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/.2 Integration by Parts

The method of substitution reverses the chain rule. Now we introduce integration by parts, which is
based on the product rule.

Example 1

Find /xe"'.:z‘x.

We are looking for a function whose derivativeis x»*. The product rule might lead us to guess
xe", because we know that the derivative has two terms, one of which is y.*:

;?(xé'xj = ;?I:I:Ié‘x + xc;ix(é'x] —a" fxa”
Of course, our guess iswrong because of the extra ;*. But we can adjust our guess by subtracting
&% thisleadsustotry yo* _ »*. Let'scheck it:

d
adx

I:xé‘x—e?x:l=;+II:XEI]—j?(EIII:EI—FXEI—Ex:xEI

It works, S0 [xe” dx =xe” —&" +
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Example 2
Find ft’? cos i 6.

We guess the antiderivative is{} sin i and use the product rule to check:

ENre din s o
dg(ﬂsmﬂ}——dg sty 7 - ﬂdg{smﬂ)—smﬂ & cos @

To correct for the extra zin  term, we must subtract from our original guess something whose
derivativeis zi; f. Since r;:i'iﬂ{ms 1 = —sinfl, wetry:

& g —d g o — g snd—
dg{ﬂsmﬂlmsﬂ)—dg(ﬂsmﬂ] | dg{casﬂ)—smﬂlﬂmsi? stn ! =0 cos @

Thus,fi?cosi?dE?:ﬂsmi? foos 4 O

The General Formula for Integration by Parts

We can formalize the process illustrated in the last two examplesin the following way. We begin
with the product rule:

j?(w} =u'v 4wy

where u and v are functions of x with derivatives;,” and 1./, respectively. We rewrite this as:

wy' = i(uv} —u'v

dx
and then integrate both sides:

ta _ fd I
/uvdx—/dx(uv]dx fuvd:ﬁ:.

Since an antiderivative of .:fi (2w isjust 2w, we get the following formula:
x
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Integration by Parts

[uv“’ci'x =V — /u“’v adx .

Thisformulais useful when the integrand can be viewed as a product and when the integral on the
right-hand side is simpler than that on the |eft. In effect, we were using integration by partsin the
previous two examples. In Example 1, welet xe™ = (x) - (2*) = wv', and choose s = x and

v — g% Thus, ;' — 1andy — 2%, SO

[ = ()6 - [ =se~" .

u ¥

So v represents our first guess, and / u'v dx represents the correction to our guess.

Notice what would have happened if wetook v = 2” -- 7*;. Then

[x&xdx=x{éx | Clj—[(gx F O dx

=xe" 4 Cix—e’ =Cix+ C
=xe" —gt 4+ O,

as before. Thus, it is not necessary to include an arbitrary constant in the antiderivative for v; any
antiderivative will do.

What would have happened if we had picked u and 4, the other way around? If ;; — »* and 1,/ — &,
then ' — 2% and,, — 2 ; 5. Theformulafor integration by parts then gives

2 2
/xe?x.:fx = %er - /% et dx,

which istrue but not helpful since the integral on the right is worse than the one on the left. To use
this method, we must choose u and 1,' to make the integral on the right easier to find than the
integral on the left.
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How to Choose u and '

= Whatever you let
' be, you need to
be able to find v.

= Ithelpsif ;' is
simpler than u (or
at least no more
complicated than
u).

= It helpsif vis
simpler than '
(or at least no
more complicated
than ;).

If wepick v/ — x inExample 1, then,, _ .4 ; 5, whichis certainly “worse” than ,,".

There are some examples which don't look like good candidates for integration by parts because
they don't appear to involve products, but for which the method works well. Such examples often
involvely x or the inverse trigonometric functions. Here is one:

Example 3

3
Flnd/ lnx &x.
2

This does not look like a product unlesswe writeln x = (13 {ln x). Thenwe might say 3; — 1 SO
' = 0, which certainly makes things simpler. But if v,/ — 1y, x, what isv? If we knew, we would
not need integration by parts. Let'stry theother way: if z = In x, 5" = 1/ x andif 3,/ — 1,

v =1x,50
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3

z_f@_‘(‘?ﬂ

3
— | ldr=(xlhx—x)f
, /; x=ixlhx le|2

=3h3-3-Zh24+2=3h3-2h2-1.

3
£ (lnx) (1) dx = (Inx) (x)

[ i ¥

3
=xlnx

Notice that when doing a definite integral by parts, we must remember to put the limits of
integration (here 2 and 3) on the i term (in this case x I, x) aswell as on the integral /u’v dx.

Example 4
Find/‘:i':ﬁ Inxdx.

View .61, » 8y’ Wherey = In x and ./ _ 8. Thenv = %xT and ' — 1/ x, SOintegration

by parts gives us:

fxﬁh xdx= /{]ﬂ x)xﬁd:ﬁf =(lnx) (%x?) - /%x? - %c;t'x

=—xT]11x—l/xﬁdx

7 7
17, 1.7
—?x I x 49x RO

In Example 4 we did not choose ,' — {1, x, because it is not immediately clear what v would be. In

fact, we used integration by partsin Example 3 to find the antiderivative of i, x. Also, using
1 = In x, awe have done, gives;,’ — 1 { x, which can be considered simpler than ;; — I, x. This

shows that u does not have to be the first factor in the integrand (here ,.5).
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Example 5

Find fxzsin dx dx.
If welety' — gin 4x, thenv = — — cos 4x, whichisno worse than /. Also letting,, _ .4, we
get ;" — 25, whichissimpler than,, _ ,.£. Using integration by parts:

fxzsinilx.:fx=x2(—%cos4x)—f2x(— 1

En:-::s 4x).:1‘x
__ 1.2z 1
= 4;: cos dx 4 Efxc-:}sdlxcix.

The troubleis we still have to grapple with fx cos dx &x. This can be done by using integration
by partsagain with anew uand v, namely &z = x and ' — ¢z 45

fx cos4x.:fx=x(%sin4x)—f1- 1si114x.:1'x

4
1 a1 1
—4;: sin dx 4 ( 413954;:) RO
=lx i dx - L|:c}s4:J': RO
4 16 '
Thus,

fx sin dx dx = —%xzms-ﬂlx | lf;: cos dx ox

2
__1.2z 171 . 1
= 4.7: cos dx 4 2(4xsm4x| 161::::-54;: | C’)
—%xzcos-ﬂlxll

e st dx ;—Ecos dx 4+
Notice that, in this example, each time we used integration by parts, the exponent of x went down

by 1. In addition, when the arbitrary constant C is multiplied by =, it is still represented by C.
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Example 6

Find fcaszﬂ 4.

Using integration by partswith sz — cos @, ' = cos @ 0IVeSy' — — zin @ v = sin #, SO We get

fms%:r 46 = cos 6 sin 0 /sm%:r Rl

Substituting oi 49 — 1 — cogip l€adsto

f.:os%? 40 = cos 0 sin 0 f{l — cos’0d0

=cos s 4 /1 dﬂ—fcoszﬂ.:fﬂ'.

Looking at the right side, we see that the original integral has reappeared. If we move it to the left,
we get

E/COSEﬂtI‘ﬂ=EOSﬂSiIIﬂ | fl df =cos@and 04 .
Dividing by 2 gives

/coszﬂdﬂ=%cosﬂsﬁ1ﬂ | %ﬂ' RO

Problem 41 asks you to do thisintegral by another method.

The previous exampleillustrates a useful technique : Use integration by parts to transform the
integral into an expression containing another copy of the same integral, possibly multiplied by a
coefficient, then solve for the original integral. It may be necessary to apply integration by parts
twice, as the next example shows.
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Example 7

Use integration by parts twice to find [Ehsmﬁxj dx.

Using integration by partswith,, — ,2% andv' = sin{3x) gives,,/ _ 9,2%, v = — %cos(Ex},
so we get

/szsm(Ex] dr = — %EEICGSI:BI:I | %/EEIEGS{EI) dx .

On the right side we have an integral similar to the original one, with the sine replaced by a
cosine. Using integration by parts on that integral in the same way gives

/ezxcos[Sx} dx = %ezxsmﬁxj—% [ezxsinﬁx} dx

Substituting this into the expression we obtained for the original integral gives

/szsﬁl(Sx] dx = — %Ehcgs(ﬁxj | %(%é'hsin(ﬁx] _ %/ézxsjn(ﬁx} d;:)

= — %gzxcos(Bx} | %ezxsmﬁx} - %[ezxsmﬁx}dx

Theright side now has a copy of the original integral, multiplied by — 4 / 9. Moving it to the
left, we get

N 3
Dividing through by the coefficient ontheleft, {1 + 4/ 91 = 13/ 9, we get

(1 | i) [ezxsmﬁx} dx = — te¥cos(3x) 4 %J%quxj.

ax 8 1 2 2 Ix
./e sini 3x) dx_lj( ok cos(3x) - 3¢ sm{3x})

=%ﬁ*(25m(3x} — 3cos(3x)) + C.

Exercises and Problems for Section 7.2
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Click here to open Student Solutions Manual: Ch 07 Section 02
Click here to open Web Quiz Ch 07 Section 02

Exercises

1. Writearctan x = 1 - arctan x to find faru::tan xdx.

Find the integrals in Exercises 2—-29.

2. /ﬁ sih £ i
3. fﬁsmmz

~N
=
p—
S
[0
B
3
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10. /qjlnﬁq da

11. /t'i'z cos 360 &0

12. /smztfi'dtii'

13. /cosz(Bn F1da
14. /(]115)2.:1?5

15. /ymd}r

16. /(: F2)y2 4 3t dt

17. f(rii' F Dysmn(d + 1) &8

=
<4

18 /Ez =

19. /]n—zx.:fx
X

20./ L dy
J=y

21/5'7dz
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22. fx(]n Y dx
23. farn:sin W W
24. farn:tan fzdz
25. fx arctan x° dx
26. fxBEIE dx

27. ij cos x° dx
28. fx sinth x ofx

29. f{x — Dicosh x dx

Evaluate the integrals in Exercises 30-37 both exactly [e.g. In({ =7 )] and numericaly [e.g.
In{am) a2 2.245]:

5
30. f]n.if.:z‘.t
1

3
31. f xcosxdx
3

10
32. f za ©dz
1]
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3
33. /.ﬁ]ﬂ.ﬁd.ﬁ
1

1
34. /arn:tanydy
1]
3
35. /mu Fe) dt
1]
1
36. /arn:sinz.:fz
1]

1
37. /z.carn::sinut2 i
1]

Problems

38. For each of the following integrals, indicate whether integration by substitution or integration
by parts is more appropriate. Do not evaluate the integrals.

(a).

xsnx dx

(b)-/' o
o
1|;'f3 :

2
(©). xe’ dx

(). xzms{xE] dx

(e)./ 1,
y 3x 4 1 :

®. [.:z

x%an x dx
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39. Find the exact value of the areaunder the first arch of f (x) = x sin x.
40. InExercise 12, you evaluated sin 0 4 usi ng integration by parts. (If you did not do it by
parts, do so now!) Redo thisintegrél using the identity sinf — (1—cos 267 / 2. Explainany

differences in the form of the answer obtained by the two methods.

41. Compute [ cos20 @6 in two different ways and explain any differencesin the form of your

answers. (The i'dentity cosil — (14 cos 28 / 2 may be useful.)

42. Useintegration by parts twice to find [e*‘sm x dx,
43. Useintegration by parts twice to find [eﬂcos i &1,
44. Usetheresults from Problems 42 and 43 and integration by partsto find /xéxsm xdx,

45. Usetheresults from Problems 42 and 43 and integration by parts to find /ﬁeﬂcos 0 &0,

In Problems 4649, derive the given formulas.
46. [X”é‘x dr =x"" —n [x”_lé'xcix
47. [x”cos ax dx = %x” s ax — f[x”_lsin ax dx

M 1 »n M n—1
48. [x sin ax dx = — X Cos ax | E/x cos ax dx
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49. [c-::ws”;: dx = % c:::-s”_lx sin x =& ; 1 /n:c::-s”_z.r ax

50. Integrating 2%* s, &x by partstwice yields aresult of the form

/eﬂxsmbx dx =™ (Asin bx + Bos bx) + O

(a). Find the constants A and B in terms of a and b. [Hint: Don't actually perform the
integration by parts.]

(). Evauate [emcos bx dx by modifying the result in part (a). [Again, it is not necessary to

perform i'ntegrati on by parts, as the result is of the same form asthat in part (a).]

10
51. Estimate | #{xig'(x) dxif f{x) = x* and g hasthe values in the following teble.
J0

X 0 2 4 6 8 10
g(x) 23 31 41 55 59 6.1

52. Let f betwice differentiablewith 7 (07 =&, £ (13 =35,and #'({1) = 2. Evaluate the
1
integral / x £y dx
J0

53. Let () betheareaunder the graph of y» — %22 7% between x — Qand x = g, for g = 0.

(). Find aformulafor & (a).
(b). IsF anincreasing or decreasing function?
(c). IsF concave up or concave down for (J = gz — 27?

54. The concentration, C, in ng/ml, of adrug in the blood as a function of the time, t, in hours
since the drug was administered is given by .~ __ 15, —U-4f. The area under the concentration
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curve isameasure of the overall effect of the drug on the body, called the bioavailability. Find the
bioavailability of the drug between s — (J and = 3.

55. Thevoltage, V, in an electric circuit is given as afunction of time, t, by

F=Fpoos(we + o) .

Suppose each of the positive constants, Iy, w, ¢ isincreased (while the other two are held
constant). What is the effect of each increase on the following quantities:

(a). The maximum value of V?
(b). The maximum value of 17} 4¢?
(c). The average vaue of ;-2 over one period?

56. During asurge in the demand for electricity, the rate, r, at which energy is used can be
approximated by

r=ig —.:;r,

wheret isthetimein hours and a is a positive constant.

(a). Find thetotal energy, E, used inthefirst T hours. Give your answer as afunction of a.
(b). What happenstoEas T ~g ?

57. Indescribing the behavior of an electron, we use wave functions ¥, ¥4, ¥4, --- of theform

Vo (x) = Cysinlerx) Jarn=123, ...
where x is the distance from afixed point and C,, is a positive constant.
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(@). Find T’y sothat ¥y satisfies

1
f (W) dx=1.
1]

Thisis called normalizing the wave function '¥;.
(b). For any integer n, find ', so that ¥,, is normalized.
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