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/.8 Comparison of Improper Integrals

Making Comparisons

Sometimes it is difficult to find the exact value of an improper integral by antidifferentiation, but it may be possible
to determine whether an integral converges or diverges. The key isto compare the given integral to one whose
behavior we already know. Let's ook at an example.

Example 1
[
Determine whether T r——— @& converges.

Solution

First, let's see what thisintegrand doesas x — nc . For large x, the 5 becomes insignificant compared with the .3,
so

11 1
Jiis e 27

Since

dx =
/1. e T

b
_ Ex—lﬂ firy

b—}m

b
dx = lm f L_gx= tm (2-27"7)=2,
boo [ ;{EIE b
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- 342
theintegral / {1/ x7"“)dx converges. So we expect our integral to converge as well.
1

In order to confirm this, we observe that for jj — x3 < ;3 | 5, we have

1 e
l,'x3|5 L'{x_g

and sofor & =1,

1 gx
x3

fﬁm f =

b
(SeeFigure7.23.)Since/ (1{ 1";:3 |- 5)dx increases as b approaches infinity but is always smaller than
1

b o o
/ {1 fo3f2jdx r:_/ {1 fxyzjai'x = 2,we knowh/l' {1/ 1,|'x3 I 5) &x must have afinite value less than
1 1
2. Thus,

O
dx
——=—— converges to a value less than 2
ﬁ Vx4 5

¥ 1
V=V Total shaded area = [[™ %
'\ Dark shaded area = 5 ~— dx
Y= e .

dx
x3

i . i —dx =
Figure 7.23: Graph showmg_/; m 1 IJ,_

A little more work is required to estimate the value of a convergent improper integral.
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Example 2

O
dx
Estimate the value of f ——— 49X wjth an error of lessthan 0.01 usi ng the approximation
1 ||'I 3

dx ==

ﬁ Vx? 45 1¢x3|5x

We must figure out how large a value of b to take. Since

dx = dx

ﬁ Vi 45 TP b l,"x3I5x

we find b such that the tail of the integral satisfies the inequality

1
ﬁ yx3|5

From the solution of Example 1, we have

dx| =001,

|
F N

We choose b such that = ¢ ‘/_-.-r_ (0.01, which means that & = 40 000, With an error of lessthan 0.01, we

have

dx = 1659,

f'\.. 1 g0
—fix Hf —————
Loyxigs 1 Vs 45

Notice that we first looked at the behavior of the integrand asx — o< . Thisis useful because the convergence or
divergence of the integral is determined by what happensasx — o .
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-
The Comparison Test for / Fix) dx
a

Assume £ (x) is positive. Making a comparison involves two
stages:

1. Guess, by looking at the behavior of the integrand for large X,
whether the integral converges or not. (Thisisthe “behaves
like” principle.)

2. Confirm the guess by comparison:

- =
f0< fFix)<gix) and/ g(x) dx converges,
)
OuC
then / F{x) dx converges.
i)
- O
fO<gix)< Fix) and/ g(x) dx diverges, then
ol

/xf(x} dx diverges.

Example 3

di

(]n.t)——l converges or diverges.

W
Decide whether /
4

SinceInt growswithout bound as; — o , the -1 is eventually going to be insignificant in comparison to In t.
Thus, asfar as convergence is concerned,

- 1 - T
.A e —1 ot behaves like ﬁ T di .

Does (1/1ln#) & converge or diverge? Since In t grows very slowly, 1 § In, ¢ goesto zero very slowly, and so
4

theintegral probably does not converge. We know that (It 1 — 1 < In £ < £ for all positivet. So, provided ¢ - &,
we take reciprocals:

1 .t

ne)—1 Inz ¢
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O
Since / {17¢) d¢ diverges, we conclude that
4

-L —(]n 51 di diverges.

How Do We Know What To Compare With?

In Examples 1 and 3, we investigated the convergence of an integral by comparing it with an easier integral. How
did we pick the easier integral? Thisis a matter of trial and error, guided by any information we get by looking at the
origina integrand asx — o . We want the comparison integrand to be easy and, in particular, to have asimple

antiderivative.

Useful Integralsfor Comparison

) / chx‘x converges for
1 x

= 1 and diverges for
p=1

- 1

iai' x converges for
o x

p < 1 and diverges for

p=1
- o
/ 2~ *'dx converges
0

for g = 1.

Of course, we can use any function for comparison, provided we can determine its behavior.
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Example 4

_ * {anx) 4 3
Investigate the convergence of ——F=dx,
1 Jx

Since it looks difficult to find an antiderivative of this function, we try comparison. What happens to this integrand
asx — oo ?Since sin x oscillates between -1 and 1,

_ =143 %(smle3,1|3_4
f V= V= V'

the integrand oscillates between 2 / y/z and 4 / /. (See Figure 7.24.)

o -
What do[ (24 ﬁ)dx and[ {4/ ‘E}cz‘x do? Asfar as convergence is concerned, they certainly do the
1 1

same thing, and whatever that is, the original integral doesit too. It isimportant to notice that .f; grows very
dowly. Thismeansthat 1 ¢ ﬁ gets small slowly, which means that convergence is unlikely. Since ﬁ: L2

O
the result in the preceding box (with z = %) tellsus that/ (14 ﬁ]aﬁ'x diverges. So the comparison test tells
1
us that the original integral diverges.

Total shaded area = f;’ (sin2)+3 4
. e

Dark shaded area = [ 2= dz

_-l
e
W L {aln )43

A

1 b

b b
Figure 7.24: Graphshowing[ idx{[ Md‘x,forb:&l
R S =
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Notice that there are two possible comparisons we could have made in Example 4:

2 _ lsinx)+3 or (stnx)+3 _ 4
Vx Vx Vx Vx
O O
Sinceboth/ (EI‘E)dx and/ (4fﬁ}ci'x diverge, only the first comparison is useful. Knowing that an
1 1
integral is smaller than a divergent integral is of no help whatsoever!

The next example shows what to do if the comparison does not hold throughout the interval of integration.

Example 5

oo 2
Show f e TF e gy converges to afinite value.
1

We know that 2 —rey2 goesvery rapidly to zero asx —+ o, SO we expect thisintegral to converge. Hence we

OuC
look for some larger integrand which has a convergent integral. One possibility is / 2 " dx, because 2 % has
1

-
an elementary antiderivative and [ 2" dx converges. What is the relationship between o —x2/2and z~*?We
1

know that for x = 2,

2 2
- % o
xS g0 — Y = ==,
2 2
and so, for x = 2
2
P f2 <o F
Since thisinequality holds only for x == 2, we split the interval of integration into two pieces:

o7 2 2 o 2
f g " ’rchx=/ e 2y I f Py
1 1 2
-

2 2 = 2
Now[ 2 %24, isfinite (it is not improper) and[ g’ ’rz.:;t‘xisfinitebycomparisonwithf 2 "dx.
1 2 2

<2
Therefore, / 2% 225 isthe sum of two finite pieces and therefore must be finite.
1
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Exercises and Problems for Section 7.8

Click here to open Student Solutions Manual: Ch 07 Section 08
Click here to open Web Quiz Ch 07 Section 08

Exercises

In Exercises 1-9, the behavior of rational and exponential functionsasz — o to predict whether the integrals
converge or diverge.

~ 32
1./ 4x dx
1 741
= 3
2./ 4x ax
i x=1
3[ 3 — T = dx
1 =z I3x|2
4/ —dx
1 I5x|1

5/ 7 — dx
1 =z IExIril

6/ x—ﬁxlldx
1

7/ 5x|2 Ix
1 b4
8/
1
9/
1
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In Exercises 10-25 decide if the improper integral converges or diverges. Explain your reasoning.

o [
in oz

~odx
11'/; 14 x

~ dx
e |
| x3 F1

g

13. 6 s
5 F=5

Ly
14. ax
jl; xlDIED
]
15.[ Lﬁ
—1 {t4 1
- 1l
o [ 2y
—mo 1 4 uz
~ du
17./ —
1 4 uz
18 /‘ 40
S et
10 /‘ 40
CJT et

0 [
0 yod e

21.
j:; 14 &F
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f 2 st cosg EOSrJ
22.
1
)
A |2"“'
—smr:
24[

25. f Stsna ey
4 i

Estimate the values of the integralsin Exercises 2627 to two decimal places by integrating the functions on your
calculator or computer for large values of the upper limit of integration.

o 2
26.] e " dx
1
o 2
27./ e ros xdx
1]

Problems

2

w

[}

28. Thegraphsof y =1/x,y =1 / x2 and the functions # (x3, g{x), 2(x), and k{x are shown in Figure
7.25.

(8). Istheareabetweeny = 1/xand y = 1 { x2 ontheinterval from x — 1 to oo finite or infinite? Explain.

(b). Using the graph, decide whether the integral of each of the functions 7 (x), g{x), 2(x) and ki{x) onthe
interval from x = 1 to o converges, diverges, or whether it isimpossible to tell.
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kix)
hix)
flz) +— 1fz
; glx) 1 /22
1
Figure 7.25:

- O
29. Suppose / F (x) dx converges. What does Figure 7.26 suggest about the convergence of / gix) dx?
fir) a

glx)

=
A,
L)

= o e

Figure 7.26:

For what values of p do theintegralsin Problems 30-31 converge or diverge?

- gdx
30. -/2' —x(]nx)p

2
31. /d—x
1 x(lnx)¥

32. Findthevalue of a (to three decimal places) that makes

S 2
/ ae " Jrg.:1!'1':=1 .
—
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33.

(8): The function 'y 4 ~(—#)*/2 iss used by statisticians To three decimal places, what value of a should

be chosen to ensure that

f_l g(x)dx =17

-

(b). Isyour answer the same as or different from your answer to Problem 32? Why?

34.

(a). Find an upper bound for

— 2 -
[Hint: ,—x* - ,—3xforx = 3]

(b). For any positive n, generalize the result of part (a) to find an upper bound for
2
/ g " dx
H

35. InPlanck’'s Radiation Law, we encounter the integral

[1 dx
1 Ijlié'l'lrx—].:l

by noting that ,,; <~ x2 for x == a.
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(a). Explainwhy agraph of the tangent lineto ,f at ¢ = () tellsusthat for all t

1+e<e’

(b). Substituting § = 1 { x, show that for al x
Q11

(c). Usethe comparison test to show that the original integral converges.
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