesn't really matter whether we add C or %C . The convention is always to add C to whatever antiderivative we

have calcul ated.

Now let's redo the third example that we solved previously by guess-and-check.

Example 6

Find/x31,|'x4 Fodx.

Theinsidefunctionis x4 | s, with derivative 4,.3. Theintegrand has a factor of .3, and since the only thing
missing is a constant factor, wetry

w=xT475.
Then
dw=w'(x)dx = 4;:3.:1’?:,
giving
%cfw = x dx
Thus,

31 372
fx31fx4 | 5dx=/ﬁ%dw=%/w”2dw=%-% | C’=%{x4 ) b

Once again, we get the same result as with guess-and-check.
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Warning

We saw in the preceding examples that we can apply the substitution method when a constant factor is missing
from the derivative of the inside function. However, we may not be able to use substitution if anything other
than a constant factor is missing. For example, setting ,;, — 4 | 5 tofind

/xzﬁxq b5 dx

does us no good because ,2 7. is not aconstant multiple of z,,, — 4,37, Substitution worksiif the integrand
contains the derivative of the inside function, to within a constant factor.

Some people prefer the substitution method over guess-and-check since it is more systematic, but both methods
achieve the same result. For simple problems, guess-and-check can be faster.

Example 7
Find /gm Psin 0 40,

Welet v = cos @ Sinceits derivativeis — sz  and thereis afactor of g, ¢ in the integrand. This

gives
dw =w’(§j g = — gin @ J0,
o
—dw =z 4.
Thus

/ECDS‘?smMa:few(—dw)=(—1)/ewdw= —e¥ o= =" O
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Example 8

f
Find/ £ di
14 2t

Observing that the derivativeof | | ,fisf, wesee,, — 1 | pfisagood choice. Then ., — f4;, sothat

f
/ e fd.ﬁ:/—l fefdzzfldwthw“ﬂ’
1+4e 1+e W

=]n‘1 bt

F O

=n{l é'f] b {=imce (1 é‘f} 1z always posttive, )
Since the numerator is .f 4;, we might also havetried ,,, _ .. This substitution leads to the integral
{1/ (1 -+ w))dw, which is better than the original integral but requires another substitution, ;; = 1 + w, to

finish. There are often several different ways of doing an integral by substitution.

Notice the pattern in the previous example: having a function in the denominator and its derivativein the
numerator leads to a natural logarithm. The next example follows the same pattern.

Example 9
Find ftan f 8.

Recall that tan @ = (smﬁ"‘} i (DOS I?:I If wp = cas @, then gy = — sin @ 48, SO

/tanadea:/ﬁcfa:f—TW: —Infw| + C = —Injcos 6] + C.

cos

Definite Integrals by Substitution

file://IC|/Documents¥%20and%20Settings/math/Desktop/mai nfr.uni.htm (8 of 23)8/23/2009 2:10:20 PM



WileyPLUS

Example 10

2 2
Compute [ rat A
0

To evauate this definite integral using the Fundamental Theorem of Calculus, we first need to find an

antiderivative of Fix) = M.xz. Theinsidefunctionis 32, sowelet,, — xi. Then gy = 2% dx, SO
%dw =x 4x. Thus,

L wl, 1 w 1 e
fxé dr=Je Edw—zé' |C—2é‘ O

Now we find the definite integral
2
Lty Lty

2 2 2
xe’ dx = lex
j; 2 0 2 2

There is another way to look at the same problem. After we established that

2
f:{é‘x df:l.’:%é‘w RO

our next two steps were to replace w by » 2, and then x by 2 and 0. We could have directly replaced the original
limits of integration, x = 1 and x = 2, by the corresponding w limits. Since,,, _ £, thew limits are
w—0%—pWwhenx =0)and,, — 22 _ 4 (When x = 2), so we get

¥=2 2 w=4
b1 1 W _1lwp 1.4 0 =l 4
ﬂznxe dx—zj;:ne cfw—ze |D—2(e? e ) 2(2 1.

Aswe would expect, both methods give the same answer.
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To Use Substitution to Find Definite Integrals
Either

= Compute the indefinite integral,
expressing an antiderivative in terms of
the origina variable, and then evaluate
the result at the original limits,

or

= Convert the original limits to new limits
in terms of the new variable and do not
convert the antiderivative back to the
original variable.

Example 11

w4 3
Evauate f M,ﬁg.
0 cos

To use substitution, we must decide what w should be. There are two possible inside functions, tan £ and oz @.
Now

1
cos 0
and since the integral contains afactor of | ; ,:052@ but not of siny @, wetry v = tan . Then
dw = (1 cos0) d0-Whenf = 0,w =tan 0 = 0, andwhenfl =7 / 4, w =tan(r / 4) = 1, 0

T4 3 i 1 1
/ %d&:/ (tan@)E-;Edﬂ=fw3dw=lw4‘ ~1
0 cos“f 0 cos 0 4" b 4

d _ d —
30 (tat #) = atied 70 (cos ) = —anf,
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Example 12

3
Evauate | &%
1 5 - X

Letvww =5—x%,904dw= —dx.Wheny =1,w=4,andwheny = 3, = 2,0

— W
Notice that we write the limit 14 — 4 at the bottom, even though it is larger than vy = 2, because 1y — 4
corresponds to the lower limit = 1.

3 2 2
2x__ [ =dw =_|:1nz_1n4}=1n(i —ln2~ 069,
B 4 4 2

More Complex Substitutions

In the examples of substitution presented so far, we guessed an expression for w and hoped to find 4+ (0or some
constant multiple of it) in the integrand. What if we are not so lucky? It turns out that it often worksto let w be
some messy expression contained inside, say, acosine or under aroot, even if we cannot seeimmediately how

such a substitution helps.

Example 13

Findfmdx.

Thistime, the derivative of the inside function is nowhere to be seen. Nevertheless, wetry yw = 1 4 ﬁ Then
w—1= ﬁ SO (W — 1)3 — x. Therefore 2(w — 1)1dw = &x. We have

fmdx=fﬁ2{w—1).:fw=2fw”2(w—1).:fw

_ Ef(wzfz ot gy =2 (%ijz _ %Wm) e

=2(%(1 =) -2 ,,E)m) Ned
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Notice that the substitution in the preceding example again converts the inside of the messiest function into
something simple. In addition, since the derivative of the inside function is not waiting for us, we have to solve for
X so that we can get 4 entirely in terms of w and 4.

Example 14
Find/(x F Y3 = 2x dx.

Here, instead of the derivative of the inside function (which is —2), we have the factor (x -} 7). However,
substituting w — 3 — 2x turnsout to help anyway. Then gw = — 2 4z, 90 ([ — 1/ 2) dw = &x. Now we must
convert everythingtow, includingy + 7. fw =3 —2x,then 2y =3 —yw,0x =3/2 —w/ 2,and
therefore we can write x - 7 interms of w. Thus

f(x EA 3—2xcfx=f(%—% | ?)%(_%de
3]
- —%[(1?—ij”3afw

- _%/(17w1f3_w4f3) dw

B l W4f3 W'”E
__4(1?4f3 —=3 | tC

IS ) WP U V.o N VR 7
_ 4(4(3 20) %~ 23— 2x) )mﬁ'.

Looking back over the solution, the reason this substitution works is that it converts 31;' % — 7%, the messiest part
of theintegrand, to % which can be combined with the other term and then integrated.

Exercises and Problems for Section 7.1

Click here to open Student Solutions Manual: Ch 07 Section 01
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Exercises

b
1. Usesubstitution to express each of the following integrals as a multiple of/ {1/ w) dw for someaandb.
o

Then evaluate the integrals.

(@. !
/ A de
0 14=x

(0). fﬁm st X dx
0

CoOE X

(8). Find the derivatives of gin(x? 4 1} and gin (x> 4+ 1.
(b). Useyour answer to part (a) to find antiderivatives of:

(). x |::-:>s(:ﬁc2 F 1)
(ii). ;czlc:-::us(x3 F 17

(). Find the genera antiderivatives of:

() x sin(x® + 1)
(D) x%sin(x + 1)

Find the integrals in Exercises 3-44. Check your answers by differentiation.

3. fégxd:ﬂ:
4. fg_xdx

5. f 050 02 gy
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2
6. fi cos(E®) df
7. fsin(Exj dx
8. fsin(B—zj dt
2
9. fxe_x adx
2 B
10. f}f(y F oY) dy
10
11. fﬁz(zE—Bj dt
2
12. [xz(l b oxd) dx
7 2
.fx(x F 3 dx

N
14. [x(x*=4) dx

1

w

1

[

.fftl - 3) dy
16. f(zz—?;l”aff,
dy

17. f—y 5

1
dx
18. f 41
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19. f(xz | 3}2.:£x

20. fxzex3+1dx

21. fsinﬁ'(n:osif -5y d6
22, fmsin 3t dt
23. fsmﬁﬂ cos 6 dff

24. fsin% cos o dey

2

[

. fsmﬁ(ﬁﬁ]cos(ﬁﬂ] 40
26. ftan(?xj dx
27. f—(mzjzdz
=
f
28. f&dz
PR
y
29.[ dy
yz F 4
30. f'm 2 dx
Vx

31. fgj_jdy
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30, f 142"
yx g”
X
i
33. agx
fE Fet
42419
35. f%df
14 3
gt —a "
36. | ————dx
fe?x e *

2
37. f—':ﬁ '2” dt

i

fx n::os(x

38.

l,'sm(x

39. fl::oshx dx

40. fsinh 3t di

41. f{sinhz}ems}lz dz
42, fcosh(?w F 1) dw

43. fx cosh xz ax
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44. fcoshzx sinh x &x

For the functions in Exercises 45-52, find the general antiderivative. Check your answers by differentiation.
45. p(f) = mt? 4 4t

46. fix)=sm 3x

a47. Fixy=2x cos(xzj

48. r(£) = 12t %cosi(t)

49. fix)=sm(d—25x)

50. f(x) =2 ™ cosx

51. J () = xle 1
_ 1
52. /(1) = 3 cosz(Ex}

For Exercises 53-60, use the Fundamental Theorem to calculate the definite integrals.

53. fllcos(x b dx
1]
172

54. f cos(mx) dx
1]

Tl
55. f 275050 g g
0

2 2
56. f 2xe’ dx
1
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g 3
57.]5‘5@?;;
1 Y2

g—2 1
58. A
/;1 P2
4
Cos X
59. ax
-
2 X
o [y x
0 1429

For Exercises 61-66, eva uate the definite integrals. Whenever possible, use the Fundamental Theorem of
Calculus, perhaps after a substitution. Otherwise, use numerical methods.

3
61.] (x° + 5%) dx
-1
Ly
62.] — dy
-1 14 ¥
1
63.f—dx
1 X
3
64.]—“?'ﬁ -
1 (g4
2
65.f yx 2 dx
-1

2.
66. [ SBL g
1 i

Find the integrals in Exercises 67—74.
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67. fyy-'y F1dy

68. fz(zl 1)”3.:1?3

2
69.f—E L g
i1
70fcf_x
S N

71. /xz x —2dx

72. /(z I 2)1,:'1—2 gz
73. /;ffﬁ
1;'3 1
2x =2
dx
4 /whl

Problems

75. If appropriate, evauate the following integrals by substitution. If substitution is not appropriate, say so, and
do not evaluate.
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(@).

x sin[xzj dx

(b).

xlsin x dx
(C)-f P
—t
14 x* i
O [
(1+x%)
3

(e. xch}:

. [ _smx
24 cosx

2
76. Supposef gl df = 5. Calculate the following:
0

. 4
@ f glt 1 2) d
1]

b). 2
®) fg(?—.ﬁ)a!‘f,
0

1
77. Suppose[ £ (¢ di = 3. Calculate the following:
0

05
@ F(o8) dt
1]

1
(b)lﬁf{l—z} df

S
© FU3=20) dt

78.
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@ Calculate exactly: / cos<Bsin O O

(b). Calculate the exact area under the curve y; — s sin @ between g = 0 and = .

79. Usethe Fundamental Theorem to find the areaunder thegraph of F{x) =1/ (x + 1) between x = ) and
=2

80. Find the exact area under the graph of Fix)= sz betweenx = 0 and x = 2.

81. Find the exact value of the area under one arch of the curve () = I psiniwe), where g = 0 and .o = 0.

82. Findthe exact averagevalueof # (x) =1/ {x + 1) ontheinterval x = () to x = 2. Sketch agraph
showing the function and the average value.

83. Find [4x(x2 t 13 &x using two methods:

(a). Do the multiplication first, and then antidifferentiate.
(b). Usethesubstitution,, — 2 | 1.
(c). Explain how the expressions from parts (a) and (b) are different. Are they both correct?

84.

@ Fing /sinrif cos 0 6,

(b). You probably solved part (a) by making the substitution vy = zin  OF w = cas £ (If not, go back and do
it that way.) Now find [sin f! cos & &t by making the other substitution.

(c). Thereisyet another way of finding thisintegral which involves the trigonometric identities

st 2f) = Zsin 6 cos 6
cos( 2600 = cos2f — sinf

Find [sin f! cos @ &6 using one of these identities and then the substitution vy — 2.
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(). Y ou should now have three different expressions for the indefinite integral / sin ff cos 6 &6, Arethey

really different? Are they all correct? Explain.

1
85. Let/],, ,, = [ 2™ 1 — xy"dx for constant m, n. Show that £z 5 = {1 m.
] . |:|

86. If tisinyearssince 1990, the population, P, of the world in billions can be modeled by 7 _ 5 30014,

(a). What does this model give for the world population in 19907 In 20007?
(b). Use the Fundamental Theorem to find the average population of the world during the 1990s.

87. Oil isleaking out of aruptured tanker at the rate of »( s} = 50e —0.02f thousand liters per minute.

(a). Atwhat rate, in liters per minute, isoil leaking out at ; = ? At = £07?
(b). How many liters leak out during the first hour?

88. Throughout much of the 20th century, the yearly consumption of electricity in the US increased
exponentially at a continuous rate of 7% per year. Assume this trend continues and that the electrical energy
consumed in 1900 was 1.4 million megawatt-hours.

(a). Write an expression for yearly electricity consumption as afunction of time, t, in years since 1900.
(b). Find the average yearly electrical consumption throughout the 20th century.
(c). During what year was electrical consumption closest to the average for the century?

(d). Without doing the calculation for part (c), how could you have predicted which half of the century the
answer would bein?

89. If weassume that wind resistance is proportional to velocity, then the downward velocity, v, of abody of
mass mfalling verticaly is given by

v = %(1 —E_kfllrm),

where g isthe acceleration due to gravity and k is a constant. Find the height, h, above the surface of the earth asa
function of time. Assume the body starts at height /.

90. If weassume that wind resistance is proportional to the square of velocity, then the downward velocity, v, of
afaling body is given by
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Use the substitution ,,, __ gk |, —#y/gk tofind the height, h, of the body above the surface of the earth as a
function of time. Assume the body starts at a height /.

91.

(8). During the 1970s, ACME Widgets sold at a continuous rate of g — g,¢5-15 widgets per year, wheretis
timein years since January 1, 1970. Suppose they were selling widgets at a rate of 1000 per year on the
first day of the decade. How many widgets did they sell during the decade? How many did they sell if the
rate on January 1, 1970 was 150,000,000 widgets per year?

(b). Inthefirst case above (1000 widgets per year on January 1, 1970), how long did it take for half the
widgetsin the 1970s to be sold? In the second case (150,000,000 widgets per year on January 1, 1970),
when had half the widgets in the 1970s been sold?

(c). In 1980 ACME began an advertising campaign claiming that half the widgetsit had sold in the previous
ten years were still in use. Based on your answer to part (b), about how long must awidget last in order to
justify this claim?
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