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Abdract
This paper uses a sodocultural perspective on mathematical reasoning to describe how
pairs of eighth-grade students interpreted horizonta segments on a distance versustime
graph abouteveryday motion. Theandysis describes how students interpreted horizontal
segments on this graph depicting abicycle trip in both canonical and nortcanonical ways
and shifted between interpreting horizontal segments as representing not moving and
moving. We examine how students coordinated multiple semiotic resources (the graph,

written text, and talk) and how these resources mediated student interpretations

Note: Text marked between brackets [text] or by an asterisk *(text) refers to aspects of

the paper tha will beaddressed in further revisions.
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Reasoning Abouta Graph and a Story of Everyday Motion: How Multiple Resources

Mediate Shifting I nterpretationsof Line Segments

Introdudion

How do students interpret a graph of everyday motion?One respon to this
guestionistha learners see wha experts see when looking at the distance/time graph
showing themotion of abiker in Figure 1. This study presents an dternative to this
respon® by describing how pars of students interpreted the horizontal segments on this
piecewise linear graphin bath canonical and non-canonical ways. From a canonical
perspective, al horizontal segments on this graph represent that the biker was stopped. In
this study we foundtha students interpreted some of these horizontal segments as not
moving and others as moving. We do notview studentsOnoncanonical interpretationsof
the segments as indances of a misconaeption. Ingead, we show tha students shifted
among contradictory interpretations depending on the affordances and condraints of the
problem context, and tha there were valid reasoning practices evident in some non
canonical interpretations In thepaper, we first describe how students interpreted
horizontal segments and the multiple semiotic resources they used to condruct these
interpretations We then examine how the problem context, especially thelocation of the
segments on the graph and thewritten text, mediated these contradictory interpretations
[Lastly, we explore how shifting student interpretationsmay reflect a changefrom oneto
two-dimensond perspectives of this graph (Lobao, Ellis, & Mu—o0z 2003;J. N.
Moschkovich, 2004)]

This study is framed by the assumption tha mathematical reasoningisa
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multisemiotic activity (Lemke, 2003;O'Halloran, 2005;Radford, Bardini, & Sabena,
2007; StenzBL udlow & Presmeg, 2006;Schleppegrell, 2007). Mathematical reasoning
involves coordinaing multiple semiotic tools induding oral language written text,
mathematical symbols, visud displays, and gestures. In paticular, reasoning aboutlinear
fundionsindudes coordinating mathematical inscriptionssuch astables, graphs rules,
equaionsaswell as moving flexibly between (processOand (bjectOperspectives of
these graphs tables, and equaions(J. N. Moschkovich, Schoenfeld, & Arcavi, 1993)
These skills and undestandingsare crudal to participaion in advanced mathematics
COUSES.

Our andysis examines the details of how mathematical reasoning involves
coordinaing multiple semiotic tools focusng on oral languaye, written text, and visud
displays. This study doauments how learners engagein reasoning aboutlinear fundions
usng several semiotic tools (written text, talk, and graph) as resources. These findings
can serve as thebasis for designing research-based ingrudion tha suppots reasoning
aboutlinear fundionsand buildsontheresources tha learners use. This studyisalso
significant because it points to theneed for further study of the complexity of early
student reasoning aboutintensive quantities such as dopeand rate (Lobao & Thanhdser,
2002;P. W. Thompson, 1994)*[ and the connectionsbetween propottiond reasoning and
reasoning aboutfundiong.

In this study we build on previouswork investigating how learners interpret
graphsin general and graphsof motionin particular (Bell & Janvier, 1981;Crudo, 1987,
Friel, Curcio, & Bright, 2002, Leinhadt, Zadavsky, & Stein, 1990)and we address

guestionsspecific to theinterpretation of horizonta segmentsin distance-time graphs
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Specific questionswe addressin this pgper are: How did pairs of studentsinterpret the
horizontal segments on this graph?How did multiple resources (especially the graph,
written text, and talk) mediate these shifting interpretations? How did students use one-
and two-dimensond perspectives of the segments? [How can an andysis of Qoint focus
of attentionGand (professiond visionQ(Goodwin, 1994)he p us undestand this problem

and these studentsQinterpretations?]

Conaoeptud Framework

This study uses a sodocultural framework to examinelearningin a peope——
complex mathematical domein. This sodocultural perspective implies, first, tha learning
mathematicsis viewed as a discursive activity (Forman, 1996)tha invdves usng
multiple material, linguistic, and sodial resources (Greeno, 1994) We assume that a)
paticipating in mathematical reasoning activity involves practices and artifacts, b) these
practices and artifacts involve gods, meaningsfor utterances, and perspectives (J. N.
Moschkovich, 2004)and, ¢) these gods, meaningsfor utterances, and pespectives are
enacted in different waysin particular communities of practice. We view mathematical
reasoning as a sodal activity mediated by semiotic and linguistic resources, and thustake
each par of students and their activity to betheunit of andysis. We assume that
ingcriptions(such as graphg have multiple meaningsfor participants, tha these meanings
are notinhaentto theinscriptionsbut are embedded in (mathematical) practices, and tha
these multiple meaningsfor inscriptionsare negotiated and reified throughpaterns of

interaction (Sfard, 2002;Sfard & McClain, 2002. In particular, discourseisinvolved in

the coordination of resources and making sense of inscriptions
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Looking at themodd of Qliscoursing in activityOshown in Figure 2, the
mediationd means (top |&ft and right corners of the diagram) for the studentsQectivity
induded the graph, written text, talk, theimagined story, ther past experiences as bikers,

gestures, pogure, and gaze.

Insert Figure 2 here

Our current andysis focuses on a sub<t of these mediationd means the graph, the
written text, and thetalk. Each of these mediationd meansis more or less salient at
different times. We aso condder therules or genres (lower |eft corner of the diagram)
that students are engaged in while working on this problem.

Our peaspective on student interpretation of theline segments draws onthe
recommendaionsmade by Smith, diSessa, and Roschdle (1993)for andyzing student
conaptionsas fundiond and valid. Rather than seeing student conceptionsmerely as
rightor wrong regardless of context, Smith et a suggest that conaeptionsshould be
undestoodin terms of produdivity and characterized in terms of the contexts in which
students use these conoeptions Following this perspective, we condder how student
interpretationsare useful and related to the problem context, in particular howthewritten
text and the graph mediated student interpretationsof theline segments.

Prior studies of how students undestand graphsof motion have identified a
variety of studentsOcommon (mis)interpretations(for areview see Leinhadt, Zas avsky,
& Stein, 1990) For example, at times, students interpret graphsof real-life situaions
iconically, treating a graphed line as a (pictureOof the situaion ogensbly described by
thegraph (Bell & Janvier, 1981) Also, while students are often quite adept at reading

paticular values from the graph, they frequently struggle to articulate relationshipsthat



Reasoning AboutEveryday Motion 7

involve intervalsin the graph, or comparisonsbeween values in different parts of the
graph (Crudo, 1987;Friel, Curcio, & Bright, 2001). More recent studies have focused on
the @ondructive resourcesOthat students bring to the task of creating representationsof
motion. In onestudy of how students create representationsof motion (rather than
interpret given representations, Sherin (2000)identified several common resources
students bring to thetask of creating representations of motion, induding one
fundanental assumption from drawing, called Gpace = space.OUsing thisides, students
do not allow the same location onthe pgper to represent two different things Sherin
shows how this assumption led students to create representationstha began to use two
dimensonsto represent motionN onefor time, and onefor location, especialy in thecase
where the students were required to show backward and forward motion (Sherin, 2000)
Our andysis of studentsQinterpretationsof thegraphis also rooted in earlier
studies of studentsOconceptionsof speed, rate (P. W. Thonmpson, 1994) and slope
(Lobao & Siebet, 2002;Lobao & Thanhdser, 2002). Thompson and Thompson@work
informs the conceptud framework for ourandysis (A. G. Thompson & Thompson, 1996;
P. W. Thompson, 1994;P. W. Thonpson & Thonpson, 1994) Specificaly, we draw on
Thompon@ (1994)ddfinitionsof arate as a Qeflectively abgractedOcongant ratio,
while aratio istheresult of compaing two quantities multiplicatively. In thediscussion
section we elaborate on therelationship between interpreting thedopeof linesin a
distance-time graph as arate, and how a onedimensond perspective can lead to non
canonical interpretationsof horizontal segmentsin adistance-time graph. Our use of the
term perspective expandson previouswork onthe object and process perspectives of

linear fundions(J. N. Moschkovich, Schoenfeld, & Arcavi, 1993)and indudes not only
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what oneseesin thegraph/inscription, butalso the (individud & shared) interpretations
of theinscriptior/graph. We assume that learning to read between graphsand beyond
graphs(Friel, Curcio, & Bright, 2001)and appropriating the culturally shared meaning of
segments on a graph calls for moving flexibly across multiple perspectives.

Our study shows two contradictory ways in which students interpreted horizontal
segments and our andysis reveals tha these different interpretationswere related to
specific problem contexts. We make a distinction between setting and context (J. N.
Moschkovich & Brenne, 2000) We use Getting(to refer to the physcal and sodal
environment and GontextOto refer to therelationship between a setting and how
paticipantsinterpret the setting, induding the meaningsof practices and inscriptions
Thus adescription of a setting mightindudewhat objects, people, and activities are
present. A description of a context would need to ddve more deeply into the different
meaningsthat a setting and the practices taking place in a setting have for different
participants. We use the phrase (problem contextOto differentiate between thelarger
sodal context (i.e. theclassroom school, andthe layers of sodal reality within which
they exist) and the patticular problem situdion a student par was working on. We define
the (oroblem contextOto indude1) thelocation of the horizontal segment onthe graph
(was the segment on the x-axis or not, how longwas it, and how high was it, where was it
located froml€eft to right), 2) theform and placement of awritten question, and 3) the

paticipantsQgods for the activity.

Data, Participants, and Methods

Thedaafor this study are eight peer discussion sessionswith four pars of

students (two discussion sessionsper par). During the peer discussion sessions pairs of
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students worked with a time/distance graph to answer questionsaboutan imagined
bicycle trip". Participants in the peer discussion sessionswere members of an eighth-
grade bilingud mathematics classroor"” in an urban schoolin Massachustts”. All of the
pars andyzed for this study spokemodly English during the peer-discussions

Thefour pars of students respondel to a problem with twelve questionsabouta
distance-time graph depicting the motion of an imagined biker. Thegraph andthe
guestionsare shown bdow in Figure 1. The problem was selected and designed with
severa godsin mind. Thegraph and questionscontain no numbers because onegod was
to elicit studentsOquditative interpretation and conceptud undestanding, rather than
procedural, calculationd, or computationd skills. The questionswere designed to paralel
theform and content of questionsin the classroomunits from Connected Mathematics
Project, and used terms and phrases commonly used in the unit, such as steady pace,
mogt progress, least progress, etc. The students were ingructed to discuss the questions
and to agree on an answer before writingther find answer. Thefirst question asked the
studentsto tell a story abouta biker corresponding to the given graph. Questionstwo
througheight asked students to identify when the biker was going fastest, dowest, or
stoppal. Questionsninethroughtwel ve asked aboutwha was hgppening for particular

segments of thegraph.

Theintrodudion to thediscussion sessions induded a description of the
guiddines for howthe student pars were to discuss the problem and record their
respon®s. The students were indructed to provide answvers and explanaionsfor each

problem. To structure the dialogueand promote the discussion of different conjectures,
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students were told tha they did not have to agree on their initia choices, and tha their
individud choices would berecorded onthe pgper and on the videotape, butthat they had
to agree onther find answers. The convasationsthat ensued are labded QliscussionsO
because they meet the criteriafor amathematical discussion as Gpumpossful talk ona
mathematical subject in which there are genuine pupil contributionsand interactionsd
(Pirie, 1991,p. 143) Thedesign of the discussion sessionscreated a setting where pars
of students were required to communicate with each other during problem solving.

Each par paticipaed in two peer discussion sessions separated by
approximately eight weeks, where they worked on the same problem. During theinterval
between discussion sessions, the students worked on a unit on graphing and everyday
motionin their mathematics class. The peer sessions were conduded before Doloto d. disudon
and after an eightweek Connested Mathematics Project curriculum unit titted Moving
Straight Ahead.& All of the peer-discussion sessionswere video-taped and transcribed
and the studentsOwritten work was collected and induded in theandysis.

Analysis

For the purpose of this study, we treat the par of students as the unit of andysis.
In order to describe how pairs of students interpreted horizontal segmentsin thegraph,
we compared what students wrote as ther find answer on a shared answer sheet with the
video and transcripts of the discussion tha took place between students as they worked
towards consensus. In this andysis we focus on the studentsQinterpretationsof the
horizontal segments a, ¢, e and g notonly because different parsinterpreted these
segments differently, but also because within each pair, the statements students made

abouthorizontal segments were often conflicting.
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Since mathematical reasoning activity frequently involves the coordinaion of
multiple semiotic resources (Lemke, 2003, theanalysisinduded attention to the variety
of semiotic tools that students used such as the graph, the written text, student@® written
respons, and spoken languaye (induding termsreferring to parts of thegraph, terms
used during classroomlessons and terms borrowed from thetext in thewritten
questions. We were also attentive to the @hetorical Ofundion of student utterances
*(Sandovd & Reiser, 2004) We recognize that utterances are always Qwo-sidedOacts
*(Volognov, 1973p. 82) in the sense tha meanings are always Qietermined equdly by
whos word it is and for whomit is meantE it is precisely the produd of thereciprocal
relationship between the spesker and listener, addresser and addresseeO(p.86)]. Findly,
we foundthat in order to undestand how the student pairs were interpreting horizontal
segmentsin thegraph, it was crudal to undestand the problem context not as a given or
from an expert® perspective, but from the studentsOperspective and as co-congructed by
thepar (Walkerding 1988.

The development of our coding scheme for andyzing the studentsQdiscussion was
motivated by a concern with staying @loseOto studentsGinterpretations afocusonthe
specifics of how student interpretationswere mediated by a particular problem context,
and an emphasis on interpretation as a produdive practice. Thefirst stage of our three-
step coding process involved identifying and paraphrasing utterances tha referred to all
seven labded line segments of thegraph. At this stage, in order to increase reliability, we
codeal utterances indgpendently and then compared codes. We revisited discrepancies and
reviewed transcripts in conjundionwith theoriginal video data. The second stage

involved compiling paraphrased utterances tha could be attributed to each of the
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horizontal line segments onthegraph. Thethird stageinvolved deriving and usng two
supea-ordinae headingsto group clugers of utterances. For example, theresponss
Gtayed where he wasOand Qlidn®move at allOand the stoppelOwere clugered unde
the heading not moving and responses such as Gitarted going againOor Qyoing fast and
steadyOwere clugtered unde the heading moving After coding, clustering, and
quantifying student utterances we returned to the transcripts, video, and written datato
examinerelationships between these cludered target utterances and the problem context
assodated with these utterances.
Findings

In this pgoe we report onthree findings First, students interpreted horizontal
segments on this graph in both canonical and non-canonical ways. Second, students
changeal ther interpretationsof horizontal segments, at times interpreting horizontal
segments as representing tha the biker was moving, while at other times as representing
notmoving. Third, studentsOinterpretationsof the horizontal segments were mediated by
severa characteristics of the problem context, induding the location of segments onthe
graph and the order of thewritten questions We examinetherole of thegraphin terms of
thelocation of a segment on the graph and therole of thewritten text in terms of theform
of each written question and the placement of thewritten questionsin the sequence of
guestions. In particular, we foundtha while students changed their interpretationsof the
three horizontal segments abovethe x-axis (segments a, ¢, and g), the pairs consstently"
interpreted the horizontal segment e, located onthe x-axis, as representing the biker nat

moving.
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Table 1 containsa summary of the studentsQinterpretationsof the horizontal
segmentsin the graph and shows how many pars interpreted each horizontal segment as

moving or not moving during thetwo discussion sessions

Students changed their interpretationsof horizonta segments a, ¢, and g both within the
same session and across two sessions. At times students interpreted segments a, ¢, andg
as representing not moving (the canonical interpretation of these segments) while at other
times they interpreted these horizontal segments as representing moving. Segment e
offersa contrast: with the exception of oneutterance by onepair during the second peer
discussion session, al pars consstently interpreted segment e as representing not
moving.
Shiting InterpretationsWithin A Session

Looking at Table 1 across al four horizontal segments (a, ¢, e, and g) and al four
pairs of students, we can summarize how interpretationsfor segments a, ¢, and g changed
within sessionsand across sessions 1 and 2. Three of thefour pars shifted in thar
interpretationsof at least onehorizontal segment during thefirst discussion session. Two
of thefour pars changed thar interpretation of at least onehorizontal segment duringthe
seconddiscussion session. If we look at segment a, during thefirst session, all four pars
interpreted segment a as showing tha the biker was moving (althoughthis was not
necessarily each par@find, agreed uponwritten solution) and three of the pairs also
interpreted segment a as representing not moving during thisfirst session. We describe
changes within a session as students shifting in ther interpretation of a segment during a

discussion session. While we might have expected students to changetheir interpretations

Deleted:
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between thefirst and second sessions dueto many reasons(time passing, the eight weeks
of ingructionin theclassroom, etc.), the repeated shifts within asession at a micro-
genetic level was surprising.

The two excerpts” bdow provide an example of how onepair of students shifted
between two interpretationsof the horizontal segments a, ¢, and g within onesession.
Excerpts 1 and 2 are bath taken from the second discussion session and occurred a few
minutes apart. In these two excerpts, Carlosand David debaed whethe the horizontal
segments represented when the biker was Gnaking the least progress,Owas Gtoppel,Oor
was Qyoing at a slow and steady speed.O These two excerpts show how this pair
negotiated and shifted in ther interpretationsof the horizontal segmentsin thegraph. In
Excerpt 1 Carlosand David interpreted segments a, ¢, e, and g asrepresenting tha the
biker had GtoppalOor made the Qeast progress.Oln Excerpt 2, the par changed their
interpretationsand answered that only segment e represented the biker as beng stopped
because Qhe distance decreased to zeroOand that ¢ and g represented going at a Glow
and steady speed.O

In Excerpt 1 David first proposd thé a, ¢, and g show the biker moving Git a
steady paceOand that e the biker Gtoppel.OCarl os disagreed with David and argued that
if something (it isnat clear form thetranscript wha hewas referring to) represented
distance, and distance dependson time, then a segment Qyoing upOwould show CGa steady
pace.OAt theend of line 85, Carlos seemed to be proposng that a and ¢ show Qeast
progress.Oln respons, David then proposd tha e and g are the segments showing Qeast

progressOor covering Qeast distanceOand David now seemed to agree with Carlos

Deleted:

Deleted:
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Excerpt 1 [C&D Session#2,7:26-8:10]

Written Question #3: OMhen isthe biker making the least progress or coving the
leag distanae?0

84.David: Hewent at aSTEADY pace here. a, ¢, and g went at a steady. At e he
stoppeal.

85. Carlos No. But thisisthedistance, though Y ou see, so -- time depends-- no,
distance dependsontime. So, this-- if heis not-- so this should begoing upif he
isgoing at a steady pace. Tha® why hel going at a steady pace here, buthe had
stoppal. So -- when isthebiker making theleast progress? a, c=

86.David: eandg.

87.Carlos =e and g because

88.David: Heis stoppel.

During Excerpt 2, when the pair encountred the next questionin theproblem
(question 4: OWhen does the biker stop?(), Carlosand David shifted to different
interpretationsof segments a, ¢, and g. David argued tha in segment e the distance
decreased to Crero,O(line 104), and they agreed that e shows when the biker was stopped
or notmoving. However, when answering the next question (When is the biker going at
aslow and steady speed () for thdr respons they wrote that a, ¢, and g showed the biker

moving at a &low and steady speed.O

Excerpt 2 [C&D Session#2,9:37-10:47]

(Written Question 4: ONVhen does the biker stop?0
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101.Carlos So, when did thebiker stop?

102.David: Ate.

103.Carlos Thebiker stoppel at e. We think this because why? Because the
distance shows tha heis not moving.

104.David: Thedistance decreased to zero --

105. Carlos Yes, but-- yes. ((pause while hewrites)) Thedistance decreased and
stoppeal. Okay.

(Reading the written Question 5: OVhen is thebiker going at a low and steady
speed?Q

105.When isthebiker going at a low and steady speed? Why do you think tha?
Isn't that practically the same thing as this? It's a-

106.David: candg.

While thdr interpretation of segment e remained unchanged from Question 3 to
Question 4, thar interpretation of segments a, ¢, and g changed from Qeast progress,Oin
respong to Question 3, to Glow and steady speed Oin respons to Question 5. The par
thusshifted between interpreting segments a, ¢, and g as not moving (lines 86-88) to
moving (line 106).

During thefirst session, three pairsin this study shifted between contradictory
interpretationsof horizontal segments a and ¢ and two pairs shifted between
contradictory interpretationsof horizontal segment g (see table 1). During the second
session, two pars shifted between contradictory interpretationsof harizontal segments a,

¢, and g (we doaumented only oneutterance where onepair shifted between contradictory
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interpretationsof horizontal segment €). Overall, more pars shifted in interpretationsof
segments a and ¢ than in interpretationsof segments e and g. In the next two sectionswe
describe how the problem context mediated these shiftsin interpretationsof segments a
and c aswell astherdatively stable interpretationsof segments e and g.
How Problem Context Mediated I nterpretations

In this section we examinethe ways that thegraph and the written text mediated
studentsOinterpretationsof the horizontal segments. We focuson therole of two semiotic
resources (the graph and the written text) tha the pairs used to make sense of the
problem. Wefirst examinetherole of the graph, describing how the location of each
segment on the graph, in terms of the segment heght, length, and order form l€eft to right,
mediated student interpretations We then examinetherole of the written text, describing
how the form and placement of thewritten questionsmediated student interpretations
From this andysis, we develop a description of the Gproblem contextOfor this problem to
indude 1) thelocation of each horizontal segment on the graph (segment height, length,
and fromleft to right onthe graph) and 2) the form and placement of the written Deloto . location
text, and 3) thegodsfor activity.
1. Role of thegraph: Segment location

One aspect of the problem context tha may have mediated student interpretations
was thelocation of the segments as one GeadsOthe graph from |t to right This reading
of thegraph may have led the students to have longer discussionsand more
disagreements about segments a and ¢ than aboutsegment g. Therelative stability of
studentsOinterpretations of segment g may be in part, because g appears to thefar right

in the graph and thuslater than othe segments. We have seen tha some parsre-
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evaluaed thar undestanding of segments a and ¢ based on thear interpretation of
segment e (asin Excerpts 1 and 2 aboveé). Since segment g comes after segment e in the
graph (when reading from I ft to right), studentsCre-evaluation of segments a and ¢ based
on the case of segment e occurred before students discussed segment g. Thisleft-to-right
reading of the graph may explain, in pat, why more pairs shifted interpretationsfor
segment a than for segment g (as shown in Table 1).

We can see how the graph played a strongrole in studentsOinterpretationsif we
examinethelocation of the segmentsin terms of their haghtand length. Sometimes
students interpreted horizontal segments which were longe or highe as representing
more movement by theimagined biker. Segment e, dueto its location onthe x-axis,
played an important role in the studentsQinterpretation of the graph. Despite the shiftsin
the studentsOinterpretationsof the horizontal segments a, ¢, and g, with the exception of
oneutterance, al of the parsinterpreted segment e as representing not moving during
both discussion sessions

For al of thepars, oneof the mog striking aspects of ther discussionsof
segment e is how persuasive was the explandion tha since segment e was on the x-axis,
it mus be Grero,Oand hence represent that the biker is notmoving. For the pars who
shifted within onesessionin ther interpretationsof the other segments notonthe x-axis
(a, ¢, and g), when onestudent pointed outtha e was on the x-axis, tha observation was
often sufficient to changethe other student@ interpretation of these three other horizontal
segments. For ingance, in thediscussion between Excerpts 1 and 2 above David
explained to Carlostha segment e was really zero because it was on thex-axis. After this

explanation, Carlosabandonel his reasoning fromline 85 (Excerpt 1), tha the segments
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showing motion should be Gyoing up O(L ater in the paper we elaborate further on other
possible reasonswhy the students were so congstent in ther interpretationsof segment
).

Excerpt 3 bdow isatypical example of how students interpreted segment e and
illugrates therole that the heght of a segment played in student interpretations
Excerpt 3[F&M Session #2, 4:40-6:05
Written Question: When does the biker stop?
33.Maria: When does thebiker stop?I think it stopped, like, €? Wha do you think?
and then, see Btha® at zero. Tha wouldn(® be when they stoppel because tha

probably, like, five or something. ((Frands appears to be pointing at segment a))

Another example illugrates therole of both the heght and thelength of a
segment. During thefirst discussion sessions Carlosand David respondel to thewritten
question OWhen did the biker make themost progress or cover the mogt distance?Oby
usngonly onedimenson of segments a and ¢, compaing therelative lengthsof the

segments only in thehorizontal dimenson. They answered that the biker covered the
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mog distance in segments a and ¢, explaining ther answer by saying that these two
segments were the Qongest linesOon the graph (C& D Session #1, lines 44-50).

Oneway to undestand Carlosand David@ interpretationsof segmentsa and ¢ is
that they were usng aonedimensond perspective of these segments and they
interpreted length in the x-direction as distance rather than time (or, the graph as a speed-
time). This resulted in thdr interpreting segments a and ¢ as covering the mog distance
and thusmoving. Carlos and David@ interpretation of segments a, ¢, e and g as when the
biker was making theleast progress (Excerpt 1) and later segments a, ¢, and g as Glow
and steady speed O(Excerpt 2) may aso beexamples of how a onedimensond
perspective of a horizontal segment can lead to a non-canonical interpretation.

Althoughaonedimensond perspective usng only thelength of ahorizontal
segment can lead to a nortcanonical interpretation of the graph, at timesaone
dimensond perspective usng only thelength of ahorizontal segment led to surprising
(and convindng) arguments tha aignwith a canonical interpretation of this graph.In
Excerpt 4, Susan and Kristin reasoned tha the biker madetheleast progress during the
time interval represented by segment a because the biker had stoppel for alonge period
of time. This par used thelength of the harizontal segments (representing how longthe
biker had stoppel) to refine the meaning of the question OWhen is the biker making the
least progress or covering theleast distance? How do you know?OBelow we see how
these two students used a one-dimensond perspective of the segments, comparing the
lengths of the horizontal segments to explain why segment a represented making theleast
progress, less than the biker@ progress represented by the other segments. This example

remindsustha usngaonedimensond perspective is not necessarily a mistake or



Reasoning About Everyday Motion 21

detrimental to interpretingthe graphin canonical ways. In fact, aonedimensond
perspective may be useful when thinking aboutspeed with this graph, aslongas the
length of the segment in the x-directionis interpreted to represent time (and not distance
asin theexample for Carlosand David).
Excerpt 4 [S& K Session #2, 5:35D6:12]
27.Susan: When isthebiker making theleast progress?
28.Krigtin: I think it'se.
29. Susan: No, because tha's -- sheonly stoppel for alittle whilein e.
30.Krigtin: That'stheleast progress.
31. Susan: Hold up, in pat a, she((unintelligible)) stop for the ((unintelligible))
32.Krigtin: Theleast progress, covering theleast distance.
33. Susan: Which would be pat a.
34.Krigtin: Why?
35. Susan: Because she stopsfor like, let's say in part a, she stopsfor like an hou thenin
pat g, sheonly stopsfor like ten minutes. Wha's theleast progress, stopping for an hour
or stopping for ten minutes?
2. Role of thewritten text

Students were simultaneoudy negotiating and coordinaing the meaning of the
segments on the graph as well as the meaning of the written text. Thus thewritten
guestionsalso played an important role in mediating student interpretations For example,
in the discussion during Excerpts 1 and 2, we see tha Carlosand David were nat only
interpreting the horizontal segments on the graph, they were also negotiating themeaning

of thewordsin thewritten question such as Gteady speed, O0nog progress,Oand Qeast
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progress.Oln particular, thewritten text mediated studentsQinterpretationsof the
horizontal segments throughtheform of the questionsand the placement of each written
guestion in the sequence of quettions

The placement of the questionsin the sequence of questionsmediated the length
of thediscussions Thefirst few questionsélicited longe discussionsasthepars
negotiated the gods of the problem, the meaning of thewritten questions andtheir
interpretationsof the graph. Questionsplaced early in the problem such as Question 2
(OWhen is the biker making themost progress or covering the mos distance®) dicited
longe discussions(in terms of time spent on each question and number of words'turns
during the discussion) than questionstha appeared |ater in the problem, such as Question
9 (What is happening at dX). Mos pairs answvered Question 9 with little discussion, and
no par spent more than oneminute onthis question, a marked contrast from the extended
discussions student had in respon® to Question 2.

In this section we condder howtheform of thewritten question (whether a
question asked students to generate a story, consder Qvhen,Oor consder a particular
segment) and the placement of the questionsin the sequence of questionsmediated
student interpretations

As mentional earlier, there was only oneutterance where onepar seemed to
imply tha segment e represented moving (as noted in Table 1). Below is the excerpt
where this utterance occurred and examine how the form and placement of thewritten
guestion may have condrained or afforded this oneingance of an interpretation of
segment e as not moving.

Excerpt 5 [F&M Session #2, 0:30-2:3(]
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Written Question: This graph shows the distance a biker went during a bike trip. Tell the

story of this bike trip. What happeaed during thetrip?

anywhere. In b, they Dor, well, the person Db the person went, like, nottoofast. They
went somewhere. ¢ they didn®go anywhere because it@ a straight line, and d isavery
steep line going down, sort of howthey went BI have noidea. Andthen g, they went

nowhere. f they went very fast, g they stopped. | don®know.

dividesaandb, | said tha they stoppeal there. And then after. . . they went, and they DI
don®know bthey dithe, like, went faster and here Bthey went the same pace. And |
don®know wha happened in d. In e, they went really slow. f they-

15. Frands: Maybed they went really, really dow.

Althoughthis was the only ingance where any pair interpreted segment e as
GnovingQ(or going Gealy slow() and is an exception, it seems important to consder

how thewritten text may have mediated this pair@ interpretationsof segment e. The
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discussionin Excerpt 5 ensued while students attempted to generate a story abouta biker
tha matches the graph (Question #1). One explanaionistha student interpretationsof
thehorizontal segments may have been different when answering oneof thewritten
guestionsaboutleast/mog progress than when generating a story abouttheimagined bike
trip. Another explanaionistha theplacement of the questionsin the sequence of
questionsmediated student interpretations Since the excerpt aboveis the students®
respon to Question 1, this seems to bea plausble way to explain this par®
interpretation of segment e.
3. Goals for activity

Theorder and sequence of the questions togeher with the parsCundestandings
of thegodsfor this activity, mediated the studentsCshifting interpretationsof the
horizontal segments. Some students were hesitant to give the same answer for two
different questions In Excerpt 6 bdow, Carlosand David changed thar answer to
Question 3 (OWhen did the biker make theleast progress or cover theleast distance?Q
based on their answer for the subsquent questionin the task (When did the biker
stop?). While thepar did notengagein an explicit discussion of ther strategy, the
excerpt bdow shows how they neggotiated a shared undestanding of thegods for the
problem, treating it as a schooklike quiz and assuming tha different questionscould not
have the same anawer.
Excerpt 6 [C&D Session #1,6:40- 8:12]
Written Question #3: When did the biker make thelead progress or cover theleas

distane? and Written Question #4: When did the biker stop?
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52. Carlos When isthe biker making theleast progress covering theright, theleast
distance? ((Reading the written question.))

53. David: Theleast?EH ow abouthere. ((Pointing to thegraph))

54. Carlos Naw buthe stoppel here.

55. David: Yea

56. Carlos So hedidn®, so hetrave -, well he- because if hetraveled theless distance -
are they like the same height, the same angle down.

57.David: It lookslikeit.

58. Carlos Becauseif they are, then they traveled thes- okay, let mejud put- he
traveled=

59. David: (Theleast distance)

60. Carlos =thelessdistance at e.

61.David: uhhmm At e.

62. Carlos ((Beginsreading next question)) When does the biker s- oh, (laughter) we put Dolotod:
it wrong. ((erases previousanswer))

63. David: howaboutat (d or) b

64. Carlos No, because yes, it seemslike b. b, yes. ((Re-readsnext question)) When does

the biker stop?Why?1 dor®know.

65. David: He stopped on e because he need to eat.

66. Carlos He- - hold on- - hestop at

67.David: He needed something to eat.

68. Carlos: at e because hewanted to go to McDoral d®@.

69. David: No, Burger King. (laughg
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This excerpt shows how the placement of thequestion in the sequence of
questionsand the par@® gods, mediated this par@ shifting interpretations Carlos
appeared to be confused since applying his reasoning aboutsopeled to two consecutive
guestionsin the problem having the same answer. His assumption tha a repested
guestion signds an incorrect answer reflects aform of school-based reasoning
(Wakerding 1988 . Hence, Carloschangeal hisinterpretation of the harizontal segments
in order to match his undestanding of the godsfor thetask.

TheboyLrespongs in this excerpt bring to mind the common strategy in schook
based question and answer discussions where a teacher will re-state a question when he
or shedoes not receive the expected respons (Walkerding, 1988) Students are then
expected to recognize tha ateacher® repeated question is an implicit demand for an
answver different fromthefirst answer tha was given. Here, Carlosand David appeared to
respondto Question 4 asiif it were ateacher® repested question: they implicitly treat
each questionin thetask asif it has a uniqueanswer, and therefore they changetheir
answer to thethird question based on thetaken-as-shared undestanding tha Questions
three and four cannothave the exact same answer"".

Discussion

In this study of studentsQinterpretationsof a graph of everyday motionwe found
that students interpreted horizontal segmentsin canonical and non-canonical ways, tha
students shifted in their interpretations(except that pars consstently interpreted segment
e located on the x-axis as not moving), and that problem context mediated student
interpretations In this section we discuss these findingsin relation to prior research on

how student conceptionschange how students understand dlopeand rate, how problem

Deleted:
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context mediates student interpretations *[ and how perspectives on graphsmediate
student interpretationsof these graphg.

We are not thefirst to notice tha people who are solving mathematics problems St ,
Deleted: Disequilibrium and Changing

. . . . Sudent Conceptions
changether responsges and may try to recondle changing and even contradictory

interpretationsof inscriptionsin respon to a chdlenging problem. Two examples of
studies that documented such changing approaches to a problem are Clement(3 (1982
study and Piaget® (1975985 work. Clement documented college students attempting
to recondle contradictory interpretationsof theinfamous Gtudents and professorsO
problem asthey trandated verbd sentencesinto algebraic equdions Clement identified
three strategies students used and described how Gverba matchingOand Gitatic
comparativeOstrategies led to areversal error in writing algebraic equaions while
paticipants adoping the peaativeOstrategy were able to solve the problem
successfully. Clement attributed thefirst two flawed strategies to either verbd
misconaeptions(i.e. treating variables as labds) or spaia misconceptions(i.e. picturing
more membersin onegroupthan theother, and therefore putting thelarger coefficientin
frontof tha group®variable). He also described how these misconaeptionsrequire
replacement with propely formed internd "conoeptud schemas' (i.e. treating equaions
asabdance). Clement described student@ internd schema as both "resilient” and "desp-
seated” (pp. 17-18) yet also presented evidence tha many participantsin his study
"shifted" between at least two of thethree identified strategies while solving the problem.
According to Clement, the practice of shifting between cognitive schemes can be
problematic because students exhibiting this behavior are nat constioudy aware of the

inconsstendes assod ated with different and sometimes contradictory approaches they
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are usng. Thus Clement conduded tha "incongstent, semiautononousschemes may be
an important factor in awidevariety of educationd problems* (p.28).

Piage (Piaget, 1975/985)a so took an interest in what appeared to be moments

of cognttive conflict. However, unlike Clement, who argued tha inconsstent schemes are

generdly disruptive and problematic for problem solvers, Piaget consdered the
contradictionshe observed during problem solving activity to becritical for the
development of new undestandings Piaget described a developmental process where
thinkers move from onestate of conceptud stability -- or cognitive Gequilibrium®- to a
Quuditatively different state of equilibriumO(*p. 14), where thisiterative process of Ge-
equilibrationO's possible only by way of multiple insances of Qlisequilibria OAccording
to Piaget, althoughcontradictory rationdes and equivocal behaviors do not necessarily
result in newly equilibrated forms, when re-equilibration does occur, it is typically
preceded by evidence of multiple contradictionsand/or equivocations_ Piaget was
convinced that Qlisequilibria and conflictOwere cruda for triggeing development. At
the same time however, he observed that the GecundityOof these disturbances Gs
measured in terms of the possibility of overcoming or escaping from themO(p.7). Other
influential ideas abouthow periodsof uncertainty have the potential to generate new
learning, induding Dewey's (1933)notion of "reflective thinking”, Festinge's (1957
theory of "cognitive dissonance”, and Berlynes (1960)theory of "conceptud conflict" are
rooted in Piaget's theory of equilibration (for areview see Zasavsky, 2005)
Thefindingsfromthis study suppot a view that efforts to recondle competing
interpretationscan serve as produdive learning opportunities. Thetranscripts and written

work we andyzed for each of thefour student pars doaument multiple moments of
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Qlisequilibrial(i.e. students shifting between interpretationsof ahorizontal segment as

moving and not moving, followed by evidence of emerging Qe-equilibrationQi.e. more
condstent interpretationsof a harizontal segment as not moving). *We can seein Table 1
that responss were relatively more stable for al four horizontal segments during the
second discussion session seen in Table 1 and this suggests emerging re-equilibration.
Smith, DiSessa, and Rochdle (1993)arguefor atrandormation of the
Qmisconaeptionsmodd Oas exemplified in the early work by Clement, suggesting instead
tha studentsQearly conceptionsshould betreated as a resource for building more robug
undestandings We agree tha afocus on misconaeptionsmisses the point that all
conaptionscontain seedstha may grow into deep undestanding (Chiu, Kessdl,

Moschkovich, & Mu—0zNu-ez, 2001;J.N. Moschkovich, 1999) The misconceptions
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connetionsbetween ratios rates, propottiond reasoning, and treating intensve
guantities asameasure (A. G. Thompson & Thonpson, 1996;P. W. Thormpson, 1994;P.
W. Thonmpson & Thompson, 1994. Thompson showed tha many studentsinitially treat
arate such as speed as a distance, and they solve problems involving speed, distance, and
time (i.e. howlongwill it take to travel 100meters at a speed of 40 m/s?Q) by
quottively dividing a given distance into speed-lengths (Note tha conveting a speed
(rate) into a distance trandorms the problem from a two-dimensiond propationd
reasoning task into a onedimensond arithmetic task). Thisonedimensond treatment of
an intensive quantity is also pivotal in Lobao & Thanhdser@ study (2002) where
students were asked to devel op a measurement for the dopeof variousramps Lobé&o and
Thanheser foundthat students frequently used theangle of indination, or thedant length
of theramp to measure theindine rather than usng the dope Both measures, theangle
and thedant length, are one-dimensond measurements of theramp situaion. Likewise,
in Lobao, Ellis, and Mu—0z(2003) the students who were trying to find a lopegiven a
table of linear fundion values often used a onedimensond difference for the measure of
thedopewhile derivingthe equdion of aline et a (2003)

students learned to focuson paticular actions(such as usng the difference to find the
valueof min theequaiony = mx + b) and usd differencesin place of
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reflected in some inferences aboutthe horizontal segments tha were based only onthe
height or length of a particular horizontal segment. For example, in Excerpt 3 Frands and
Maria used only the height of the horizontal segments to deermine when the biker had
stoppeal. During session #1 (lines 44-50, no excerpt provided), Carlosand David used Deleted: sruggled witha
only onedimenson of segments a and g (ther length in thex-direction) to answer a
guestion aboutwhen the biker madethemog progress.

Our andysis suggests tha these students shifted between one and two- Dol d: Gocs
dimensond perspectives of the segments and that a one-dimensond perspective was not
always detrimenta to interpreting or explaining the meaning of the segments. A one
dimensond perspective did not always lead to inaccurate condusons andin onecase,
such aonedimensond perspective ontheharizontal segments led to a sophigticated (and
unexpected) answer to the question aboutwhen the biker madetheleast progress. Susan®
use of only thelength of each horizontal segment in Excerpt 3 allowed her to make an
argurment for when the biker madetheleas progress based on the amountof time the
biker stayed in oneplace. *[ this may need to be said earlier?] Susan and Kristin are an
example of a par who flexibly moved between one- and two-dimensond perspectives of
thehorizontal segments. They condstently interpreted segmentsa, ¢, e and g as
representing not moving even thoughthe varioussegments were different heights and
lengths What iscrudal istha their onedimensonal perspective of segments was
coupled with an interpretation of length interval in the x-direction as representing time,

notdistance, as was the case for other student interpretations Findly, studentsOcongstent

interpretation of segment e across pars and sessionsis likely dueto thelocation of
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segment e, since either one or two-dimensiond perspectives can lead to interpreting
segment e as representing not moving.

Like Lobéo et al., we foundthat students tended to focus on absolute, one
dimensond quantities (height or length) rather than the propationd quantity of Sope
However, we also see how aonedimensond perspective can be at times, a produdive

way to focusonthegraphfor this activity. In the questionsaboutnog distanceO

students, yvere asked to focusonthetime nterval that created thegreatest verticd -
change withoutregard to slope, Thus we donot condudetha students must learnto
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Qedl-life story.OFriel, Curcio & Bright( theory of graph-reading tasks complements our

andysis of one andtwo- dimengond perspectives of this graph.

We arguetha theproblem context also mediated sudentsOinterpretationsof the -~
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problems. . As an example, condder this question from areleased version of the AP - [aerleEEiEEs LLC, (5, AP 2t [E)]
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*Footnotes

*| nsert endnotes here
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Tablel
Interpretationsof Horizontal Segments by Pairs

Number of pairswith at |east oneutterance coded as moving or not moving

Sessionl Session 2
Segment Moving  NotMoving Moving  Not Moving
a 4 3 2 4
c 4 3 2 4
e 0 4 1 4
g 2 2 2 4

Note: The numbe's represent the numbe of pars (out of four) tha interpreted each

segment as moving or notmoving at least once during a session.
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Figure 1: The problem students discussed in pairs.

distance

fime

1) This graph shows thedistance a
biker went during abike trip. Tell the
story of this bike trip. Wha hgppened
during thetrip?

2) When isthebiker making the mog
progress or covering the mos
distance? How do you know?

3) When isthebiker making theleast
progress or covering theleast distance?
How do you know?

4) When does the biker sscop?How doyou
know?

5) When isthebiker going at asow and
steady speed? How do you know?

6) When isthebiker going at afast and
steady speed? How do you know?

7) When isthebiker going at the fastest
speed? How do you know?

8) When isthebiker going at the slowest
speed? How do you know?

9) Wha is hgppening at d?

10) Wha is hgppening at f?

11) Wha is hgppening at c?

This problem was designed by J. Moschkovich usng a graph adgpted from Investigaions

(TERC, 4th grade, Graphg and questionsused in this classroom@ text/unit from

Connected Mathematics Project *(reference here).

* Insert Spanish trandation?




Reasoning About Everyday Motion 43

Figure 2

A transactiond modd of discoursingin an activity system (taken from Wells 2006)
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' These definitionsare parallel to butdifferent from Lave® definitionsof arena, setting,
and context. In particular, Lave uses theterm Grrenalto refer to what we call setting, and
theterm GettingOin a different sense than we intend, defining setting as the Gepeatedly
experienced, persondly ordered and edited versionO(Lave, 1988,p. 151)of an arena We
use context in the same sense tha Lave does, to refer notto asingle entity, such asa
place, butto Gin identifiable, durable framework for activity, with propeties that
transcend the experience of individuds, exist prior to them, and are entirely beyondther
control. On the othe hand, context is experienced differently by differentindividuds
(Lave, 1988 p. 151).0

I While the student pairs worked together onthetask, thethird author observed silently
and then asked follow-up questionsin order to clarify student responss and undestand
studentsQassumptionsaboutthe gods of thetask. Since this study focuses on the
meaningsgenerated by the students during their peer discussions our andysisis
restricted to thepart of each discussion session where the students worked collaboratively

onthegiven task withou input(beyondclarifyingdirectiong from theresearcher.
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il | n this school there was a two-way bilingud program for Grades K-6. These students
were in abilingud 8" grade mathematics classroomin tha notonly theteacher butalso
many students used both Spanish and English during classroomlessonsand small group
work. The questionswere provided in bath Spanish and English. This study reportson
the student pars who used mogly English during the peer discussions We are continuing
theandysis of the discussionsfor onepar who spoke Spanish during the discussions

v Students in the school were approximately one-third Latino, onethird White, and one
third African American. Sixty-onepercent of the studentsin the school were low income
(eligible for free or reduced school lunch). Eighth-gradersin this school scored in the
414 percentile of the California Achievement Test in Reading andin the 33rd percentile
in mathematics. In the 7th and 8th grades the studentsin the bilingud program had some
classes, induding mathematics, togeher, but these classes were not conduded as dud
immersion classes after the 6th grade This class was conduded mogly in Endlish, with
some discussions and explanaionsin Spanish. Theteacher used Spanish mogly when
addressing students who were Spanish dominant. Some students spokemainly English,
some students used both languayes, and some students spokemainly in Spanish.

v The present study reports on the peer-discussion sessions Theclasssroomdaa are
andyzed elsewhere (Moschkovich, in press).

v With the exception of oneutterance by onepair.

VI These transcripts are based on Jefferson® conventionsas described in Schiffrin (1994)
Linenumbers are taken theorigind transcripts. Uncertain transcription is endosed with
(single paenthesis). Comments and gestures are endosed in ((doubk parenthesis)). Self-

interruption or sudden pauses in themiddle of a turn are shown with G0, and G0
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denotes latched phrases. The names of segments from thegraph are italicized to
distinguish them from surrounding text.

Vil \We note that theimagined story played arole in this pair@ respon®s to the question
Qvhy?20(see lines 64-69) which they interpreted to be asking aboutthereasonswhy the
biker stoppel, rather than why they thoughtthis was the answer. The question (Why?20

was subsquently changed to (How do you know?0



