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/.3 Tables of Integrals

Since so few functions have elementary antiderivatives, they have been compiled in alist called atable of

integrals.*A short table of indefinite integrals. The key to using these tables is being able to recognize the general
class of function that you are trying to integrate, so you can know in what section of the table to look.

Warning: This section involves long division of polynomials and completing the square. Y ou may want to review
these topics!

Using the Table of Integrals

Part | of thetable of indefinite integrals givesthe antiderivatives of the basic functions x*, %, in x, zin x, cos x
and tan x. (The antiderivative for iy, x isfound using integration by parts and is a special case of the more genera
formulalll-13.) Most of these are already familiar.

Part |1 of the table contains antiderivatives of functions involving products of »*, zin x, and cog x. All of these
antiderivatives were obtained using integration by parts.
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Example 1
Find [sin Fzosin 3z oz,

Since the integrand is the product of two sines, we should use 11-10 in the
table,

/sin?z sin 3z dz = —%(?cos?z sin 3z — 3cos 3z sin Fz) + O

Part 111 of the table contains antiderivatives for products of a polynomial and z*, zin x, Of oz x. It alsohasan
antiderivative for ™ {1, », which can easily be used to find the antiderivatives of the product of a genera polynomial
and |, . Each reduction formula is used repeatedly to reduce the degree of the polynomial until a zero degree
polynomial is obtained.

Example 2
Find [(xj Fox® — 27 dx.

Since p(x) = x° + 2x~ — g isapolynomial multiplied by 3, thisis of the formin I11-14. Now
2'(x) = 5x% 4 6xf and " (x) = 20x7 4+ 12x, and so on, giving

[(xj Fox3 — 8)e dx=g3x[%(x5 | 2x3—8}—%(5x4 b 6x2y 4 %(209 - 12x)

1 2 1 1
— o(60x? 1 12) + L1200 - Lo 120} Lo
Here we have the successive derivatives of the original polynomial .- | 25~ _ @, OCcurring with alternating signs

and multiplied by successive powers of 1/3.

Part 1V of the table contains reduction formulas for the antiderivatives of -5"x and s, 5, which can be obtained
by integration by parts. When nis a positive integer, formulas IV-17 and 1V-18 can be used repeatedly to reduce the

power nuntil itisOor 1.
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Example 3
Find [ sin’0 2.

Use IV-17 repeatedly:

sin® 0 cos 04 g/sm'*‘r:rdr:r

1
3
[sm4ﬂdif= —%sinEtTcosif | i/smzr:rdr:r
1
>

4
[sjn%:r df = —

Caculate [smzﬂ &0 firgt, and use thisto find /sindii' &1, then calculate [sinﬁii' &8, Putting this all together, we
get

sin B cos &4 %fldﬁ'.

6pap— LSy o 5 3. o 15 15
[smifa!’ﬁ'— 6smﬂcosﬂ 245111&::95{3 4gsmﬂcosﬂl48ﬁll’3.

Thelastitemin Part 1V of the tableis not aformula: it is advice on how to antidifferentiate products of integer
powers of zi11 x and g x. There are various techniques to choose from, depending on the nature (odd or even,
positive or negative) of the exponents.

Example 4
Find [cosg.t sin’t ot

Here the exponent of ¢z £ isodd, so 1V-23 recommends making the substitution 1 = zin #. Then gdw = cos £ ¢
To make thiswork, we'll have to separate off one of the cosinesto be part of 4. Also, the remaining even power
of cog ¢ Can berewritten interms of zin £ by USING ey — 1 — gin®s — 1 — v, SO that
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/cosgf, sin4.ﬁ di = /cosz.t sin4.ﬁ cos f i

f{l— Byt dw = /(W — w5y dw

1.7 1
5 —?ch 551115 ?smle

Example 5

Find fcoij sind'x dx,

In this example, both exponents are even. The advice givenin IV-23isto convert to all sinesor al cosines. Well
convert to al sines by substituting ., o245 — 1 — gin %5 ad then well multiply out the integrand:

/l::oszx sinr dx = /{1 — sinzx) sinx dx = /sin4x dx — /sinﬁx dx

In Example 3 we found /sin4x dx and /sinﬁx @ x. Put them together to get

o4 oo 1 _3 3
/l::os X x dx = 45111:1:1::95:1: 8smxn::t:'s:{l Sx
1.5 5 .3 15 15
—(—65111:1:::05;{ 24smxcosx 485mxcosx|48x)ltf
_ 1.5 _ 1 .3 _ 5 3
—6smxcosx o ST X cos X 485mxcosx|48xlﬂ'

The last two parts of the table are concerned with quadratic functions. Part V has expressions with quadratic
denominators; Part VI contains square roots of quadratics. The quadratics that appear in these formulas are of the
form,2 | ,2or,2 _ .2 orinfactored form (x — @) (x — &), wherea and b are different constants. Quadratics
can be converted to these forms by factoring or completing the square.

Preparing to Use the Table: Transforming the Integrand
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To usetheintegral table, we often need to manipulate or reshape integrands to fit entriesin the table. The
manipulations that tend to be useful are factoring, long division, completing the square, and substitution.

Using Factoring

Example 6

Find/;’x—'?dx.
4 bx 48

In this case we factor the denominator to get it into aformin the
table:

K bx S =(x+ Dix+4).

NowinV-27welety = — 2,k = — 4, =3, and 4 = 7, toobtain

/f‘—”ﬂ:l(mx 2| = (= S)lnjx +4) + C.
x“4béx B 2

Long Division

Example 7

2
Findf ;‘ dx.
x4 4

A good rule of thumb when integrating a rational function whose numerator has a degree greater than or equal to
that of the denominator isto start by doing long division. This resultsin a polynomia plus asimpler rational
function as aremainder. Performing long division here, we obtain:
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Then, by V-24 with ; = 2, we abtain:

2
/ zx cix=/1.:fx—4/ 21 cz’x=x—4-larctan£+C=x—Earctan£+C.
x4 44 x4 44 2 E 2

Completing the Square to Rewrite the Quadratic in the Form w? + a2

Example 8

Findf g 1 a7,
o bx 4 14

By completing the square, we can get thisintegrand into aform in the table:

b=zl 6x+ 9 -9+ 14
=(x+3%+5.

Letvw = x -+ 3. Then 4w = #x and so the substitution gives

/ 1 dx=/;dw=Larctani+C=Larctanx+3+C',

226zt 14 w45 V3 e Vs Vs

where the antidifferentiation uses V-24 with 2 _ 5.

Substitution
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Example 9
Findfgfsm(ﬁz 7Y de.

Thislooks similar to 11-8. To make the correspondence more complete, let's try the substitution v = 5z - 7. Then
dw = 5 df, 0df = %.:;Ew. Also, i = (w — 73 { 5. Then the integral becomes

/@fsin(iﬁ I ?)dﬁzféiw_?j’rjsmwd?w

L
= ’E'Tfew’rjsm Wl (e @ W77 and e s a constant)
Now we can use |1-8 with x = % and 4 — 1 towrite
/Ew’rjsmwdw= 21 ew’rj(Sﬁ%W —cos w] RO
1 2
(E) -1
S0
. e (25 seymes( smn(5t 4+ 7)
g sin(df -+ Tt = ———|5=¢ ———— —os{M A+ ||+ T
] 26 5
£
_ 52% (5111(5*"5' T os(5t ?)) Wed

Exercises and Problems for Section 7.3

Click here to open Student Solutions Manual: Ch 07 Section 03
Click here to open Web Quiz Ch 07 Section 03

Exercises

For Exercises 1-40, antidifferentiate using the table of integrals. Y ou may need to transform the integrand first.
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'_\

. [e _Eﬂms & e

. ijlnxcfx
. f;{gsinﬁxdx.

4. [(xz b 3)n x dx.
2
. [ (x° + 5) dx.
[- 4
6. [ s woos w dw
. [sindlx dx
f 1 T dy
34y
. [xgezxcix
10. /f—x
9x° 4 16
f dx
11. —2
V25— 16x
f ax
12. 5
Qx4 25

13. fsin 38 cos 8 48

N

w

al

\]

o¢]

©
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14. [sin 38 sin 50 H60
ngExdx

3
16 /XEEI dx
17. /xdghdx

18. fuj {5 du

19.[ 13 dx
[
2
20. f—’fz Y
it=1

21. /xESin xidx

15

22. [cosZycoslydy

23. [y2sin 2y dy
24. sin 3x ox

25./ 15 dx.
cosTx

/ % 40
cin?20

/
f

2

)]
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27, f 1y
sitn” 28
1
28.f dx
cos T Tx
29. f%dx
x4 dr 43
30. ftan4xdx
daz
31. f—z[z—Bj

o
32. f .}’2
4=

gz

1I{z|2j

[
f

33.

35. dx

2Ifilxldl

36. fsm x dx

37. fsm33ifc0523ﬂdﬁ'
2
38. fzezz cos(220) dz

30. fsinh3 x c:t::shzx gdx
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40. fsmh x cosh™x dx

For Problems 4144, evaluate the definite integrals. Whenever possible, use the Fundamental Theorem of Calculus,
perhaps after a substitution. Otherwise, use numerical methods.

mrld

41.f st S ) o
1]
1

2 [l
0 x4 2x 41
U2

43. f—de
0 (x4+2)°+1

1/y2
44. f —2—dx

Problems

45. Show that for all integers mand n, with sz = ln,f st el sin sl &0 =0,

46. Show that for all integers mand n, with sz = -1 n,f cos mi cos nld 40 =10,

47. Thevoltage, V, in an electrical outlet is given as afunction of time, t, by the function ¥ = Fpcosi 120m¢],
where Visin voltsand tisin seconds, and ["; is a positive constant representing the maximum voltage.

(a). What isthe average value of the voltage over 1 second?
(b). Engineers do not use the average voltage. They use the root mean sgquare voltage defined by
= Javerage of (;;2). Find }© in terms of [;. (Take the average over 1 second.)

(c). The standard voltage in an American house is 110 volts, meaning that 7 — 110. What isF?

48. For some constants A and B, the rate of production, Kz}, of oil in anew oil well ismodeled by:

Riz) = A+ Bz Tsin(2mt)
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wheret isthetimein years, Aisthe equilibrium rate, and B is the “variability” coefficient.

(a). Find thetotal amount of oil produced in the first N years of operation. (Take N to be an integer.)
(b). Find the average amount of oil produced per year over thefirst N years (where N is an integer).
(c). From your answer to part (b), find the average amount of oil produced per year as #f — g .

(d). Looking at the function X(#}, explain how you might have predicted your answer to part (c) without doing
any calculations.

(e). Doyou think it is reasonable to expect this model to hold over avery long period? Why or why not?

49. For apositiveinteger n, let 'V ,,(x) = Cysin(x#mx) be the wave function used in describing the behavior of an
electron. If n and m are different positive integers, find

1
f W, ix) - Wix)dx
]
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