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7.4 Algebraic Identities and Trigonometric Substitutions

Although not al functions have elementary antiderivatives, many do. In this section we introduce two powerful
methods of integration which show that large classes of functions have elementary antiderivatives. Thefirst isthe
method of partia fractions, which depends on an algebraic identity, and allows us to integrate rational functions.
The second is the method of trigonometric substitutions, which allows us to handle expressions involving the square
root of a quadratic polynomial. Some of the formulas in the table of integrals can be derived using the techniques of
this section.

Method of Partial Fractions

The integral of some rational functions can be obtained by splitting the integrand into partial fractions. For
example, to find

1
/(x—zzlcx—ﬂzl a.

the integrand is split into partia fractions with denominators (x — 2) and (x — 5). Wewrite

1 __A + B
(x=2)(x =2 x=2 =57

where A and B are constants that need to be found. Multiplying by (x — 2)(x — 5) givesthe identity
1=Alx =5)+ 5(x=2)

1=(A+B)x—54—28

Since this equation holds for al x, the constant terms on both sides must be equal. Similarly, the coefficients of x on
both sides must be equal. So
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—0A=-28=1
A+ B=0.
Solving these equationsgives 4 — — 1/ 3, 8= 1/3. Thus,
1 _ =1i3 I 1/3

(x=20(x=5) x-=2 =5

Example 1

, . . 1
Use partial fractlonstomtegrate/ D=5 dx.

We split the integrand into partial fractions, each of which can be integrated:

1 o f{=143 143N, 1. o1,
f(x_gj(x_ﬁjdx—/(x_z Ix_ﬂ).:i‘x— Linpr—2)+ L =54 ¢

Y ou can check that using formula V-26 in the integral table gives the same resuilt.

This method can be used to derive formulas V-26 and V-27 in the integral table. A similar method works whenever
the denominator of the integrand factors into distinct linear factors and the numerator has degree less than the
denominator.

Example 2
Find [ 22 g
4z
We factor the denominator and split the integrand into partial fractions:
x4+2 _ _x4+2 _ A I B
24 x4+ 1) r x4+l

Multiplying by x(x < 1) givesthe identity
xdd=Alx+ 1)+ Bx
={A+Bx+ 4.
Equating constant terms and coefficientsof xgives 4 =2 and 4 + B=1,50 58 = — 1. Then we split the

file:///C|/Documents%20and%20Setti ngs/math/Desktop/mainfr.uni.htm (2 of 18)8/23/2009 3:25:50 PM



WileyPLUS

integrand into two parts and integrate:

x4+ 2 _ iz __1 — -
/—2 .:fx—/(x xl1)a!’x-2]n|x| tnfx + 1)+ C

x4x

The next example illustrates what to do if there is a repeated factor in the denominator.

Example 3

4 5
x—1 (x=17%"x+3"

2
Calculate [ 10z = 2x dx using partial fractions of the form
(x=1%x+3)

We are given that the squared factor, (x — 1 )3, leads to partia fractions of the form:

107 — 2x A4 B L _C

r—12x+3) F-1  (z-np? xH3
Multiplying through by ¢z — 13%(x + 3) gives
10x —2x2 = A(x — 1(x +3) + Blx + 3) + Clx — 1)?

= (A4 Cx? 4 (2A+ B2 x =344 3B 4 C.
Equating the coefficients of »Z and x and the constant terms, we get the simultaneous equations:

A4 C= =12
A4 B=20=10
— 344384+ C=0

Solving gives 4 — 1, 8 = 2, (7 = — 3. Thus, we obtain three integrals which can be evaluated:

10x — 2x° 1 2 3
dx — — d
/(I—l)z(x | 3) a /(J{—l | I:X—I:IE x4 3) x

_ 2

Forthesecondintegral,weusethefactthat/?f(x— 1)2.:£:r=2/(x— 1)_2 dr= —2(x — 1)_1 .

If thereis a quadratic in the denominator which cannot be factored, we must allow a numerator of the form dx + &
in the numerator, as the next example shows.
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Example 4
2
Findf %x —x—1 n::f'xusingpartialfractionsoftheform%and c_
(=4 1){x = 2) 41 x—d

We are given that the quadratic denominator, (2 - 1), which cannot be factored further, has a numerator of the
form Ax -+ B, sowe have

orf_x—1  Ax 4+ B L _C

24 Dx—2) x4l x—2
Multiplying by (x% 4 13(x — 2) gives
2xf —x—1=(dx + B)(x =20+ Cx? 4+ 1)

—(A+ CxZ 4 (B—24)x + C— 2B
Equating the coefficients of »Z and x and the constant terms gives the simultaneous equations

A+ =2
B-24= -1
C=25=<1.

Solving gives 4 = B = (7 = 1, so we rewrite the integra asfollows:

2t —x—1 x4 1 )
dx = dx
f(lelj(x—zj i /(lel -z

Thisidentity is useful provided we can perform the integration on the right-hand side. Thefirst integral can be
doneif itis split into two; the second integral is similar to those in the previous examples. We have

2
f 2x —x— ] .::Ex=f X .:fx|f 1 dm] L_ax.
(x? 4 1)(x —2) x4 x4 x—2

Tocalculatef(xf{x2 + 13)dx, substitute ., — 2 4 1, or guess and check. Thefinal result is

2
f %x —x=1 . _ 1.
(x4 ix =2) 2

XE | 1| | arctan x 4 ]n|x—2| .

Finally, the next example shows what to do if the numerator has degree larger than the denominator.
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Example 5

3 2
Calculate[x _2?"{ F10x + 1 7 using long division.
rt=Tlx 410

The degree of the numerator is greater than the degree of the denominator, so we divide first:

P2 104l _ xG=Tx 1041 1
x—Tx 4+ 10 x—Tx 410 X2 —Tx 410
Theremainder,inthiscaselj(xz_?x |- 107, isarational function on which we try to use partial fractions. We

have

1 B 1
Ao Tx 10 x=2)(x=35)

so in this case we use the result of Example 1 to obtain

3 2 2
= Tx% 4 10x 4 1 _[( 1 ) x 1 1
ar =[x+ dr="———-lhlx =24+ =lnjx =24+ .
[ 22— Tx 4+ 10 (x—2)(x—5) PI T R R (]

Many, though not all, rational functions can be integrated by the strategy suggested by the previous examples.

P(x)

Strategy for Integrating a Rational Function, Tz)
= If degree of FPix) == degreeof {/(x], try long
division and the method of partial fractions on
the remainder.

= If {(x) isthe product of distinct linear factors,
use partial fractions of the form

A

(x—c)
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= If {(x) contains arepeated linear factor,
(x — )™, use partia fractions of the form

L. R » B I
(x =¢) (x—c]z (x—e)?

= If {J(x) contains an unfactorable quadratic
g (%7, try apartia fraction of the form

Ar 4 B
g(x)

To use this method, we need to be able to integrate each partial fraction. We know how to integrate terms of the
form A4/ (x — )" using the power rule (if ;; = 1) and logarithms (if ;; = 1). Next we see how to integrate terms
of theform {Ax + &) /¢ {x), whereg{x) is an unfactorable quadratic.

Trigonometric Substitutions

Section 7.1 showed how substitutions could be used to transform complex integrands. Now we see how substitution
of zin @ Or tan & can be used for integrands involving sgquare roots of quadratics or unfactorable quadratics.

Sine Substitutions

Substitutions involving sir, ¢ make use of the Pythagorean identity, 4329 4 gin@ — 1, to sSimplify an integrand

involving !.'ai — xd

Example 6
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1
Find f ————dx g ng the substitution x — sin #.
Vl— x

If x = ain @, then dx = cosz B4, and substitution gives

cos f ey

fmdx—fmcosﬂdﬂ /m

Now either . ,229 = cos @ or !.",:OS — — casz {1 depending on the values taken by . If we choose
—mi2=f<gi2thencesf =0, SO|EE052g=gggﬁ.Then
[ cosl g — [COS%ﬂ [1.::3&:& O =arcsinx 4+ O
!fms cos i

Thelast step usesthefactthat ) — arcsin x if x = sinffand — w2 <@ <7/ 2.

From now on, when we substitute zir; ), we assume that theinterval — 7 f 2 < @ <2 7 § 2 has been chosen. Notice
that the previous exampleisthe case y = 1 of VI-28 in the table of integrals. The next example illustrates how to
choose the substitution when . = 1.

Example 7
1

dx
4 —x?

Use atrigonometric substitution to find f

Thistime we choose x = 2sin f, with — 7 /2 < < 7 (2, sothat 4 _ , < becomes a perfect
sguare:

V4 — 22 = 4 — 4sin20 = 2y 1 — sinZ0 = 2y cos20 = 2c0s 6
Then gdx = 2oz B8, SO substitution gives

fﬁ‘”#z

E)lt:*.

ﬁEI::osifd{f:[ldﬂ:ﬂ [ C=arn:sm(2

The general rule for choosing a sine substitution is:
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To simplify !."ai _ 2, forconstant a, try x = & sin @, With — 7 /2 << x (2.

Notice !.'ﬂi — x2isonly defined on theinterval [ — &, a]. Assuming that the domain of theintegrand is[ — a, 4,
the substitution x = ¢ =zin @, with — 7/ 2 <@ <7 [ 2, isvadid for dl x in the domain, because itsrangeis[ — «, ]
andithasaninversef! = arcsin(x f @) on[ — a, a).

Example 8
Find the areaof the ellipse 452 |- 3% — 9.

Solving for y shows that 3» — Vo — 42 givesthe upper half of the ellipse. From Figure 7.1, we see
that

3r2
ﬁ,reazdlf 1;'9_4;;2dx.
0

To decide which trigonometric substitution to use, we write the integrand as

2
l,'9—4x2=21|'%—x2=21 (%) —xt

This suggests that we should choose x = (3 f 2)sin f, sothat dx = (3 / 2)cos 1 &6 and

2 2
1,#9—4;{3:2‘/(%) _ @ smzf:f:E(%)w—smzr:f:Scosﬂ.

Whenx =0,f=0,andwhenx =3 /2,8 ==/2,0

352 T T
4f Vo — axldx = 4] 3cos ﬂ(%)cos 040 — 13] cos2040
] ] ]

Using Example 6 or table of integrals 1V-18, wefind

/coszﬂdﬂ=%cosﬁ'smﬂ I %ﬁ' O

So we have

352
ﬁ.rea=4j; ,#9_4;{2&;;:%(.:@5&5&1& L)

Tl2 T T
) =9(0+3)=3F.

file:///C|/Documents%20and%20Setti ngs/math/Desktop/mainfr.uni.htm (8 of 18)8/23/2009 3:25:50 PM


javascript:parent.xlink('hughc07-fig-0001','hughc07');
javascript:parent.xlink('hughc07-box-0036','hughc07');

WileyPLUS

u

y=v9— 4r?
+—1 1 7
3 3
a3 3
y=—v9— 4x?

Figure 7.1: Theellips;ea};.;2 |y2=9

Tangent Substitutions

Integralsinvolving 2 | »2 may be simplified by a substitution involving tan ¢ and the trigonometric identities
tan @ = sin 0/ cos 6 ad cog2g 4 gindh = 1-

Example 9

Find/ 2 1 . X using the substitution x — 3 tan #.
x4

If x = 3 tan . then gx = (3 / cos’0) 46 O

/21 a!’xzf( 1 )( = )d@:l/ 1 a6
449 Qtan” @+ 9 Mlcos™d 3 (sint’.‘-' Il)coszﬂ

cuszﬂ

4

:l/ 1 d&:lfldﬁzlﬂlif:larctan— O
3J sing [ cosf 3 3 3 (3)

Tosimplify 42 4 x2or !."ﬂE . x2, forconstant a, try x — g tan #, With — 7 /2 = =7/ 2.

Notethat ,2 | 2 and |I'.:;:2 . x2 aredefined on (— oo, oo). Assuming that the domain of the integrand is (
— oo, o0),thesubstitution x = 3 tan @, With — 7/ 2 = @ . 7/ 2, isvalid for al x in the domain, because its
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rangeis(— mo, oo)andithasaninversef? = arctan{x /@) on (— no, oo).

Example 10
Use atangent substitution to show that the following two integrals are equal:

1 Ty
f 1+ xchx=/ —df.
0 0 cos

What area do these integral s represent?

Weput x = tan f, With — /2 = @ =/ 2, S0that gx = (1 f cos?0) d6, and

112 |x2=‘/1 . _sin’0 =‘/ cosf p e’y _ 1
cos

EGHEE nﬁﬂzﬁ
Wheny =0, =0,andwhenx =1, = /4,0

1 i 1 1 mrd 1
/ V1 xi.:fx=/ ( )( )d&:f a0
0 1 cos B 1 coqdg 0 cosd

The left-hand integral represents the area under the hyperbola % — x% — 1 in Figure 7.2.

)
y=+v1+4+2z2
. x
1
y=—v1+z?

Figure 7.2: Thehyperbolay? — 2 — 1

Completing the Square to Use a Trigonometric Substitution

To make atrigonometric substitution, we may first need to complete the square.
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Example 11

3
Find[—d-’f.
Vax —xz

To use asine or tangent substitution, the expression under the square root sign should be in the form , | L2 or
a2 — x2. Completing the square, we get

ox—xi=1—(x=17%
Thissuggestswe substitute x — 1 = zin 8, Or x = zin i + 1. Then gdx = oz 9 J8, and

3 / 3 dx:f;
/l,"Ex—xj V1= (x— 137 V1 —zsin%d
=[ 3 cosﬂdﬂ:/Bdﬂ:Bﬂ Wl

cos i

Sincex — 1 = s @, wehavef! = arcsin(x — 1), s0

f y 2:1:3— x?

dx = cos Bdf

drx =3 arcsmix — 1)+ .

Example 12

Find[%dx.
x4l

Completing the square, we get
2 14 3 1V [yf3 ’
4xA 1= (I | E) | E = (X | E) | 5 .

This suggests we substitute x -+ 1/ 2 = (43 / 2)tan 6, 0rx = — 172 + {43/ 2)tan 6. Then
dx = ({37 2)(1/ cos’0)dh, 0
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(E 1% ).:z‘r:f

2 Cos

JEC]( 3 tan® lf:u )(cosjﬂ) V‘_/ (tan? f:.u 1ycos20 40
=E/5m2ﬂlm J_/L:fri!_—riflif.

Sincex + 1/2 = (yf3/ 2)tan #, Wehaved = arctan((2 / y3)x + 1/ /3), 50

T s e

M|-—~

Exercises and Problems for Section 7.4

Click here to open Student Solutions Manual: Ch 07 Section 04
Click here to open Web Quiz Ch 07 Section 04

Exercises

Split the functions in Exercises 17 into partial fractions.

L o0
C o5 g2

5 x4 1
) 6;{Ix2

. 2
Loyt o4y

201+ &)
s(5% 4 354 2)
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5 2
St
ay

6. 7

yi=yty—1
- 1

wh —w?
8. Integrate the function in Exercise 1 with respect to x.

9. Integrate the function in Exercise 2 with respect to x.

10. Integrate the function in Exercise 3 with respecttoy.
11. Integrate the function in Exercise 4 with respect to s.
12. Integrate the function in Exercise 5 with respect to s.
13. Integrate the function in Exercise 6 with respect toy.
14. Integrate the function in Exercise 7 with respect to w.

In Exercises 15-19, evaluate the integral.

2
15. / 33;: _ng = % use 4 I 5 [ C
Joxt=dxt b x46 x—2 x

4, B _C_
3 USE xE x—=1"

IDXIE dx: use A I Ax 4 O

17.

A
18. | 12x | 15x b2ox 4 11 ax usedmsonandé |

5 C’
k1 117

| 1252 F11x &

x4l3x IE:Jr2
I3x|2

19. = dx; usedivision.

/
/;;3 yx=3 x=3  xlyr
[
/
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Use the given substitution in Exercises 20-22.
20. f 1 - isin.if
Vo —dx? 2
D S
X 4dx 4o

1
22.f @X y—gini 2
l,l4x—3—x2 e

23. Giveasubstitution (not necessarily trigonometric) which could be used to compute the following integrals:

Problems

Complete the square and give a substitution (not necessarily trigonometric) which could be used to compute the
integralsin Problems 24-31.

24, f%dx
O 4242
25. f > 1 dx
54 bx 4 25
of
6. fz—:ﬁ
L S L
o7 [%dx
pa A S

__ 4
28.[@ Z
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9. [ z—1
2z — 22
30. [(s b 2sin(e? 4 4 T) de

31. /(2 — cos(6? — 46) 4O

Calculate the integrals in Problems 32—49.

1
32. / =5 =3)

dx

1
33. / 2+ 3)

1
. [ e

35. /—2 o dx
Joxt=G3x 42

36/2
Ny — -
2I5x|4
38/ >
3P - 3P
39/23“1
xf=3x4 2
b2
40/ 2‘}? dy
2v° 4 3y 1
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x4 1
41. /—3 dx

T x
42. /%dx
x4 x

2
43. /x—d’x
: Q—xz
2
44, /y—zdy
JO2h 4y
45, [
14 f,
dz
46. 5. 3/2
4=z
47./ 102 ds
Jolg2)st+ 1)

48./2 1 adx
Joxt4dn 413

a’dx
49. / & — (e +2)

Find the exact area of the regionsin Problems 50-55.

50. Bounded by 3x / {{x = 1){x =4)), v =0, =2, x = 3.
51. Bounded by y = (3x% + x) / ((x% + U)(x + 1)), ¥y =0,x=0,x=1.

52. Boundedby}.rzxz;r 1=z y=0x=0x=1/2.

53. Boundedbyy:;ﬁf1#4_x3,}3=0,x=0,x=ﬁ.

file:///C|/Documents%20and%20Settings/math/Desktop/mainfr.uni.htm (16 of 18)8/23/2009 3:25:50 PM




WileyPLUS

54, Boundedby}?=-.I_l|II IE | 9,}3:0,;{:0,}{:3.

55, Boundedbyy=1f(x|fx3 | 9),?=U,x=|/§,x=3-

Calculate the integrals in Problems 56-58 by partia fractions and using the indicated substitution. Show that the
results you get are the same.

56. / ’ 23 - : substitution x = sin @.
. -

2

57. / 2x 1 dx; substitution y, — 2 _ 1.

2
58, /%ai‘x;substitution~},4_,=x3 b
Joox X

59.

(). Show/ 12 g = _ 1 b
Jogin“f at

(b) Calculate B b
: }"zl,lﬂ—yz'

60. Caculatetheintegra / !

(x —a)(x— &)

dx for

(@. a=h
(). a =2

61. Calculatetheintegral [[ dx for

x
x—aiix=5h)

@. azhb
(b). a=4&

62. Calculatetheintegral/ 7 dx for

o X =i

file:///C|/Documents%20and%20Settings/math/Desktop/mainfr.uni.htm (17 of 18)8/23/2009 3:25:50 PM



WileyPLUS

@. a=0
(b). a=10
(€. a=10

63. A rumor isspread in aschool. For () = ¢ = 1 and & = (], thetimet at which afraction p of the school
population has heard the rumor is given by

P b
®= [ T

(a). Evaluatetheintegral to find an explicit formulafor £{ z). Write your answer so it has only one In term.
(b). Attime s = 1 one percent of the school population (z = 0.01) has heard the rumor. What is a?

(c). Attime; = 1 half the school population (z = (). 2) has heard the rumor. What is b?

(d). At what time has 90% of the school population (z = (.9) heard the rumor?

64. TheLaw of Mass Action tells us that the time, T, taken by a chemical to create a quantity %y of the product (in
molecules) is given by

[0 dx
Tfﬂ a—x) (& —7)

where a and b areinitial quantities of the two ingredients used to make the product, and k is a positive constant.
Suppose [ <« g = b.

(a). Find the time taken to make a quantity xp = a / 2 of the product.
(b). What happensto T asxp —+ @?
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