Analysis - Final Review of MATH527A/B
Based on notes by Dr. H. Flascka

1 Metric Spaces

Definition A metric d on a space M satisfies the fol-
lowing:

e d(z,y)=0iffz =y

e d(z,y) =d(y,x), Va,ye M

o d(z,z) <d(z,y) +d(y, 2)

with d: M x M +— [0, 00).

Example: {?(R, N with ||z|], = (X |z:[?)(1/p). In
particular [' C [2...[®°. Alsofor 1 > p < ¢ > oo,
aclilre.

Convergence in metric space: If x,, — z in (M, d)
then Ve > 0, 3N, such that

n> N, — d(z,,z) <e

Cauchy convergence A sequence x,, is cauchy iff
the following holds: Ve > 0 there exists N, such that

n,m > N = d(Tp, Tm) <€

In particular if all Cauchy sequences converge in the
space M then the space is complete. ALso all con-
verging sequences are Cauchy.

Coarseness If z,, — z in (M, d) implies that x,, —
x in (M,d’") then d is coarser than d’.

Equivalence of metrics: If two metrics are equiva-
lent then

T, — xin (M,d) & z, — zin (M,d)

E.g. On R™ all [? norms are equivalent. An alternate
characterization is the following: if given x and ¢ >
0, 36 > 0 such that

d'(x,y) <§=d(z,y) <e
and 36’ > 0

d(z,y) <8 = d'(x,y) <e.

Continuity in Metric space Continuity of f : V
W at vy can be defined through the following: Ve > 0
there exists 6 > 0 such that

[lv = wol| <6 =[f(v) = f(vo)l| <€

this is implies by ||f(v)|lw < C||v|lv. Also can be
defined sequentially, i.e. if z, — z and if f(x,) —
f(z) then f is continuous.

Holder’s inequality: For all sequences we have
the following:

D lwia] < lzllpllyllg
N

ifx €lPand y € 19, and further 1/p+ 1/g = 1.
Young’s Inequality

ab < aP/p+b'/q

or more generally:

a b
ab < /0 F(t)dt + /O £t

These are used to prove for example the Minkowski
inequality for L', L? or the sequence space metrics
etc.. See homework # 2.

2 Normed linear spaces = vector
spaces

Definition We define a vector space V on a field F
(usually on R) with the following: First the proper-
ties of the vector space

l.o+tw=w+v
2. u+ (u+w)=(u+v)+w
3.30eV, st.0+u=u
4. d—veV, st. —v+v=0
and operations involving the field elements a,b € F:
1. a(v+w) =aw+ av
2. (a+bv=av+bv
3. a(bv) = b(av)
4. 1-v =w for 1 being the identity

The norm on this space satisfies the following condi-
tions:

o |[o[| >0

o [lav]| = [a] [[v]]



o |[v+ull < vf| + [full

A metric is thus defined for d(z,y) = ||z — y||, so
every vector space is a metric space.

Continuity of linear maps A linear map f : (V.|| -
llv) — (W,|| - |lw) is defined with the following:

e flav+bw) =af(v) +bf(w)
b f(ov) = Oy

The following are equivalent for normed spaces
W, V.

e f is continuous
e f is continuous at 0.
e 3 C < oo such that ||f(v)||lw < C||v||v

The space of bounded linear maps is is denoted
L(V,W) and the following is true:

o if W, || - ||w is complete L(V, W) is complete
e We define the induced norm in this space as

[ ()][w

| flzev,wy = sup
vev  |vllv

o [[AB||covwy < [AllcovmlIBllcevwy

E.g. For matrices we can fined through the above
that ||A]|; is the max row sum, ||Allz = VAmazs
where )\, is the max eigenvalue of AT A, and fi-
nally || A||« is the max col sum.

Dual space V* This is the space is in one-to-one
correpondence to the space of bounded linear maps
L(V,R). Le. fe LIV,R) & ve V™

Banach spaces are vector spaces that are com-
plete, i.e. all Cauchy sequences converge in the space
itself. E.g. Cl[a, b] with ||-|| is complete as well as Cy
with || - ||)oo. Counterexamples include C|[a, b] with
L? norm or I, (sequences with finite non-zero terms)
with any /? norm.

Semi-norms A semi-norm p = L(v) for v € V and
L € £(V,R) satisfies

e p(av) = |a|p(v)

e p(v+w) < p(v) +p(w)

E.g. In particular we can build the /! norms on R?
through appropriate choices of p; and p, and take
the supremum over seminorms. I.e. definep; = z+y
and p, = x — y to produce that

(2, y)|[1 = sup pi(v)
i=1,2

For the [? norm we need an arbitrary collection p, =
xcosa + ysina. Its supremum over all a € [0, 27]
gives the 2-norm on vectors. In general we can build
norms out of seminorms when V v # 0 = p(v) > 0.
The mechanism we use is summing over many norms
or taking a supremum.

3 Hilbert Spaces

Definition. Normed linear spaces that are complete.
Norm must satisfy paralellogram law:

|z +yl[? + llz — yll* < 2/f2|* + 2[|y[|*
Cauchy-Schwartz says
| <zy > | <|lzllullylla
For M a closed linear space we can show that
MeM*+=H

so we can decompose any z € H as z = u + v for
we Mandve M*.

Also (for convex subspace as well), we can find
unique w € M such that

min ||z —v|| = |lw—2z||, we M
veEM

4 Topological Spaces

Definition The following 3 axioms define a topology
7 on a set X which is a collection of open sets,

e O XeT

e Finite intersections are in space itselfi.e. U,V €
T=UnVeT.

e Arbitrary unions are in space as welli.e. U, € T
then | Us eT.

acA

An open U is defined such that Vy € U, 3V such that
yeV CU.



The relative topology is the topology that is re-
stricted to a subset YG C X such that

S={HCY|H=GNY,GeT}

A Hausdorff topology is such that for all z,y € X
there exists open sets U 5 z,V > ysuchthat UNV =
J.

A subset V' C X is a neighborhood of x € X if V
isopenand V > .

Convergence in topological sense is defined
through the following: z,, — =z iff VV € N (x) there
exists N such that

n>N=ux,€V

Continuity at a point is given by the following: for
f: X — Y then for f to be continuous at z € X then
VW e N(f(x)), 3V € N(z) such that f(V) C W.

Continuity of functions in the topogical sense is
implied by the following: Let (X,7 and (Y,S) are
topological spaces, then f : X — Y is continuous iff
f~YG) € T for all G € S. Note that sequential con-
tinuity does not directly imply the above (example is
co-countable topology on R).

A Homeomorphism is a function that is one-to-
one and onto.

A Neighborhood or local base is defined through
the following axioms:

e VeNZ)=zeV

o If U,V € N(x) then 3W € N (x) such that W C
VnU.

o If V € N(x) there exists W € N (z) such that
wWcv
-WcVv
-—yeW=3UeN(y)andU C V.
We can define a topology using the local base i.e. O
is open is Vx € O there exists V € N(z) such that
V CO.

A base is defined through the following axioms for
BehB:

° UBGBB:X

e For B, B, € Band x € B;N B, then there exists
(B3  z) € Bsuch that B3 C By N Bs.

Additionally we can defined the unique topology 7
on X defined through the base above through

OecT= Vye0,3B c Bsuchthat (B> xz)C O

In particular we can thus find that in O € 7 then
therefore O = Uven,ucoU.

The weak topology on X is defined as the topol-
ogy that makes all linear functionals continuous, i.e.
f € L(V,R) is continuous.

Finally a countable local base makes the space first
countable. A countable base or basis gives a second
countable. In addition we prove that the space is sec-
ond countable iff it is separable which implies that
there is a countable set {z,,} C M such that given
any € M and ¢ > 0 then 3z, such that d(z,,z) <e.

5 Size of sets

5.1 Small/largeness

Dense set A set A is dense in X if U N A # 0 for
all yorem C X.

Interior points A C X, a point z € A is an interior
point if 3U°P" 5  such that U C A. Therefore

N Vv

VopenC A

A° = {z| z € interior ofA} =

Closure For A C X, z € A if for all Voren 5 g,
VNA#(Qor

A= {xz|z € closure ofA} = ﬂ F

ACF,Fclosed

It is a fact that A° C A C A, and so we can give
the interpretation that A° is open, A is closed.

Nowhere dense A C X is nowhere dense if A has
empty interior, i.e. (A)° = (. Also, A is nowhere
dense if (Ac)e = X or its complement’s interior is
dense.

Meager or 1st category sets if A is the countable
union of nowhere dense sets, then A is meager or 1st
category. For example {r,} is an enumeration of the
rationals and so since Q is a countable union of single
element sets, then it is meager. A single element set
is nowhere dense.

2nd category or residual sets Simply, the comple-
ment of a meager set is residual.

Density (again) If A C X is dense in X then A =
X. Also, if A C X isdense in B, then B C A. Also, A
is dense in X if and only if its complement has empty
interior, i.e. (A)° = ().




very small nowhere dense
very large dense interior
small meager
large residual
medium small | empty interior
medium large dense

Measure zero A subset A of R"™ has measure
zero (or Lebesgue measure zero) if Ve > 0, there
is a countable collection {B,} of open balls B, =
B(xpn,0n) = {z| ||z — 2n||2 < 0, } such that

i U)n,
n=1

and ) °  volume of B, < e. Example: Q in R.
The cantor middle thirds set has measure zero even
though this set has measure zero. Any countable
union of elements have measure zero.

Generic sets Let (X, 7) be a topological space. A
property P is generic (in the sense of Baire category)
if

{z| P(x) is true} is a dense residual set

E.g. The property of being an irrational number is
generic since the complement is meager (Q) and Q¢
is dense. The set of differentiable fcn’s in C[0, 1] is
not generic. The property of quadratic equations to
have distinct roots is generic.

Zariski generic sets Let X = R", and equip it with
the Zariski topology. A set in this topology is consid-
ered open if its complement is the solution to a sys-
tem of polynomial equations. The closed sets have
measure zero. Therefore A property is generic if the
set of x that have property P is a Zariski generic set.
Equivalently, the set not having the property is given
by the solution set of finitely many algebraic equa-
tions.

E.g. A quadratic equation x? + bx 4 ¢ has non-
distinct roots when b? — 4¢ = 0, therefore it is Zariski
closed, and thus the property of not having this prop-
erty is Zariski generic.

Baire category theorem?

5.2 Measure theory

A Measurable space is a set X together with a col-
lection of subsets B of X satisfying:

XeBbeB
fAeB= A°c B

if Aj,Ay--- € B= UAneB

n=1

B is called a o-algebra. Also closed under countable
intersections.

A Measure . satisfies the following relations on a
measurable space (X, ),

p: B — [0, 0]
such that u(0) =0

and u( fj A,L> = nio:lu(An)

n=1

whenever the set {4, } are mutually disjoint and be-
long to B.

E.g. we can prove the following: Let A C B then
B=(B—A)UAand u(A) = pu(B—A)+ u(A). Also
if u(A) < p(B). More importantly, if A, € B and
Ay D Ay .. then

ﬂ( m An) = nlggo 1(An)
n=1

also let B, € B, then

M(@B) < u(B)

n=1

The Borel g-algebra is the smallest such o-algebra
containing all the open sets in a topology 7.

disjointness is important in proving the results
concerning the measure. Therefore if given a general
set {E;n} € B, then define

Jj—1
Fy=FEy, F=EyNF or F;=E;n () F,

n=1

6 Convergence and compactness

6.1 Convergence and completeness



Convergence in topological space for a sequence
xn — x is given by for each open sets or neighbor-
hoods of z, V, then 3N such that

n>N=ux,€V

Convergence in metric space (X,d) assumes
more structure, i.e. for all ¢ > 0, 3N, such that

n > Ne = d(z,,x) <€

Cauchy convergence A sequence is Cauchy if Ve >
0, 3N, such that

m,n > Ne = d(xp, Tm) < €

A metric space is called complete, if every Cauchy
sequence converges in the cited metric space. E.g.
the rationals are incomplete, consider x = 1, x,, =
z,_1 + 1/x,, this sequence converges to v/2 ¢ Q. In
function spaces the sequence t"* € (|0, 1] is Cauchy
in metric L' but it converges to a discontinuous func-
tion.

Conversely, R? with euclidean norm is complete or
even [?(R,Q). Also, C[0,1] under the supremum or
L norm.

Contraction mapping theorem For a complete
metric space (M,d), let f : M — M be a continous
function and suppose that 30 < k& < 1 such that

d(f(x), f(2) < kd(x,z),Vz,2 € M

then there exists a unique y € M such that f(y) = y.

For example Newton’s method requires the com-
putation z,, 1 = 2, — g(z,)/g¢ (z,), so we can show
that f(z) = © — g(z)/¢'(x) is a contraction mapping
for g € C?[0,1] (2x differentiable).

Baire category theorem In a complete metric
space, every residual set is dense.

Further, this implies that every complete metric
space is not a countable union of disjoint nowhere
dense sets.

6.2 Completions

An equivalence relation on X is a subset of X x X,
i.e. a subset of pairs {(z1,z2)|z1,z2 € X} or written
x1 ~ o that satisfy the conditions:

(’L) T, ~ T1
(ZZ) T1 ~ T = To ~ T

(ZZ’L) X1 ~ To,To ~ XT3 = T] ~ T3

An equivalence class of = denoted [z], is the set of
points equivalent to it, i.e.

[z] = {yly ~ z}

The completion of a possible incomplete metric
space (M, d) is defined in the following way: if {y,}
and {x,} are two Cauchy sequences in M we say de-
fine the equivalence relation between sequences as
{2} ~ {yn} if d(zp,yn) — 0 asn — oo. M is the
collection of all the equivalence classes of Cauchy se-
quences in M. For such a space define the distance
metric as d,

3([{%,}], {zn}]) = nlggo d(xn, 2n)

Misc. things we can prove: d always exists, the
specific Cauchy sequence does not affect the value
of d, d is a metric, and (M,d) is a complete metric
space. Defining the constant sequence z, then the d
metric collapses to the metric in d. Also, M is dense
in M.

6.3 Compactness

The property of compactness morally approximates
the properties of finite sets, in fact all finite element
sets are compact. More generally we define a com-
pact set on metric spaces according to the following
definition: For a compact set A C X, any sequence
{zn} € A has a convergent subsequence {x,)}

E.g. trivially, {1,—1,1,—1...} has a convergent
subsequence to +1. The real numbers are compact,
consider z,, = n, it has no convergent subsequence.

Things we can prove: a compact metric space is
complete. A compact subset A of a metric space must
be closed and bounded. The converse is not true. R
is closed unto itself but clearly not compact. Also,
you can be bounded but not compact, i.e. (0, 1].

A bounded set A is defined by the parallel con-
structions that

3K > 0, such that d(z,y) < K, Vz,y € A
Jxp € A, P < oo such that d(zg,y) < P,Vy € A

Heine-Borel Theorem A subset A of R™ is com-
pact iff it is closed and bounded. A corollary states
that every bounded sequence in R™ has a convergent
subsequence.

Now we will deal with properties of continuous
functions on compact sets, i.e.



e For f : M — R continuous, and so Jz such that
for all x € M then

a=flo-) < f(2) < fole) = A

There is also a parallel definition of compactness
for a topological space (X,7) , i.e. consider {U,} a
possibly uncountable open covering of a set A C X,

ie.
Ac|JUa

then if A is compact there exists a finite subcovering,

ie.
N

Ac |JUa,

n=1

for all open coverings. The definition for a space itself
is directly analogous.

A related property is the so-called finite intersec-
tion property, i.e. if {F,} is a collection of closed
subsets of a topological space (X, 7) then the collec-
tion has this property if a finite intersection of such
sets is non-empty:

N
(N Fai #0

i=1

If a topological space is compact then for any col-
lection of closed sets that has the finite intersection
property, then

(Fa#0

Related facts: A closed subset of a compact topo-
logical space is compact. ALso, a compact subset of a
Hausdorff space is closed.

6.4 Uniformity

Definition of uniform continuity: Let f : (M,d) —
(M’,d’) (metric spaces) then f is uniformly continu-
ous if Ve > 0, 39 > 0, such that

d(z,y) <6 =d'(f(z), f(y) <e

Note 0 depends only on ¢, and not x which refers to
pointwise convergence.

Fact: A continuous function from a compact metric
space inherits some structure from the domain, and
thus f is uniformly continuous.

Now we define pointwise convergence of func-
tions: Let (M,d) and (M’,d’) be metric spaces, then
{fn} are a sequence of functions from M to M’ and
suppose that f : M — M’, then if

lim f,(z)= f(x)Ve e M
then f, approaches f pointwise!
Now for uniform convergence.
0,3N such that

Then if Ve >

n>N=d(fu(z), f(z) <e,x €M

The Weierstrass M-test: Suppose f, are a se-
quence of functions in (M, d) and suppose that

[ fnlloo < an, with [[an[[1 < oo

then the partial sums converge uniformly for large
enough m, i.e.

Z fn(x) converges uniformly

n=1

The uniform limit of continuous functions is
continuous! It means that C'(M) is complete for
(M, d) a metric space.

Term-by-term differentiation Suppose f(z) =
>0 | fa(z) converges uniformly on some inter-
val J C R and also the sum of the derivatives,
g(z) = Y07, fi(x) converges uniformly as well,
then f'(x) = g(z).

This is related to the fact that the property of not
having a derivative is generic.

Intergration of a uniformly convergent sequence
is allowed but can be relaxed (using Lebesgue in-
tegration). At present, knowing that {f,} is a uni-
formly convergent sequence on [a, b] then

lim
n—oo

b b
fulo)dz = [ fa)do

Now we turn to parametrized integrals. So we de-
fine uniform convergence for integrals, i.e.

[ #tt.yia = Fit
R

converges uniformly to F(t) for t € [a,b] C R, if for
every € > 0 there is an R, depending on ¢ but not ¢,
such that for all R > Ry, Vt € [a, b],

’[Zf@xﬂx—F@4<e



Differentiating parametrized integrals, can be
done under the hypothesis that

of

7.1 Lebesgue integral

From here on we expect (X, B, u) is the domain.
Firstly lets define the characteristic function, i.e.

/Rf(t, x)dx = F(t), A Edm = G(t) converge uniformly, () such that

then F'(t) = G(t).

7 Lebesgue Integration

The motivation for developing the idea of Lebesgue
integration comes from consideration of the comple-
tion of C[0,1] under the L; metric for example. It
turns out these are measurable functions and the
metric is Lebesgue integration (?).

Define U(f7 A) = /Z?:() MaXye(t;,tiqy1) f(t) (tiJrl -
t;) and L(f,A) = 370 minge (s, 1) f () (tir1 — i)
These are approximations to the integral/area under
the curve of f. Therefore the limiting process of the
can be defined:

U(f) = inf U(F.A), L() = sup L(1.2)

In particular if f is Riemann integrable then U(f) =
L(f) and so for any continuous function this condi-
tion is met since they will be Riemann integrable.
Can also that a general function on [0, 1] is Riemann
integrable if and only if the set of points of disconti-
nuity of f is of Lebesgue measure zero.

We define measurable functions, take (X, B) and
(Y,C) be measurable spaces, then a function f : X —
Y is measurable if f~1(A) € B forall A € C.

This definition can be extended to the case that re-
ally interest us, which means that Y = R. Therefore
first define the extended real numbers:

Rex = RU —00, 00 = [—00, 0]

with the following rules : a € real, a + 0o = +o0, if
a > 0, then a X 00 = +00, 0 X +00 = 0, 0o — 00 is
undefined.

So consider (X, B) a measurable space. Then f :
X — R, is measurable if the set

{t| ft) <a}eB, aeR
This property is inherited to a sequence of such

functions, i.e. if {f,} are measurable then if f, — f
pointwise, then f is measurable.

(2) 1, z€ A
) =
xa 0, x¢ A

A nonnegative simple functionLet 4; ... A, C X
be pairwise disjoint measurable sets, a function

d(x) =Y ajxa,
j=1

then ¢ is a simple function (step function). Within
the Lebesgue theory we expect that

/<25 = zi:%‘/t(Aj)

The idea is to approximate the integral of a gen-
eral function f with successive simple functions of
increasing n.

Solet f : X — [0,00] and measurable, then its
Lebesgue integral is given by

/4= Ik
0<¢<f,¢ simple

sup

Now consider a general function that can take neg-
ative values, then we can integrate each part sepa-
rately, i.e. f = fy — f_. Work out which one is
positive/negative! hah!

There is a analogy to sequence where the measure
is the number of points in a set. The function is the
sequence. See page 355.

For non-negative fcn’s the Lebesgue integral retain
linearity and positive definiteness, and the the inte-
gral is zero iff f is zero almost everywhere = the set
where the function is not zero is measure zero.

7.2 Convergence theorems

Fatou’s Lemma We introduce first the idea of limit
inferior and limit superior. In the sense of real num-
bers

lim inf a,, = least limit point of the sequence

or the least point such that for any open set contain-
ing it, there are only finite number of points to the
left. Similarly for lim sup a,,

lim sup a,, = greatest limit point of the sequence



If the series converges, then these two things are
equal. For Fatou’s lemma we use the notion that
things can’t escape to oo, i.e,

/ liminf frodp < lim inf/fndu
X

Monotone convergence theorem states that if we
have a sequence of non-negative measurable func-
tions {f,} such that f,;1(z) > f,(z) for each z (a
non-decreasing set) and lim f,, = f (pointwise) then

lim/fndm = /lim fndx

Note: power series can be integrated term by term
in compact subsets of their interval of convergence.

Dominated convergence theorem states that for
a sequence { f,,} that can be dominated |f,| < g and
lim f,, = f a.e. and g is integrable, then

lim/fnd:r = /lim fndx

7.3 Lebesgue spaces

Let (X, B, 1) be a measure space. L (z) (1 < p < o0)
is the linear space of equivalence classes of measur-
able, LP-integrable functions from X to R.,. Two
functions are measurable if they differ only one a set
of measure zero. Therefore 0 ~ {1,z € Q,0,z € Q°}.
The case of p = oo is different. We define that
L>(X,du) is the set of equivalence classes of mea-
surable functions with the following property:

aM > 0, such that |f(z)| < M,fora.e.x € X

The equivalence class is as before, f ~ g if they differ
only on a set of measure zero. The norm is actually
called the essential supremum, i.e.

esssup f = inf M

Cauchy sequence in L*>°: Let {f,} be a Cauchy
sequence in L°°(X) , then there is a set £ C
X of measure zero with the property that Ve >
0, 3N such that

|fr(x) = fm(x)| > €,Vo € X — E whenever n,m > N
Another important aspect is the Riesz-Fischer

Theorem, for 1 < p < oo, LP(c0) is a complete met-
ric space. Also, LP(co) are normed linear spaces.

Chebyshev’s Inequality Let f be a measurable,
extended real-valued function on a measure space
(X, B, ). For every e > 0,

ultal f@)] > eh) < - [ 171dn

Regular Let (X, 7) be a topological space and sup-
pose that X is locally compact: every x € X has a
neighborhood whose closure is compact. Let x be a
measure defined on B (Borel o-algebra). Then yu is
regular if for every measurable set F,

w(E) =inf{u(0)| O O E, 0P}
= sup{p(K) | K C E, Kcompact}

It means that the measure of a set F can be approx-
imated by a compact set enclosing it, or open sets
contained in E. An alternate definition (or conse-
quence of the above): A measure is Borel regular if
VE measurable and € > 0,

30°Pe" O C E, K™t 5 B such that u(O—FE) < ¢, p(B—K) <

The crowning achievement: denseness of C5°, if ;1
is Borel regular measure on X then continuous func-
tions with compact support are dense in LP(X) for
1 < p < oo. Shankar’s advice:

e Convergence in LP (or more generally, conver-
gence of integrals) does not imply pointwise
convergence. However, one can usually extract
subsequences that converge pointwise.

E.g. The halves example. They converge in L?
but do not converge pointwise. However, we can
extract a subsequence that converges. Since it’s
a Cauchy sequence, the sequence converges to
this.

e Chebyshev’s inequality. See above.

e L' (or more generally LP) is a complete normed
linear space. For p < oo, it is the completion
of the C§°(R) with respect to the L? metric. In
particular, this implies that the compactly sup-
ported continuous (and also smooth) functions
are dense in LP.
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